
Abstract— This paper considers an aggregate actuator con-
sisting of a piezo and a hydraulic part. Moreover a cascade
PI-PID controllers is taken into account for its control in
automotive applications. In the presented work the Preisach
dynamic model is taken into consideration a long with a
cascade PI-PID controllers. In particular, the hysteresis effect
is considered and a model with a switching function is used
also for the controller design. Simulations with real data are
able to be seen in this contribution.

Key-words: PID controllers, Lyapunov’s approach, piezo

actuators

I. INTRODUCTION

Recently, a lot of interest has been paid to variable engine

valve control because it can make smaller the pumping losses

and to improve torque performance. Variable valve timing

permits the control of internal exhaust gas recirculation, so

making fuel economy better and making NOx emissions less.

This paper is in progress with the works [1], [2] and

in Fig. 1 shows the phase diagram of the positions of an

engine intake and exhaust valves. In this figure the intake

and the exhaust valve position profile are indicated. Figure

1 demonstrates the new engine structure with, evidently,

four piezo actuator. Generally speaking, this project closely

concerns a new conception of the functionality of some

parts of the engine, for example of the throttle valve control,

see [3]. In spite of this, the inaccuracy in positioning

control comes from the hysteresis effect. In this paper the

hysteresis effect is model making use of a linearisation. A

linear boundary of the hysteresis is taken into account and

a switching approach is applied to follow the hysteresis

characteristics. The easiest thought is to consider the upper

and the lower bound of the linear characteristic. PID

regulators are very often applied in industry. Recently,

variable engine valve control has attracted a lot of interest

because of its skill to make fuel economy better, make less

NOx emissions and to increase torque performance over

a wider rage than a conventional spark-ignition engine.

Combined with microprocessor control, very important

functions of the motor management can be well controlled

by such mechatronic actuators. For moving distances

between 5 and 8 mm, however, there are other actuator

kinds with different benefits. In [4] we demonstrated an

adaptive PID controller design for the valve actuator control

based on flatness property and interval polynomials. The

Fig. 1. New structure of the engine.

aim of this paper is showing:

• A model of the a hybrid actuator

• A PI-PID cascade regulator

A combination of a switching cascade PI-PID structure and

feedforward regulators is demonstrated in this paper. The

control structure is a switching one which considers the

suggested switching model of the hysteresis effect.

The paper is divided into the following sections. Section

II is dedicated the description of the model. In Section III

an algorithm deriving the control laws is shown. The paper

finishes with Section IV in which simulation results of the

suggested valve using real data are presented. After that the

conclusions can be found.

II. THE MODEL OF THE HYBRID ACTUATOR

Figure 3 shows the connections of the valves with the tank
and with the pump. If connections T-A and P-B are open the
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Fig. 2. Structure of the hybrid actuator and detail of the slits

valves are closed because the point B is under pressure. If

the mechanical servo valve is in the middle position, both

connections (T-A and P-B) are closed and connections A-P

and B-T start opening and in this case both engine valves

start opening because the point A is under pressure. Figure

Fig. 3. Hybrid Piezo Hydraulic Actuator

2 fully describes a part of the hybrid actuator containing of

Fig. 4. Particular of the adapting stroke ration.

a piezo actuator combined with a mechanical part. The both

parts are connected by a stroke ratio for adapting the stroke

length. In 4 a detail of the mechanical stroke adapter can be

found. The suggested structure of the model of the PEA is

rather alike as those which can be seen in [5] and in [6]. The

model consists of a sandwich structure as it can be seen in

Fig. 5, being based on the hypothesis to be mentioned now.

Fig. 5. The sandwich model of the PEA

Figure 6 shows the equivalent circuitry for a PEA, in which

two I-layers are combined together as Ca and Ra. The I-layer

capacitor, Ca, is a common capacitor which is assumed to

be constant. The I-layer resistor, Ra , consists of a nonlinear

function. This resistance, Ra > 106 Ω, when the voltage

‖Va‖ < Vh, or is small, say Ra < 1000, when ‖Va‖ > Vh.

