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Abstract: In this communication, a
parameter uniform numerical scheme is
proposed to solve singularly perturbed delay
parabolic convection-diffusion equations.
Taylor’s series expansion is applied to
approximate the shift term. Then the
resulting singularly perturbed parabolic
convection-diffusion equation is solved by
utilizing the implicit Euler method for
temporal discretization on uniform mesh
and hybrid numerical scheme based on a
midpoint upwind scheme in the coarse mesh
regions and a cubic spline method in the fine
mesh regions on a piecewise uniform
Shishkin mesh for the spatial discretization.
The proposed numerical scheme is shown to
be an g—uniformly convergent accuracy of
first-order in time and almost second-order
in space directions. Some test examples are

considered to testify the theoretical
predictions.
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[. INTRODUCTION

In this paper, we consider the following model prob-

lem on the domain D = Q, x Q; = (0,1) x (0,7T):
% - 52% + A(m)g—z + v(z)u(z — 4,t)

+Q(:C)u($’ t) = 77(56a t)v (l‘, t) €D,

u(x,0) = up(z),r € Qp,

u(x,t) = YTi(x,t), -6 <2 <0,t €Qy,

U(.Q?, t) = T2($> t)a

ey

where 0 < ¢ < 1 is a singular perturbation pa-
rameter and J is a delay parameter of o (¢). The func-
tions A(z), v(x), o(x), n(z), T1(x), T2(z) and u(z)
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are considered to be sufficiently smooth, bounded and
independent of £. We also considered v(x) 4 o(z) >
¢ > 0 Vx € Q,, for some positive constant (.

The considered above problem plays a prominent role
in mathematical modeling of various practical phe-
nomena such as in modeling of the neuronal variabil-
ity [1], bistable devices [2], evolutionary biology [3],
variational problems of control theory [4], to describe
the human pupil-light reflex [5], and many more.

Due to the existence of £ and delay in problem
(1) make the problem tiresome to solve theoretically.
Hence, to solve this problem, one has to look for
sounding numerical methods. Solving problem (1)
problem using the classical methods on a uniform
mesh, unable to provide an efficient numerical solu-
tion until we use h < ¢, where h is the spatial step
length. This drawback encourages researchers to de-
velop the concept of €—uniform numerical methods
for such types of problems. In this context, the fitting
techniques (operator and layer-adapted mesh ) are a
competitive computational technique to overcome the
limitations of classical methods.

Since the past decade, some scholars have
been developing e—uniform numerical methods for
a class of time-dependent singularly perturbed delay
parabolic partial differential equations (SPDPPDEs)
with shift parameter(s) in the space variable and an-
alyzing the effects of the shift parameters on the so-
lution behavior. For instance, [6], [7], [8], [9], [10],
[11], [12], [13] have developed different numerical
methods based on fitting techniques for solving the
SPDPPDE:s and elucidated the effect of the shift argu-
ments on the boundary layer behavior of the solution.

However, numerical methods to solve a class of
time-dependent SPDPPDE with delay in the spatial
variable having an e—uniform convergence for the
past decades are still few. The main contribution
of this work is to construct an e—uniform numerical
scheme for solving the SPDPPDEs with delay param-
eter in the space variable.
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A. Properties of the continuous solution

When § < ¢, the use of Taylor’s series expansion
for the terms containing shift arguments is valid [14].
Consequently, we considered this case, and applying
Taylor’s series expansion, we obtain

w(z —6,t) = ulz,t) — 58“23““’ Diowd). @
X
Now inserting Eq. (2) into Eq. (1), we obtain
LEu($7t) = U(l‘,t)7
U(Z,O) - UO(‘T)7m € ﬁma 3)
U(O’ t) = Tl(o,t)vt € ﬁta
u(l,t) = To(1,t),t € Q.
where, L.u(z,t) = “((95;‘ 1) 2% +
0(x) 2420 + 9(@)u(z, 1), O(x) = Mx) — dv(x)
and Y(z) = v(z) + o(z). Since O(z) > 0* > 0 and

Y(x) > 9* > 0 for some constants §* and ¥* the
solution of Eq. (3) exhibits an exponential boundary
layer at x = 1. For small § , Eq. (1) and Eq. (3) have
an almost equal approximate solution.

