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Abstract—The paper presents a new mathematical model of the 

two-phase induction machine, called "in total fluxes", which is very 
appropriate for the study of the reversing regime. The equations of 
the model use as main quantities the rotation angle and the total 
fluxes of the windings and exclude the rotation speed, which now 
become a secondary quantity that can be calculated from rotation 
angle expression. On the basis of this model, the computer simulation 
looks into the behavior of a two-phase induction servomotor with 
low inertia when the supply voltages of the two separate windings 
have the same magnitude but a different frequency, under load and 
no load operation. The reversing regime is also simulated under 
unbalanced supply conditions. The results offer the perspective to 
design electromechanical systems with speed or rotation angle 
expressed as harmonic, quasi-harmonic or even random variation 
laws.   
 

Keywords—Induction machine, mathematical model with fluxes, 
reversing operation, simulation.  

I. INTRODUCTION 
HE two-phase induction machine (denoted with the 
acronym T-PIM in this paper) is the machine with 

minimal number of windings that operates on the basis of 
rotating magnetic field. It has two immobile windings on 
stator, 90 electrical degrees shifted in space. The other two 
equivalent windings, placed on rotor, are obviously in 
rotation. The position angle, θR, between the homologous 
phase axes, reference as from stator and ar from rotor, is time 
dependent under a linear rule if the machine operates in a 
stationary regime [1,2,3]. This machine is used as motor (two-
phase induction servomotor) in low power electric drives or as 
position or speed transducer (under generating duty) for the 
movement control of some rotating mechanical elements of 
positioning systems [4-16]. The two-phase induction motor 
with hollow-rotor made of non-magnetic metals (aluminum or 
alloy) and with high rotor resistance is frequently used for 
positioning. Due to its low inertia, this machine is proper for 
reversing rotation (bidirectional servomotor). This operation 
regime can be obtained by supplying the control phase 

winding with a voltage that has a different frequency from the 
excitation phase winding. The T-PIM is also frequently used 
as mathematical model (αβ-αβ, ab-ab, ab-dq, DQ-dq) for the 
study of the multiphase induction machines, mainly the three-
phase ones, which operate as part of variable electric drives. 
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The study of this machine, operating under different 
regimes, uses 4 differential equations given by the II 
Kirchhoff theorem (voltage balance) and the torque 
equilibrium equation where both angular speed ωR and its 
derivative dωR/dt are present. The second order movement 
equation can be replaced by two differential equations of the 
first order. Thus, the final system contains 6 differential 
equations of the first order and non-linear. The scientific 
literature generally uses as variable quantities the winding 
currents and the electromagnetic torque [2,3]. If the total 
fluxes produced by the windings are expressed in terms of 
currents and inductances, then the model becomes a hybrid 
one, denoted as in total fluxes and currents. A coordinate 
transformation can bring a linearization of the system. But 
these transformations bring new variable quantities which 
usually have a different frequency related to real ones. A new 
model is obtained, with two rotor windings and collinear 
stator and rotor axes, called dq-dq (DQ-dq) [1,2,3]. The 
models mostly used in the scientific literature contain inside 
the circuit equations the rotor speed ωR. The resolution of the 
system takes into consideration a maintaining constant of the 
speed or acceptance of a “slow variation”. This is an 
important error source mainly when the speed varies rapidly 
(start-up or reversal of the two-phase induction servomotor, 
for example) [4]. 

This paper presents a new model, called in total fluxes, 
which has simpler equations, the variables represent real 
quantities (no transformation is required) and the rotation 
speed, ωR, is not present in an explicit form. The electric 
circuits have as independent variable the rotation angle, 
θR=var (its variation law is not necessary to be prior 
imposed). This model gives more accurate results for the 
study of variable speed regimes, the calculus time could be 
shorter, the precision of the unbalanced duty analysis is 
higher, and the implementation together with a position 
transducer and eventually with a rotor flux transducer is more 
effective.  

T 
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variable with time as well.

 

Fig.1 Two-phase induction machine: a) Physical model, b) Simplified depiction, c) Reduced rotor 

If the total fluxes are expressed in terms of currents and 
in

II. THE TWO-PHASE INDUCTION MACHINE MODEL WITH 
VARIABLE QUANTITIES IN TOTAL FLUXES 

The T-PIM is presented in Fig. 1a), the 4 windings with 

their characteristics in Fig. 1b) and the reduced rotor 

quantities [5] in Fig. 1c). The II Kirchhoff theorem gives 4 
non-linear equations of the first order. The total fluxes 
depends both on time and rotation angle, θR, which is itself 
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o obtain the currents, the left term is amplified with the 
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The next step is the quantification of the electromagnetic 

toT rque, which is possible by means of the stored energy 
principle or through the magnetic energy stored in the 
machine circuits [2,8,14] according to current values. The 
expression of the torque [3,4] together with (2) becomes: 
 

7]. This matrix is supposed to be similar to the direct matrix 
and by identification term by term and using the notations: 
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III. SIMULATION STUDY WITH THE MODEL "IN TOTAL 
FLUXES" FOR  A REVERSING T-PIM 
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These expressions can be effortless exp

form. The next challenge is to obtain the electromagnetic 
torque expression dependent on total fluxes
angle alone. For this purpose, (8) can be transformed in (15’) 
or (15”) by using (12) and (13): 
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These expressions show “the total symmetry” of the two-

phase machine versus the stator and the rotor.  
The balance equation of the torques, (9), can be modified 

by using (15’): 
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where the expressions of the 
be added. On the basis of these equat
from Fig. 2 has been conceived. 

