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Asymptotic Stability by Lyapunov and
Assessment of Areas of Attraction of
Phase Systems

M.Kalimoldayev

Abstract— In work are investigated asymptotic stability by
Lyapunov and assessment of area of an attraction on the basis
of the second method of Lyapunov by means of new
Lyapunov's function. On the basis of theoretical results
received in work computing experiments on concrete examples
of electrical power systems, which have shown sufficient
efficiency of the offered method for the studied electrical
power system are made.
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I. INTRODUCTION

Mathematical model of a modern electrical power
complex, consisting of turbogenerators and complex multiply
connected energy blocks, is a system of nonlinear ordinary
differential equations. The task of optimizing the functioning
of these complexes, and also creation of algorithms of stability
of the movement for such systems and until now draw
attention of many researchers and are relevant.

Industrial development of modern society leads to the
constant growth of electricity consumption. To satisfy these
constantly growing requirements, difficult electrical power
complexes are created. At mathematical modeling of such
complexes it is required to resolve a number of theoretical and
practical issues. Ensuring stability of the movement is the
major problem at a design stage and operation of the studied
systems.

We will note that work is devoted to a research of asymptotic
stability of movement of phase systems [1].

.
Consider a system of the look
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where function ¥; (8 ;+) is defined by a ratio
115’5[53) = Z;«Fl,k:z’ Pu(04). 0y =0, — 8.

Owing to frequency of a phase portrait of system on &,
coordinates it is enough to study of him, for example, in a strip
of Gy, set by inequalities

8§, <8 <48, S,eRLi=1"¢

The set of the special points of system (1) which are in
Gy; strip is defined by a set

i

A= (5!3 S; =0, fi(§i)+ Zak(é‘ik) @
(6.,5;) € Goi =10} = Ty, Tyv. Ty )

Notice, that point T, = {é‘i =0,S, =0,i =1,_£} is

also an element of a stationary setA. Forming the
characteristic equation of first approximation system, it is
possible to establish the nature of stability of special points
(2). As is well-known, in order that special point system was
unstable, negativity suffices, at least, one coefficient of the
characteristic equation of systems of the first approach in the
neighborhood of this special point.
Consider the function

V(5,5)= 3 V(6.5

where
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vy (6,5,) = %(5:' + ain‘Fsz + %aiﬂiz[:l_ a;) -

82+ F(8,) +2DJa,(1—a)E(8) =2 (S, +
a.D.5,)* +j°lN (8.)d8,
defined in band GOi .

Theorem 1. Let there are D, T; = 0 scalars such that
do,
1) Phase system of second order dt I
ds,
—= _DiSi - fi(5i)-
dt @)

globally asymptotically stable (that is D; = (D, )y,),

2) Matrix E:of Hurwitz,

3) (;1:, (r;) — completely observed pair,

4) (;1:, @;)- completely controlled pair,

F > 0,det 2 — xhi D, "z = 0 (i = T)

I; + Re W.(jw) = 0(Vw € (—0,+w)),L; =
5)0,D,> 0.

Then control

u, = alx, + 0,5, + 5, (5j+w;::'
atz; € X;

u; # _(beibe]_l[bez'ﬂixe + b{H;q;5; +
biH.e;p;(0;))

a.tzi' &Zi:i =m

provides global asymptotic stability of system

@ _g
dt
:5—w KS — f(8) —w(6.),w = C*x,

dx
E=Ax+q5+bu+e¢[a},a=g*x +¥5,

Theorem 2. Let the following conditions be satisfied:
1) function fi(5i) meets a condition
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f.(5) = f,(5, +2x), (V5, e RY),

1277
=— | f.(6,)d5 <0
}/0 2”'([ |(|) i

fi (0)=0,
dfi (5|) > O, fi (§0i) — 01 d1:| (§|) < 01
do, |0; =0 ds, |8, =y

2) function B; (1) meets a condition
- Pij (/1) = Pji (/1)’
P =-P(2)  ©
P (5i,- i 20

3) constants «;, D, > 0 such that

K . .
) & =50 <K< min{D,,...,D, },i =1/

i
b) f,(0)=,D*(1—¢;)i=1".
Then zero position of balance of T, asymptotically is

steady across Lyapunov, and internal assessment of area of an
attraction of a special point of T, is defined by area, limited