To elude conflict between boundary and initial
condition, we assume the compatibility conditions on
the corner of the domain (0, 0) and (0, 1) as [15]

UO(O) = Tl(0,0), UO(]') = T?(lao)v (4)
and
8T11(00) _ 29 a$(0)+9( )(9“0()_‘_,19() 0(0)
= 7(0 0),
T 2y U
828(;0) 2 0(1)+9( )80()_’_19() o(1)
(5)
Lemma 1 (Continuous Maximum Principle). Let

E(z,t) € C*YD). If E(z,t) > 0,Y(z,t) € OD
(0D = D — D) and L:.Z(x,t) > 0,Y(x,t) € D, then
E(x,t) > 0,Y(z,t) € D.

Proof: Let (z*,t*) € D be such that

=(a", t) = ©)

min_=(zx,t)
(z,t)eD

and suppose that Z(z*,t*) < 0, then we have
(z*,t*) ¢ OD. Also we have % =

=k g 25 (p* t*
07%:0&@%20.Then

— 0= (z*,t* 022 (x* t*
LE_(.CE t*)_ (ﬂft )—62 éiQ )

+0(z )Mw( )E(z*, 1) < 0
which contradicts the assumption made above. It

follows that =(z*,¢*) > 0 and hence Z(z,t)
0,V(z,t) € D.

(N

oV
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Lemma 2 (Stability estimate). The solution u(z,t) of
Eq. (3) satisfies

lull < ()" |Inll
+max {[ug ()|, max {|Ty (z,0)], | T2 (z,)[}},
(®)
where, ||.|| is the Lo norm given by |u| =

max , yep |u(z,t)]|.

Proof: Let =*(x,t) be two barrier functions defined

by
Et(z,t) = (0%) " |In|
+maX{|uO ()|, max {[ Ty (2, 8)[, | T2 (z, )]} }
tu(x,t).

)
Then at the initial value and the two end points, we
have

= (z,0) = ()" |In]
+max {|uo (z)[ , max {| Y1 (z,0)[, | T2 (z,0)[}}
+u(z,0) > 0,
2E(0,) = (97) " |l
+max {|uo (0)], max {|T1 (0,¢)], T2 (0,¢)[}}
+u(0,t) > 0,

=E(L,t) = (%) |||
+max {|ug (1)|, max {| Y1 (1,£)],[ T2 (1,7)[}}
+u(1,1) >0,

(10)

an

Using L. operator in Eq. (3) on Z*(x, t) we have

L.E*(x,t) = o= agx 4 262 jE(2 z,t)
+0(x) 222 <“>+19( )=
= (@) ()" [Inll) +
V(z) (max {|ug ()|, max {|Ty (z,8)[ | T2 (z,1)[}})
+Lou(z,t),
> 9(x) ()" IInll) +
V() (max {[uo ()], max {|T1 (z, )|, [ T2 (z,1)[}})
+1(z,1),
> J(x) (max {|uo (z)|, max {|T1 (2, t)], [ T2 (z,1)[}})
+0(z) () ||nll £n(z, t).
(12)
Using the fact J(z) > ¢* > 0, we have

9(z) (9*)~' > 1 and substituting it in the above in-
equality, we obtain

L.2%(x,t) > 0,,

(1),

V(z,t) € D, since ||n|| > n(z,t).

(13)
This implies that L.=*(x,t) > 0. Hence by Lemma
(1) we have, =% (z,t) > 0, V(x,t) € D, which gives

lull < ()~ |lnll +
max {|ug (z)], max {|Tq (z,1)|,| T2 (2,1)|}}
(14)
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II. DESCRIPTIONOF THE NUMERICAL SCHEME

A. Temporal Discretization

We divide the time domain [0, 7] into M sub-intervals

with uniform time step size At = M, such that

DAt = {(.fC,tj) HEVS vatj = JjAt, j= 0(1)M} :
(15)
Applying the implicit Euler scheme on ¢ yields

(1+ ALY U+ (2) = Aty (2) + U (@),

u(x,0) = Up(z),x € Qp,
Uit (0) = T{7(0),5 = ()M — 1,
Uiti(1) = 14 (1),5 = 0(1)M — 1.
(16)
where,
LMU+ (z) = — d2U;:(x) 4 g(x)de;;(ﬂf)

+19( YUt ().
A7)
The following lemmas show the discrete maximum
principle and stability of the solution of Eq. (16).

Lemma 3 (Discrete Maximum Principle). Let
=l(z) € C2(Q,). I[FEH(0) > 0, TI(1) >
0, and (I—I—AtLéw) =t (z) > 0,V € Q,, then
=t(z) > 0,Vz € Q,.