In [6], voltage Vh is defined as the hysteresis voltage of a

PEA. The authors in [6] proposed a possible definition after

observing that there is an important difference and a change

in the resistance value. This change across Vh that models

the nonlinearities of hysteresis and creep effect in a piezo

actuator. The hysteresis effect could be described as input

Vin(t) and output y(t) in this way: H(y(t), Vin(t)), see Fig.

7. If Vh = 0, then the hysteresis effect goes away, and if
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Fig. 6. Electrical part of the model

Ra = ∞ when ‖Va‖ < Vh, in this case the creep effect goes

away. Considering the electrical circuit as indicated in Fig.

6, the state model is derived as follows:

V̇a(t) = −
( 1

Ra

+
1

Ro

)Va(t)

Ca

−
Vz(t)

CaRo

+
Vin(t)

CaRo

(1)

V̇z(t) =
Q̇b

Cz

+
1

Cz

(

−
Va(t)

Ro

−
Vz(t)

Ro

+
Vin(t)

Ro

)

,

(2)

where Qb = DyFz(t) is the well known back electric charge

force (back-ecf), as explained in [6]. Considering [6] and the

representation in Fig. 8, it can be written as

Fz(t) = Mp/3ẍ(t) + Dẋ(t) + Kx(t) + Kxx(t). (3)

K is the elasticity constant and D represents the friction

parameter of the spring. Cz is the capacity of the piezo

actuator and Ro is the resistive effect of the contacts. A

more detailed description of the model can be seen in [6]. If

the model represented in Fig. 8 a long with the assumption

that the oil is incompressible, then a possible mechanical

model can be described using spring as it is indicated in

Fig. 8 in which Kx represents the elasticity effect of the

piezo actuator. Factor DxKx = Tem is the ”transformer

ratio” and it indicates a fundamental property of the PEA.

Mp/3 represents the moving mass of the PEA and this is

always a part of the total piezo mass, MSK is the sum of the

following masses: piston mass, oil and the moving actuator

masses. Mv represents the valve mass. It can be noticed that

the moving mass of the piezo structure is just a fraction

of the complete piezo mass. The value of this fraction is

given by the constructer of the piezo device and experimental

measurements determine it.

KSK and DSK are constat which are associated to the

spring of the mechanical servo piston, see Fig. 8. Doil

represents the constant which are associated to the oil friction

effect. Considering [6], the state variable xp(t) indicated in

Fig. 7 is

xp(t) = DxVz(t). (4)

From diagram of Fig. 6, the following expression can be

derived:

Vz = Vin(t) − R0i(t) − H(xp(t), Vin(t)), (5)

where R0 resistance of the contacts and i(t) is the cur-

rent drawing through the PEA as indicated in Fig. 6.

H(xp(t), Vin(t)) is the function describing the hysteresis

effect and demonstrated in Fig. 7. If the complete system
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Fig. 7. Hysteresis profile of the PEA: H(xp(t), Vin(t))

shown in Fig. 8 is regarded, the systems shown in Figs. 6,

7 and 8 can be described by the expressions:

Mp

3
ẍ(t) + MSK ẍSK(t) + Kx(t) + Dẋ(t) + KSKxSK(t)

+ DSK ẋSK(t) + DoilẋSK(t) + Kx

(

x(t) − ∆xp(Vin(t))
)

= 0, (6)

where ∆xp(t) represents the interval function of xp(t) as it

is demonstrated in Fig. 7 which, according to eq. (4), can be

clearly stated as

∆xp(t) = Dx∆Vz(t), (7)

At the end, it is possible to see that eqs. (5) and (7),

Kx∆xp(t) = KxDx

(

Vin(t)−R0i(t)−H(∆xp(t), Vin(t))
)

,
(8)

which indicates the force produced by the PEA. Eq. (6) can

be written as follows:

Mp

3
ẍ(t) + MSK ẍSK(t) + Kx(t) + Dẋ(t) + KSKxSK(t)

+DSK ẋSK(t)+DoilẋSK(t)+Kxx(t) = Kx∆xp(Vin(t)).
(9)
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Attention should be paid that in a static and quasi-static

conditions it holds:

xSK(t) = iwegx(t), (10)

with iweg the position ratio is indicated and it declares that

the oil cannot be compressed in the conic oil chamber.