V(5,5)=T, T=minv(T), if

1<i<N

surface where

T, i= m unstable special points of system (1).
Proof. On condition 3 b) theorems and, by Theorem 1,
functions v, (5. S, ) i =17 definitely - positive in band

i1
C_-}Oi , and a full derivative on time t owing to system (4), - sign
negative and set Vo, =0 doesn't contain the whole
trajectories of system (4), except a special point T, . Function
V(5, S) in band G, is also definitely - positive, owing to a

condition (5).
On condition (5) and 3 a) theorems following equalities
are fair

>.P,(6,)5 -,

(6)
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Full derivative of function V(§,S) (3) on time B
owing to system (1), taking into account (6) will take a form

V(5.5)=3:0 - )5, -y 5] -
—ZozD,éI Z ( )

j=1, j=#i

()
0 2
:_iDi[\/ai(l_ai)si\/ai5ifi(§i)]
|:j o
KX 3R,
j=2 i=1
Expression (7) of the sign negative and set

V(5,5)=0 doesn't contain the whole trajectories of system
(1), except a special point T0 . Then areas of an attraction of a
special point T0 it is possible to define by a limited surface
V(5,S)=T ,where T = rKYIImV (T,), if T; - unstable special
points of system (1). The theorem is proved.

Notice, that areas of an attraction of a special point T0

can be found by the method of work [2].
Consider function

U (6,5) =% + a,5,6,+ %252 + F(6)+
2B;(8,)F.(8)
(8) and function V(5,S) (3).

Theorem 3. Let there are scalars
£ 82T, = 0,14, =0, 955 =0,D; = 0 such that

1) Matrix Jfl:of Hurwitz,

2) (;1:, ;) — completely observed pair,

3) (;1:, ;) completely controlled pair,

I; + Re W,(jw) = 0(Vw € (—c0,+00)),

4) L.=0,D, >0, F =0,
det[zﬁ — Dk ] # 0.

Then control

U; = a; x; +, 6;5; + :E_ieff’e (Fe] +e,: () +

Eg:‘,f;: [:tij + |._5'[+I9a_[f['~ﬂ[:':|¢[|.ﬁ[':|

IEH[Z‘.‘[
at z; € X,

u; = a;x;+ 6,5, +&,¢,(c) +2,%(6)+
£5: fi(8;)

now
S8, +=

[ 2l A |

r

at z; €%,
provides global asymptotic stability of system

a5 _ w; — K5, — f:(8) —¥:(6¢), w;=

dt
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dx.

dti =Ax; +q5+bu, +ep (o) i=11

Theorem 4. Let exist a vector&; scalars,
;s @y, gy £q; = 0,

e; € (0,1), D; > 0 such that

1) matrix ;1”: of Hurwitz,

2) pair [ﬁ;, EE-) it is completely controllable,

3) mapa (ﬁz,g:‘) it is completely observable,

4) I, (jw) = 0 (Ve € (—o0, +0)),

5) fi (0) # @, D{ (1 —a,).

Then, under control

u, =aix;, + a5+ a0, + as.f:(8,)
area of an attraction of the beginning of coordinates in band
G ;, which can be estimated by means of Lyapunov's function

Vo (6,,5,.x,) = —x*H x; + "5 +vy: (6,5) (9,

it is set by inequality of a look ¥ (8,5 ;,%,) < V,;, where
criteria value ¥ is defined by following ratio

ZVDil Bi=8p;
5i=0, =;=0

'ﬁui = miﬂ{gﬂ:‘:}g—n |3 Eu:‘

|ﬂ‘[ﬂ‘.[1

Pog; = Vi -
5'[:

:t‘l::[!'

Theorem 5. Let are carried out 1), 2) theorems 2 and
3) constants ¢;, D; > 0 such that:

a) o, =K e(0,D,),i=1],

%;‘I) #—signg; (D, —;)a; ,
) 5,=0
S rsigns (B, — e

Then zero position of balance of T, asymptotically is
steady across Lyapunov , and internal assessment of area of an
attraction of a special point of T, is defined by area, a limited
surface V(5,8)=T,where T=minVv[); if T,

1<i<N
= ].,_N , unstable special points of system (1).

Proof. On condition of this theorem and according

to the theorem 3 functions V;(J;,S;),1 =11,V (5,9)

idefinitely - positive in band GOi . Full derivative on time t

from function vy, (0;,S;) (8) owing to system (4) sign
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negative, and set v, =0 doesnt contain the whole
trajectories, except a special point T,. Derivative on time
from function V(5,S) owing to system (1) taking into

account equalities (6), will take a form

\/(5,5) =_ZI:Vi (5i’Si)

—Za.(f. P,

j=1, j=i

KX 5P, (6,5,

j=2 i=1
where right part of equality of the sign negative and set
V,(5,,S;) =0 doesn't contain the whole trajectories, except

5|j):i‘}i(5ilsi)‘ - (10)

a special point TO. From here as well as in theorem 2 it is
easily possible to receive approvals of theorem. The theorem is
proved.