Proof: Let (z*,tj41) € {(a:,th) tx € ﬁz} be
such that

= (2*) = min T (2), (18)
z€Q,
and suppose that Z/F!(z*) < 0, then we have

(", tj41) ¢ {(0,tj+1),(1,tj41)}. Also we have
%—0 andw>0 Then
X
2d2Ej+l(.T*)

(I n AtLM) St (2) = 25
0(x*) =) ()2 (27) < 0,

which contradicts our assumption. It follows that
Z/t(z*) > 0 and hence = (z) > 0,Vz € Q,.
a.

OFu(z,t
Lemma 4 Suppose %‘ < C, V(x,t) €

19)

(ﬁ) vk = 0,1,2, then the local error estimate €1

in the temporal direction at (j + 1) th time level sat-
isfies )
lej+1ll < C(At)

; (20)
Uiti(z).

where ej 1 = u(x,tjy1) —
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Proof: The detailed proof of this lemma is given in
[12] O

Lemma S The global error estimate E; in the tempo-
ral direction of Eq. (16) satisfies

||Ej”oo < C(At), Vj<T/AtL 20
Proof: From Lemma 4, it follows that
1Bl = | 2hes
< llerffoe + ||€1|| +lejll, < C(AL).
(22)
O

Theorem 6 The semi-discretize solution Ut (z)
and its derivatives satisfy the following bounds:

(1 + (62)7k exp (—0*(16_—29”)» ,

for 0<k<A4.

dkUIt (z)
dzk

(23)

Proof: The detailed proof of this theorem is given in
[8]. O
To get the strong derivatives bound of the solution of
Eq. (16), we decompose the solution into the regular
and singular parts as

U (z) = VIt (2) + With(2), (24)

where, the regular part V771 (z) is the solution of the
nonhomogeneous problem

@+M@QW“@:AW“@+VMQL
Vo eQ,, j=001)M-1

Urtio), j=01)M -1,

Ut (1),  j=0(1)M —1,

Vj+1(0) —

yitl (1) —

(25

and the singular part W7*!(z) of the homogeneous
problem

(I + AtLgW) Witl(z) =0, Yz € Q,

Wit(0) =0, j=0(1)M —1,
Wit 1) = vitli() —uiti(1), s =0(1)M — 1.
(26)

Lemma 7 [9].The regular and singular components
of UIHL(x) satisfies the following bounds:
d*VIitl(z)

e (o ().

< 0 (™ exp (-0°052)).

for(0 <k <3.

dFWith(z)
dx¥

(28)
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B. Spatial discretization Mesh SelectionStrategy

Since the boundary value problem (16) exhibits
a strong boundary layer at x = 1, we choose a
piecewise-uniform Shishkin mesh on 0, = [0, 1]. For
this we divide the interval [0, 1] into two subintervals,
namely [0,1 — 7], and 1 — 7, 1], where the transition
parameter 7 is defined as:

5 @

1
7 = min (2, o> ln(N)) , T >

The mesh (), is given by:

.

where,

ihg, for i=0(1)N/2,
1—7+(i—%)hy, for i =N/2(1)N.
(30)

[\

h:m—x — (11\77)’ fOI' Z:l(l)N/27
’ ! ol QWT, for i = N/2+ 1(1)N.
(31

B.1 Hybrid Scheme

In this subsection, we approximate Eq. (16) by using
a hybrid numerical scheme which is based on the
midpoint upwind difference scheme in the outside
layer regions (coarse mesh regions) and cubic spline
scheme in the inside layer regions (fine mesh regions).

Let us rewrite Eq. (16) as
LYUTH (2) =47 (2), 2 € Qp, O(1)M —1

U%(z) = uo(z), x €y,
UL 0= 0),  j=0(1)M -1,
Uitl(1) = 14 1), j=01)M —1,,
(32)
where
- 2 j+1 T j+1 T
LYUJT = — 20 | g(q) )
+Q(2)U7 1 (x), _
Q(z) = 9(x) + 4,7 (x) = it () + Uﬁﬁ(é .

Midpoint upwind scheme
The midpoint upwind method for Eq. (32) takes the
form:

—e2Df Dy U 40,y DU
+Qi—1/2Ui]—Jr11/2 = 'V%yjll/w
UitL(0) = 17+10), 0< 5 < T,
UiF(1) = T3+ (1), 0<j < T.
(34)

N,Myrj+1 _

E-ISSN: 1998-0140

108

Volume 15, 2021

where,
) patl gt
DU = =t
1 . . . .
DID-U; s = +—2 S A A
xT x Z7J+1 - hi+hi—1 hz B hi—l ’
_ (bitbis _ (Qi+Qis
Oi_1)2 = ( a5 )7@1'71/2 = ( =) ,and
A i+1_ G+l
J+1 w
Yi-1/2 = 2 :

. (35)
and LNMU7H is the midpoint upwind finite differ-
ence operator.