Fd(t) represents the force acting against the valve because

of combustion back pressure inside the cylinder. Considering

Fig. 8. Mass spring model of the complete actuator

Fig. 7 where an upper bound and a lower bound of the

hysteresis curve are pointed out, it can be written that

∆xp(Vin(t)) = [−a a] + bVin(t), (11)

a ∈ R and b ∈ R are two positive constants. Especially,

∆xp(Vin(t)) = −a + bVin(t), (12)

and

∆xp(Vin(t)) = a + bVin(t). (13)

After taking this notation into account, the model shown in

eq. (6) can be separated into two models:

a)

Mp

3
ẍ(t) + MSK ẍSK(t) + Kx(t) + Dẋ(t) + KSKxSK(t)

+ DSK ẋSK(t) + DoilẋSK(t) + Kxx(t) = ∆xp(Vin(t)),
(14)

b)

Mp

3
ẍ(t) + MSK ẍSK(t) + Kx(t) + Dẋ(t) + KSKxSK(t)

+ DSK ẋSK(t) + DoilẋSK(t) + Kxx(t) = ∆xp(Vin(t)),
(15)

Fig. 9. Proposed control structure

III. AN ADAPTIVE INTERNAL PID CONTROLLER

The PID control structure shown in this section is quite

similar to the sliding control structure presented in [7]. After

taking Figs. 6 and 8 into consideration, if the dynamics

indicated in (14) and (15) is taken into account in a state

space representation, then

ẋ1(t) = x2(t) (16)

ẋ2(t) =
−Dx2(t) − W (DSK + Doil)x2(t)

Mp

3 + MSKW
+

−(K + Kx + KSKW )x1(t)
Mp

3 + MSKW
+ (17)

3KxbVin(t) + (−1)qa
Mp

3 + MSKW
(18)

where q = 1, 2.. The system demonstrated in equations (16)

and (18) can be stated in the following way:

[

ẋ1(t)

ẋ2(t)

]

= f(x(t), H
(

y(t), Vin(t)
)

) + BVin(t), (19)

where we can assume that Vin(t) = Vz(t),

f(x(t), H
(

y(t), Vin(t)
)

) =




x2(t)

−Dx2(t)−(K+Kx+KSKW )x1(t)
Mp

3
+MSKW



 , (20)

and B =





0

3Kxb+(−1)qa
Mp

3
+MSKW



. The following PID controller

is defined:

K(t) = G
(

xd(t) − x(t)
)

, (21)
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where G =
[

Pi Di

]

, and xd(t) indicate the vector of the

needed piezo trajectories. Equation (21) will be as follows:

Ki(t) =
[

Pi Di

]

[

x1d(t) − x1(t)
x2d(t) − x2(t)

]

+

Ii

∫

(x1d(t) − x1(t))dt, (22)

thus

Ki(t) = Pi

(

x1d(t) − x1(t)
)

+ Di

(

x2d(t) − x2(t))+

Ii

∫

(x1d(t) − x1(t))dt, (23)

Pi and Di are the internal P and the intern D parameters

of the PID controller. Considering the Lyapunov function as

follows:

V (Ki) =
K2

i (t)

2
, (24)

then it follows that:

V̇ (Ki) = Ki(t)K̇i(t). (25)

In order to find the stability of the solution s(t) = 0, the

following function can be chosen:

V̇ (Ki) = −η(t)Ki
2(t), (26)

with η > 0. After the comparison of (25) with (26), the

sequential relationship is obtained:

Ki(t)K̇i(t) = −ηK2
i (t), (27)

and at the end

Ki(t)
(

K̇i(t) + ηKi(t)
)

= 0. (28)