2°). Consider system now

dd;

ar Se
% =w; —D;5; — fi(8) — ¢, (6)w; = Cx;, (1)
Tl_ﬂx +q,5, +bu,i=1,1, (12)
where function
W:(6.) = iz P (63), 6 = 6, — 6, (13)

Owing to frequency of a phase portrait of system on
coordinates O; - it is enough to study of him in band Gy, set
by inequalities

~5,<6,<6, S eR,x eRYi=1l

Will consider a set of the special points of system (11),
(12) which are in band G, i.e. introduce the set of stationary
points:

(5,505, =0, £,(5)+ 3P, (5,) =0,

A= k=L ki =
i:0(§|78|’X)GGOI’ ]j
= {-ITOI-FJ_)“'I-FN }1
here To =10, =0,5,=0,%, =0,i =L} A
Consider the function
1 j-19i
V(5,S,X) = Zvo, (5,,3,,x)+zszj(/1)dz, (14)
j=2 i=1 o
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where function V,;(5;,S;, %) (9) defined in band

G,; - Then combining the results of theorems 4 and 2, it is not
difficult to prove the following theorem.

Theorem 6. Let the parameters D, c;
D, =0, 0<a; <D,

such that

[y
df; (&) : P f
wll d; # signf;\/ (D; — a;)a,
: &i=0
|dﬁ-[:§'§] , v Ty
i + signf’\/ (D, — a,)a,
N S
5=0

Then area of an attraction of steady equilibrium state
0(0,0) of system (4) in band G_DE-, which can be estimated by
means of Lyapunov (9) function, it is set by inequality of a
look Vy;(6,,5;) <<V, where the criteria value and
parameters entering in ¥p; (55,55] are chosen as follows:

a) In case
re ' - "
[vl}ijmﬂx = [vﬂi]mﬂx: Vo — [vDi:]mEx’
| T pd
o 14+ | Didg .
% =3 | DF 5% 41622 (8, |
< R (8ol
. ] rn mw _
if (Vo) min = (Vo) mawr B =/ (D; — a)a,
B =
i
I'I[D['._5:[—51;-_[]+2[f'[':5:.[:'—5'[':5_-_[:']+41,."'~4'3'[—E[:-'I'I[F[':En[}
aF; (6 _.)

R
- cxi]cxi

if [Véejmm = (vé;:]mﬂx' ng” = 'I[:Dz'

—_—
Bi = —(D; —a))a,
b) In case
[ivl?!-ijmﬂx E [ivlgijmﬂx: 1TIZ!IE = (vlgi:]mrzx’
| 14

_ | Diay .
“ ! +"~4|"3'i9'51-_c+155'i5'35--_i3'i '
. e =~
if [vlgijmin = (vlgi:]mrz:r' =4 (Di - fxijai'

Bi =
ﬂ:l-.Dl-I:§E1[—53[2|+2[,F[':5_._[:'—}-"[':55[:']+4.,|,l'm.ﬁ':5_._[}
4.?[(5;,[3'

. e %

if [ivlgijmin = [:Véi:]max: JB: = 'I(Dz' _ai]ai
—

B! = —/(D; —a))a;
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It is supposed that for the chosen &; conditions are
satisfied

a5 (5 . T
Il d‘a # —signfl+/(D; — a;)a,
ﬂ"il t 5[:[:|
v
df: (& ) T .
-JJ:!TTQ = —signf'\/ (D, — a,)a, otherwise it
=0

is possible to take other value ez; € (0, D, ).

Theorem 7. Let exist a vectord;,
scalarstty;, 4y, g, 5; = 0, a; € (0,1), D, =0 such
that

1) matrix ;1‘: of Hurwitz,

2) pair [ﬁ;, EE-) it is completely controllable,

3) mapa [ﬁ},g:‘) it is completely observable,

) I (jw) = 0 (Ve € (—00,400)),

5) conditions of the theorem 6 are satisfied.

Then at control

u; = a;x; + ayS; + ayd; + ayf.(6;)
area of an attraction of the beginning of coordinates in band
5 5:, which can be estimated by means of Lyapunov's function

(9), it is set by inequality of a look Vo (8;,5;,%;) < ¥y,

Theorem 8. Let conditions of the theorem 4 and
theorems 2 be satisfied. Then at control

Ui =a X + ;S + a6 + o 1,(65)

assessment of area of an attraction of beginning of coordinates

of a special point TO is defined by area, a limited surface

V(5,5,x)=T,where T=minvV (), if T,,i=LN
1<i<N

unstable special points of system (11), (12).