Thus, we get the following system of equations

N,Myrj+1 _ —yrj+l 07rj+1 +rri+l _ pitl
Ly U7 =8, ULy + 5077 +57 Uy = B;

i+1
i=11)N-1,7j=0(1)M — 1.
(36)

where

- _ —2¢2 Oi_172 | Qi—1/2

5 = hi—l(hij'hi—l) TR T2

2 B )

S,LQ — hi2h€i71 + 1711/2 4 Q'L—21/27

+ _ —2¢2

5i _1 hi(hr:_fiz‘—ﬂ’

L ;
BiT =711

(37
Cubic spline difference scheme

Now, we approximate the inside layer region of the
resulting spatial Eq. (32) by applying the cubic spline
method as described below. An interpolating cubic
spline function S7*!(x) corresponding to the values
Uj+1 (.’I,'()), Uj+1($1)a UjJrl(wQ): T Uj+1(xN)7 of a
function U’ T (z) at the points xq, x1, 2, - - -, ¥y and
it satisfies the following properties:

1. S9+1(x) coincides with a polynomial of degree
three on each subintervals [x;_1, z;],7 = 1(1)N,

2. §it(z) € C2(D),
3. Sj+1(33‘i) = Uj—H(.%i).

Now, for x € [z;_1,2;], the cubic spline function
Si*1(z) can be written as [17]:

Sj+1(x)
j+1  hZ
+'(CGL1 — %
i+1  h2
+'<LV -

S [xifla ':U’i]a

)3 i 1)3
— (%ﬁhf) M;,_1 + (z 6$;Li—1) M;

) (52)
) ().

i =1(1)N.

(38)

where, M; = %, i=1(1)N.
From the properties of cubic spline [18], we obtain,

hy

6

hit1
5 Mt
Uij+1—Ui—1,541
. b
3

hith;
i1+~ M+
Uit1,j=Uij+1
hit1

i=11)N —1,j = 1(1)M — 1.

(39)
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Using  Taylor’s  series  approximations  for
Uit (zy),k = 4 £ 1 in the spatial variable, we
have:
Uitl(z; 1) ~
; +1(g. h2_ . Q2Ui+i(z,
Uit () — hy_q () g 2 U ()
(40)
Uj+1(xz+1)
+1 h2 277i+1
Uit (@) + hy @) o I U (@)
(41)

Multiplying Eq. (40) by h?/h?_, and then subtracting
the resulting equations from Eq (41) , we have:

dUI 1 (z;) ~
(—h%ig(jﬂﬂ(zi,1)+(h§—h§71)Uj+1(a:i)+h§71m+1(a;z-+1))
hihi—1(hi+hi—1)
(42)
Similarly, multiplying (40) by h;/h;—1 and then
adding the resulting equations to Eq. (41), we get:

dPUit(z)
dz? ~

2(hUIH (@i 1)+ (hithi)UIH (i) +hi 1 UIH (2441))
hihi—1(hi+hi—1)
(43)
L

Inserting Eqgs. (42) and (43) in % ~
U7+ () AU (i) AU (@im1)
Tx hi : %236 +U and el

J . .

L() + Ry P e obtain

AU (i) o (=(h+2hihi 1)U+ (i)

dx ~ hihi—1(hi+hi—1) (44)

((Rithi1)2U9H (@) —h2_ U (zi41))
hihi—1(hi+hi—1)

AU (z41)  (=R2UIT (@i 1) = (hithi1)?UIH (24))
dx ~ hih'i_l(hi-‘rhi_l)
((h?+2hih¢71)U7+l(xi+1))
hihi_1(hi+hi_1)

(45)
Equation (32) at x = xx, k = i,¢ £ 1 can be written
as:

de+1(:L'k)

2
M, =10
&My = Op—

+ QrUH (1) — 7 ().
(46)
We have,
Substituting Eqs. (42) - (45) into Eq. (46) and
using the resulting equation into Eq. (39) yields

NM_ ]+1 0r7J+1 +rrJ+l _
L, ry Uy +rU7 +r UL = F;