The constructive solution can be derived from the condition

K̇i(t) + ηKi(t) = 0. (29)

From (21) it comes:

K̇i(t) = G
(

ẋd(t) − ẋ(t)
)

+ Ii(x1d(t) − x1(t)) =

Gẋd(t) − Gẋ(t) + Ii(x1d(t) − x1(t)). (30)

The main idea is finding a ueq(t), an equivalent input, and

after that a Vin(t), such that ẋ(t) = ẋd(t). For that, from

(19) it comes that:

ẋ(t) = ẋd(t) = f(xd(t), H) + BVin(t), (31)

and from (30) the following relationship is got:

K̇i(t) = Gẋd(t) − Gf(xd(t), H) − GBVin(t)+

Ii(x1d(t) − x1(t)) = GB
(

ueq(t) − Vin(t)
)

+

Ii(x1d(t) − x1(t)), (32)

where ueq(t) represents an equivalent input which can be

written as follows:

ueq(t) =
(

GB
)

−1
G

(

ẋd(t) − f(xd(t), H)
)

. (33)

After putting (32) in (29) the following relationship is got:

GB
(

ueq(t) − Vin(t)
)

+ ηKi(t) = 0, (34)

and in particular

Vin(t) = ueq(t) +
(

GB
)

−1
ηKi(t). (35)

Normally it is not easy to calculate ueq(t). If eq. (32) is

written in a discrete form after using Euler approximation,

then it comes:

Ki((k + 1)Ts) − Ki(kTs)

Ts

= GB
(

ueq(kTs) − Vin(kTs)
)

.

(36)

If eq. (35) is written in a discrete form, it follows that:

Vin(kTs) = ueq(kTs) +
(

GB
)

−1
ηKi(kTs). (37)

Eq. (36) can be written as

ueq(kTs) = Vin(kTs)+
(

GB
)

−1 Ki((k + 1)Ts) − Ki(kTs)

Ts

.

(38)

Eq. (38) can be written to one-step backward as follows:

ueq((k − 1)Ts) = Vin((k − 1)Ts) +
(

GB
)

−1

Ki(kTs) − Ki((k − 1)Ts)

Ts

. (39)

Function ueq(t) is a continuous one, it can be written

ueq(kTs) ≈ ueq((k − 1)Ts). (40)

Considering equation (40), then equation (39) becomes

ueq(kTs) = Vin((k − 1)Ts) +
(

GB
)

−1

Ki(kTs) − Ki((k − 1)Ts)

Ts

. (41)

Putting (41) into (37)

Vin(kTs) = Vin((k − 1)Ts) +
(

GB
)

−1

(

ηKi(kTs) +
Ki(kTs) − Ki((k − 1)Ts)

Ts

)

, (42)

and at the end

Vin(kTs) = Vin((k − 1)Ts) +
(

GBTs

)

−1

(

ηTsKi(kTs) + Ki(kTs) − Ki((k − 1)Ts)
)

. (43)

Through matrix B the control law is a switching one

IV. SIMULATION

The control law in (43) is implemented and Fig. 10

represents the result about the position of an exhaust valve

with 8000 rpm. Figure 11 indicates the last result about the

velocity regarding the exhaust valve with 8000 rpm. Figure

12 indicates the force acting on the piezo part of the sug-

gested actuator. But, the force acting directly on the valve at

the opening time has a peak value equal to 700 N circa. This

kind of actuators have this benefit. The sampling time equals

20 × 10−6 s, with respect to the hardware characteristic of

the microprocessor which is in use.
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Fig. 10. Desired and obtained valve positions corresponding to 8000 rpm
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Fig. 11. Desired and obtained valve velocity (8000 rpm)

V. CONCLUSION

The main topic of this work is a hybrid actuator made

of a PEA and a hydraulic part and its control structure for

automotive applications. The main scope of this contribution

is to show the benefits of both, the precision of the piezo

and the force of the hydraulic part. The suggested control

scheme is a cascade PI-PID-PI controller. Simulations are

shown.
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