Consider function (14) now, where vy, (5, S;, %;) is

internal

defined by a ratio (9) in band GOi . Then, combining results of
the theorem 7 and 5, it is easy to prove the following theorem.

Theorem 9. Let conditions of the theorem 7 and theorems
5 be satisfied. Then at control

Uy =a X + oy S; + a6 + a5 f,(5)
assessment of area of an attraction of beginning of coordinates

internal

of a special point T_O ompenensietcs: 06acTeio, is defined by

area, a limited surface, \7(5, S,X) =T, where T = minT.
1<i<N
if T, = 1,_N unstable special points of system (11), (12).
I1l. NUMERICAL EXAMPLE
Consider the system of the following look
dt "
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ds.
—1=-D;S, - f,(6)-wi(5.) (15
dt
where function
11{’5(5$j Zk 1.k=i :k('ﬂ:kj 5:k 5 _5

defines communication between subsystems and P (.) — the
set continuously differentiable periodic function.
For 1=2 (15) the system has the following appearance:

L
dt
ds, g
d 7
ds
d_'[l =-D,S, - ,(3,) —y,(6,), (16)
ds,
d_:_ = 1,(0,) —w,(6»).
where
( ) [Sin(51 +901)_Sin901]’
2( 2): 02[8“’1(52 + 902)_Sin002]’
P, .. .
l!’1(51*) = TLZ [Sm(5120 + 512)_ S|n5120]’
1
P, . .
¥, (52*) = % [Sm(5210 + 521)_ sin 5210]-
2
Numerical dates of the system (16):
D, =505-10", H,=2135 H,=1256,
P =085 P,=069 6, =0.3562
f.; =1.513-10"
And the initial conditions
0,(0)=0.18 0,(0)=0.1,
S,(0)=0.001 S,(0)=0.001
To study stability, consider the function
4
V(s,) Zvo, 5.5, sz (2)da,  an

j=2 i<l ¢
where

v (6:5:) = %(55 +a;D;6,)" + %fxeﬂftl_ @) -
67+ F,(6)+2DJa,(1—aJE(5) = (5, +
a;D;6,)* + .r;[ N; (6,)dd;

defined in band Gy; .

For the numerical solution of the considered task the
program module the using interface of application creation
Windows Forms written in the C# programming language has
been created. In the program for numerical integration of



INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND

system (16) are used a two-step method of Adams-Bashfort.
The formula of this method has following appearance:

3 2
S =0 2009200 )
(18)
Using a formula (18) rewrite system (16) in a look:

3 1}

8,1 =90, +h'(ESi _ESH

S..=5+h '(g(_DSi - f (5i)_‘//i (é}*))_%(_DSil - f (5i1)_‘//i1(5i*))j;

Results of numerical differentiation of system (17) are given
below:

025

0.20 1 ]
015 + 3
010 T k|
4 005 \ i
0,00 /\ i
0,05 1 \\/ ]
010 1 i
-0,15 t t t t !
0 5 10 15 20 25 30 35
t-10°
Pic. 1 Graph of parameter & .
0,20
0,15 +
0,10 +
9,005 |
0,00 /\
-0,05 + \/
-0,10 t t t t t
0 5 10 15 , 20 25 30 35
1-10°
Pic. 2 Graph of parameter &,
0,0015
0,0010 + ;.
0,0005 ,\ /\ ]
S; 0,0000 \/
-0,0005 + 9

-0,0010 |

-0,0015

-0,0020 t t t t t 1
0 20 25 30 35

-10°
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Pic. 3 Graph of parameter 5.

0,0015

0,0010 +

0,0005 -

> 0,0000

-0,0005

-0,0010

-0,0015

t t t
15 20 25
t-10°

t
30 35

Pic. 4 Graph of parameter 5.

V- 10° A

40
30

20

& ¥

Pic. 5 Graph of Lyapunov function

IV. CONCLUSION

In work are investigated asymptotic stability by Lyapunov
and assessment of area of an attraction on the basis of the
second method of Lyapunov by means of new function of
Lyapunov. On the basis of theoretical results received in work
computing experiments on concrete examples of electrical
power systems, which have shown sufficient efficiency of the
offered method for the studied electrical power system are
made.
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