1—1(1)]\7—1]—0() -1

Jj+1
7,

47
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where, LY, is the cubic spline operator,
— __ 0i_1(hi+2h;_1) hi—1Qi—1 _ h;6;
= 2(hi— 1+h) + 2 hi—1
+ 0it1h? 3e2
2hi—1(h1i—1+h;) ( 2hi—21’)
7'1;0 == (2’111 ) + hhl 1 (h +hz 1)Q
~ 0ipa1(hi—1+hy) + e2(hi+hi_1)
2h; 1 h; hh )
0;_1h? ) )
+ _ =1 th+1 h1,191
"i = T3 (hitha) ™ T
+01+1(hz 1+2h) 3e2
1 _ h (ﬁbrl+hl 1) hi - -
FIT = 22 (i + b)Y + 590
(43)
The total discrete scheme takes the form:
N,Myrj+1
Lm’u Uz] L _’Yz 1/2,]+17
N,M77i+
NM i+ _ Lc‘571Ug _1% ’
J + i+
Ly Ui Us i =T} 1( )s (49)
+ +
Uy =15 (1),
U@o = U(.I'Z‘, 0).

Thus, we obtain the system of linear equations as:

RyU + ROUIT + RYUIY = DY,

i+1 50
i—1)N—1,j—omm—1. 0
where,
— 7, sz -
h 1((h2ihl 1))* h1/2 + =52 i =1(1)N/2,
- 01 h1+2hz z Qz hiei
Ri - %hz 491+hh =+ : e hi—1
i 3 2 _
T (s Fh) ~ Bt l—N/Q“((lS)l])V— L.
2 6; Qi .
— 2+ 52 i = 1(1)N/2,
s N 0;(h2—h2
R) = 9“1(};1,;1+h2) + (h = oy + (hi + hi—1)Qs
0it1(hi—1+h; hithi—
—Galiith) o 3 ,fhh )= N/2+1(1)N —
(52)
_9g2 .
irri) 0 <i<N/2,
+ _ Oi—1h;_ hi Qs hi—16;
R = _3hi(<(h,-_1+1hi))) M
it1(hi—1+2h 3 .
+7§?hi+hli_1) - hi i=N/2+ 1(12;\37.)
D]"rl

)

B/ i=0(i)N/2, 0(1)M —1
FJ“, i=N/2+1(1)N -1, 0(1)M — 1.
(54)

Lemma 8 (Discrete Maximum Principle). If =}, 1>
0,20 >0, then LNM=ZIT > 0,vi = 1(1), N — 1
implies 27" > 0,V i = 0(1)N.

Proof: The proof follows from the similar arguments
as used in Lemma 3. O

1.
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Lemma 9 The solution UijJrl of Eq. (49) at (j + 1)th
time level and Q(x;) > o > 0 holds

Ui+ < Lol
b

(e e
Proof: By considering the barrier functions

b

and applying Lemma 8 we obtain the required bound.
O

+C max T ()

i=0(1)--
(55)
==+ J+1 _

+C max { H?f]f“l (x;)

’T%’—H (‘Ti)H + Uij-&-l

III. ERROR ANALYSIS

To establish an e —uniform convergence of the discrete
scheme (49), we decompose the obtained solution into
regular and singular parts as

Vij+1 + Wijn

where the regular part is

Uij1 = (57)

Y(@is tjt1),

0(1)N/2, 0(1)M —1
7($i71/27tj+1)7
N/2+1(1)N, 0(1)M — 1

N,M
Loy V(@istjz1) =

V(0,tj41) = V(0,tj41), 0<j<M—1,
V(l,tj_H) = V(l,tj+1), 0<j<M-1
V(i,0)=V(x;,0), 0<j<M-1
(58)
and the singular part is
Ly W (i tj41) = 0, 0()N, 0(1)M — 1,
W(0,j+1) =W(0,tj41), 0(1)M —1,
W(L,j+1)=w(Q, y+) (1 -1,
W (i,0) = W(z;,0), 0(1)N
(59

Lemma 10 The regular component satisfies the fol-
lowing estimate at each mesh point (x;,tj11) € D

(0= V) (@i, ti1)] < C (At + NI e + N 7))
(60)

Proof: From the truncation error estimate, we have
—V) (@i tje)|

" (w, tj—i—l)‘ dw)

0" (w, tj+1)‘ dw)

i)e? + h?)

’Lhyb
<C (At +e? [ |y
+C (ha f
< C (At + (hig1 +h

(61)
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Let H = max {h;}. Then, we have

N,M
’Lhyb

(v=V) (@i, ti1)| < C (At + H (2 + H))

(62)
Let us consider the barrier function for ¢ = 1(1)N —
1,jAt <T B*(m,tj41) = C (At+ H (2 4+ H)) £
(v V(@i tjs1). Clearly, we have 8% (z¢,tj41) > 0,

BE(xn,tj41) > 0 and Lh o BE (i, tj+1) = 0.
Thus, an application of dlscrete maximum principle
gives

(0= V)(@i,tjp1)| < C (At + N2+ N 7))
(63)
O

Lemma 11 The singular component satisfies the fol-
lowing estimate at each mesh point (x;,tj1+1) € D

|(w = W)(s,j41)| < C (At + N72(In N)?
(64)

Proof: From the truncation error estimate, we have

w® (i, tj41) H

— W) (@ )| < 23
(InN)?).

< C(At+ N2

’Lhyb

(65)
By considering the barrier function for i = 1(1)N —
1LjAt<T

ﬁi(xi,tjﬂ) =C (At + NﬁQ(lnN)Q)
+[(w— W) (@4, tj41)]

we obtainﬁ (xo,tj41) > 0, BE(xN, tj+1) > 0 and

h 5 M g (xi,tj+1) > 0. Therefore, an application of
discrete maximum principle gives

(66)

[(w = W) (2i,t531)] < C (At + N72(n N)?)
(67)
O

Theorem 12 Let u(x,t) be the solution of the prob-
lem (1) and U (z,t) be the numerical solution of the
corresponding discrete problem (49), then at each
mesh point (z;,tj+1) € D, then we have

(= U) (@i, tj41)] < C (At + N72(lnN)?)
(68)

Proof: From the triangular inequality, we have

[(w=U) (2, tj41)] < Jw(@s, tj1) — Wi, tj11)|
+v(@is tj1) — V(@i i)l
(69)
From Lemma 10 and Lemma 11, we get the desired
result. U
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IV. NUMERICAL EXAMPLES AND RESULTS

To verify the efficiency of the proposed scheme for the
problem (1), some model examples are presented. As
the exact solutions of these examples are not known,
the maximum pointwise error for the given examples
is computed by using the double mesh principle [19]
defined by:

N.M NM 172N 2M
= max u:.>" —U:.> 70
S0 T 1< G<N-1,M—11 b & (70)

where Ui]\;’M and Uf;V’QM are the computed numerical
solutions obtained on the mesh DV:M = QI x QM
and D2V:2M — 2N 2M regpectively. N and M
are mesh intervals in the spatial direction temporal di-
rection respectively.

For any value of N and M the c—uniform er-

N,M N,M

rors (E77 ), rate of convergence (7, 5 and

N,M)

e—uniform convergence (7" are calculated by the

following formula
NM  NM B
NM _ : M 3,
EYY =max. 5, E r = log, (Ez‘?v,;z'u) ,

€,0,n " "&dm N
£,0,m

N,M
and VM = log, (%) .
(71
respectively.

Example 13 [9] We consider the following SPP-
PDDE of the form in (1)

Qu _ 20% 4 (24 o 4 22) % 4 (L2)u(z — 6,1)

0 2
2 sin(me(1 — 2)),
’LL()(Q?) = 0, Tl(O,t) = TQ(l,t) = O,T =1
(72)

Example 14 [13] Now we consider the following
SPPPDDE of the form in (1)

Qu 20 4 (24 x+a2)0 4 (2 yu(a - 4,1)

= sin(mz(1 — x))t,
UO($) = 0, Tl(O,t) = Tg(l,t) = O,T =1
(73)
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Table 1: EN;M for Example(13) with T = 1.0,6 = 0.5 x &, M = N

el N=32 N=64 N=128 N=256 N=512
Proposed hybrid scheme

10° 1.9998e-03 1.0844e-03 5.6678e-04 2.8994e-04 1.4670e-04
107! 5.5098e-03 3.3181e-03 1.9023e-03 1.0456e-03 5.5458e-04
1072 5.8712e-03  3.5891e-03 2.1232e-03  1.2098e-03  6.6900e-04
1074 5.8762e-03  3.5944e-03 2.1278e-03 1.2139e-03 6.7189%¢-04
1076 5.8762e-03  3.5944e-03 2.1278e-03 1.2139e-03  6.7189e-04
10-8 5.8762e-03 3.5944e-03 2.1278e-03 1.2139e-03 6.7189¢-04
Midpoit Upwind scheme

100 2.1994e-03 1.1778e-03  6.1092e-04 3.1142e-04 1.5725e-04
1071 7.4106e-03  4.6999e-03 2.8947e-03 1.7047e-03  9.6838e-04
1072 7.2526e-03  4.6756e-03 2.9359e-03 1.7694e-03 1.0286e-03
1074 7.2470e-03  4.6739e-03 2.9358e-03 1.7697e-03  1.0295e-03
10-6 7.2470e-03  4.6739e-03 2.9358e-03 1.7696e-03  1.0295e-03
10°8 7.2470e-03  4.6739e-03 2.9358e-03 1.7696e-03  1.0295e-03
Cubic Spline scheme

100 1.8277e-03  1.0130e-03  5.3456e-04 2.7472e-04 1.3931e-04
1071 8.8650e-03 4.6533e-03 2.3350e-03 1.1456e-03 5.6062e-04
1072 1.6202e-02 9.0831e-03 3.6470e-03 1.7450e-03  9.0803e-04
1074 1.6741e-02 1.0469e-02 5.8106e-03  3.0480e-03 1.5582¢-03
1076 1.6741e-02  1.0469e-02 5.8109e-03 3.0486e-03 1.5582e-03
1078 1.6741e-02  1.0469e-02 5.8109e-03 3.0486e-03 1.5582e-03
Results in [9]

10° 1.51e-03 7.59e-04 3.81e-04 1.91e-04 9.57e-05
1071 6.83e-03 4.03e-03 2.36e-03 1.35e-03 7.61e-04
1072 8.25¢ -03 491e -03 291e -03 1.68e -03 9.38e -04
1074 8.48e -03 5.13e-03 3.09e -03 1.81e -03 1.03e -03
1076 8.48e -03 5.13e -03 3.09e -03 1.81e -03 1.03e -03
10-8 8.48e -03 5.13e-03 3.09e -03 1.81e -03 1.03e -03
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Table 2: ENM and +VM for Example (13) with T = 1.0,0 = 0.5 x ¢, M = N

el N=32 N=64 N=128 N=256 N=512
Proposed hybrid scheme

EN-M 5.8762e-03 3.5944e-03 2.1278e-03 1.2139e-03  6.718%-04
V.M 0.70913 0.75639 0.80971 0.85335 0.90419
Midpoint Upwind scheme

ENM 7.4106e-03  4.6999e-03 2.9359e-03 1.7697e-03 1.0295e-03
rV.M 6.5696e-01 6.7883e-01 7.3030e-01 0.7816 0.81624
Cubic spline scheme

ENM 1.6741e-02  1.0469e-02 5.8109e-03  3.0486e-03 1.5582e-03
V.M 0.67726 0.84929 0.93061 0.96827 0.98453
Results in [9]

ENM 8.48e-03 5.13e-03 3.09¢e-03 1.81e-03 1.03E-03
rNM 0.73 0.73 0.77 0.81 84
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Table 3: EXY™) | E(V-M) and (N-M) for Example (14) with T = 1.0,6 = 0.5 x &, N = M

el

N=32

N=64

N=128

N=256

N=512

Proposed hybrid scheme

10°

1071
1072
10~4
1076
1078

5.7811e-04
1.3530e-03
1.4572e-03
1.4557e-03
1.4556e-03
1.4556e-03

2.9885e-04
7.8909¢e-04
8.6051e-04
8.5972e-04
8.5970e-04
8.5970e-04

1.5194e-04
4.2438e-04
4.7185e-04
4.7250e-04
4.7249e-04
4.7249e-04

7.6609e-05
2.1891e-04
2.5755e-04
2.5800e-04
2.5799e-04
2.5799¢-04

3.8466¢-05
1.1047e-04
1.3466e-04
1.3495¢e-04
1.3494e-04
1.3494e-04

Midpoint Upwind scheme

10°

101
1072
1074
106
1078

9.4867e-04
3.7393e-03
3.4630e-03
3.4595e-03
3.4595e-03
3.4595e-03

4.8465e-04
2.3894e-03
2.2148e-03
2.2122e-03
2.2122e-03
2.2122e-03

2.4500e-04
1.4822e-03
1.3799¢-03
1.3782e-03
1.3782e-03
1.3782e-03

1.2318e-04
8.9549e-04
8.3307e-04
8.3203e-04
8.3202e-04
8.3202e-04

6.1761e-05
5.2357e-04
4.8796e-04
4.8735e-04
4.8734e-04
4.8734e-04

Cubic Spline scheme

100

1071
1072
1074
106
10~8

1.6943e-04
1.6098e-03
6.0150e-03
6.2040e-03
6.2039¢-03
6.2039¢-03

9.3315e-05
7.4125e-04
3.4445e-03
3.9637e-03
3.9637e-03
3.9637e-03

4.9098e-05
3.1441e-04
1.2304e-03
2.2137e-03
2.2137e-03
2.2137e-03

2.5207e-05
1.6221e-04
4.3554e-04
1.1663e-03
1.1665e-03
1.1665e-03

1.2774e-05
8.2062e-05
2.0100e-04
5.9776e-04
5.9831e-04
5.9831e-04
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Table 4: ENM and +NVM for Example (14) with T = 1.0,0 = 0.5 x e, N = M

el N=32 N=64 N=128 N=256 N=512
Proposed Hybrid scheme

ENM 14572¢-03 8.6051e-04 4.7258e-04 2.5804e-04 1.3496e-04
rNM 0.7599 0.8646 0.8730 0.9351 0.95380

Midpoint Upwind scheme
ENM 37393e-03  2.3894e-03  1.4822¢-03  8.9549e-04 5.2357e-04
rNM 0.64612 0.68891 0.72699 0.77429 0.83724

Cubic Spline scheme
ENM 62040e-03 3.9637e-03 2.2137e-03  1.1665e-03  5.9831e-04
rNM 0.6464 0.8404 0.9243 0.9632 0.98295
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(a) Example 13 (b) Example 14

Figure 1: The behavior of solution for different values
ofofeatT = 1,6 = 0.5 xe,N = M = 128 for
Examples 13 and 14.

xxxxxx

(a) Example 13 (b) Example 14

Figure 2: Effect of delay on the solution behavior for
Examples (13) and 14 atT =1, = 10_1,7] =0.5x
e, N =M =128.

(b) Example 14

(a) Examplel3

Figure 3: Numerical solution profiles for Examples
(13)and 14 at T = 1.0,6 = 0.5 xe,n7 = 0.5 x ¢,
e=10"5N=M = 256
The computed Eév (;M, ri\i’sM, ENM and #N-M for the
test Examples 13, and 14 with the various values of
N, M and € with § = n = 0.5 x ¢ are presented in
Tables 1 - 4. From these tables, we can easily ob-
serve that the maximum pointwise errors decreases as
the step sizes decrease for all values of the singular
perturbation parameter, which confirm an e—inform
convergence of the proposed scheme. The proposed
hybrid scheme provides more accurate numerical re-
sults than midpont upwind, cubic spline, and results
in [9].

In Figures 1(a) and (b), the effect of the singu-
lar perturbation on the boundary layer behavior of the

E-ISSN: 1998-0140
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Maximum absolute error
Maximum absolute error

(a) Example13 (b) Example 14

Figure 4: Log-log plot for Examples 13, and 14 re-
spectively.

solution of Examples (13) and (14) respectively are
shownforT =1,§ =0.5xcand N = M = 128. As
observed in Figures (1) (a) and (b), when ¢ — 0 strong
boundary layer is formed near x = 1. The influence
of the delay parameter on the boundary layer behavior
of the solution of Examples (13) and (14) is shown in
Figures 2(a) and (b) respectively for T = 1, = 10~}
and N = M = 128. From Figures (2) (a) and (b),
we observe that as the size of the delay parameter in-
creases the thickness of the layer increases.

The 3D view of the numerical solution for Exam-
ples (13) and (14) are plotted in Figures (3) (a) and (b)
respectively by taking ¢ = 10766 = 0.5 x e, N =
M = 256, which indicate the existence of the bound-
ary layer near x = 1. To depict the relationship be-
tween the E;V 5M and the rate of convergence, we have
used the log-log plot in Figures (4) (a) and (b) for Ex-

amples (13) and (14) respectively.

V. CONCLUSION

An e—uniform numerical scheme is proposed for
solving the singularly perturbed delay parabolic
convection-diffusion equation. This scheme is de-
veloped based on the implicit Euler method for the
temporal discretization with uniform step size and hy-
brid numerical scheme based on the midpoint upwind
method in the coarse mesh regions and cubic spline
difference method in the fine mesh regions on a piece-
wise uniform Shishkin mesh for the spatial discretiza-
tion. The scheme is shown to be an e—uniformly con-
vergent of first-order in time and almost second-order
in space directions. The efficiency of the scheme is
shown by taking some test examples and comparing
them with the numerical results obtained by midpoint
upwind, cubic spline method, and results in [9]. It has
been found that the proposed numerical scheme pro-
vides more accurate numerical results than the afore-
mentioned methods.
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