The next step is a simulated analysis by using the 
mathematical model for the study of a two-phase induction 
servomotor w

iagram-block (Fig. 2), the following three situations are 

 magnitudes and different 
fre

of the machine. 
e applied voltages 

on ati

etic torque becomes 

                                          (17-f) 

 transformed fluxes, (10), has to 
ions, the block-diagram 

proposed 

ith low inertia rotor. On the basis of the 
d
taken into consideration: a) supply voltages with coequal 
magnitudes and different frequencies – no-load operation; b) 

supply voltages with coequal
quencies – under load operation with a constant load 

torque of gravitational nature; c) unbalanced supply system 
(different magnitudes and frequencies on the two phases) - 
under load operation with a constant load torque of 
gravitational nature. The input electrical parameters are: 
Lss=Lrr=0.1H; Lhs=0.9H; Lσs=0.01H=Lσr; Rs=2Ω; Rr=20Ω; 
J=0.01; kz=0.004; p=1; ωas=314; ωbs=307.72. 

A.  Symmetric reversing operation, no-load 
The two supply voltages have coequal magnitudes - Uasmax= 

Ubsmax=600 V, but their frequencies are different - fas=50 Hz,  
fbs=49 Hz. The load torque is equal to zero, Mst=0, and 
moreover the opponent torque determined by the friction is 
neglected. The simulation time is rather high (2 seconds) in 
order to put in view the complete behavior 
Fig. 3 and Fig. 4 present the variation of th

 the two phases (the representation take into consider on 
only the last tithe of the simulation period for a better 
recognition of the continuous alteration of phase of the two 
voltages). The variation of the speed and rotation angle with 
time put in view the following remarks: 
- If we consider as origin the moment when the difference of 
phase between the two voltages is π/2 rad – positive, then the 
servomotor start running in the “positive” direction, denoted 
with 1, up to an angular velocity close to synchronism (~ 310 
rad/s) in 0.3 seconds (Fig.5). The difference of phase 
increases then up to π rad and the electromagnetic torque 
becomes null. Next, the electromagn
negative, the rotor decelerates and then starts turning in the 
opposite (“negative”) direction, denoted with 2, up to ~ -310 
rad/s. This operation cycle recommence when the difference 
of phase goes beyond 2π rad. Practically, the rotor performs 
an “oscillatory” rotation, each direction change corresponding 
to a time period equivalent to a π rad of the difference of 
phase. The period of oscillation can be calculated by 
evaluating the electric angles when the difference of phase is 
equal to π rad, that is: (ωas - ωbs )Tmec/2= π, or  fmec= (ωas - ωas 
)/(2π)= fas-fbs. Therefore, the rotor oscillation frequency is 
equal to the difference between the two supply frequencies. In 
our case, this oscillation frequency is of 1 Hz. Interesting to be 
mentioned is the fact that variation rate changes according to a 
quasi-sinusoidal law (excluding the initial transient 
phenomenon corresponding to the supply moment). 
- The rotation angle of the rotor varies according to a 
harmonic law as a consequence of the harmonic variation of 
the angular speed. After start, θR=0, during a second-period, 
the rotor perform a rotation of 106 rad (~17 rotations), then it 
comes to the initial position (Fig. 6) resulting a come-and-go 
movement. We can talk here about a movement called 
smooth-running reversing piston. 

The time variation of the total rotor flux corresponding to 
ar phase is presented in Fig. 7 and for the stator as phase in 
Fig. 8. It is a fact that the total rotor flux has a frequency close 
to zero value when the rotor is close to synchronism and rises 
to 50 Hz for blocked rotor. The amplitude of this flux is about 
2 Wb (except initial transients corresponding to the supply 
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stator flux has a 50 Hz 

Fig.2 Diagram-block of the two-phase induction oscillator servomotor 

source connection). The total frequency and amplitude of 2 Wb with some variations.  
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Fig.3 Stator phase voltage, uas=f(t) 
 

 
Fig.5 Angular speed, ωR=f(t) 

 
Fig.6 Rotation angle, θR=f(t) 

 
Fig.7 Total rotor flux, ψar=f(t) 

 
Fig.8 Total stator flux, ψas=f(t) 

Fig.4 Stator phase voltage, ubs=f(t) 
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During the simulation, the active instantaneous torque 
oscillates around zero value, Fig. 9 (sometimes the torque is 
positive then negative). This repetitive sequence determines 
the reversing rotation of the rotor.  

As regards the current variation of the as stator phase, a 
„beat” phenomenon is noticeable. Close to synchronism (quasi 
no-load operation), the current has a reduced amplitude, 
around 10 A, but for null speed (short-circuit operation) the 
amplitude rises up to 30 A, Fig. 10.  

Useful information about the reversing operation of the 
two-phase induction servomotor are given by the mechanical 
(ωR=f(Me) – Fig. 11) and angular (Me=f(δ) – Fig. 12) 
characteristics. One can see a variation of the speed in the 
range +310 rad/s to -310 rad/s and a variation of the torque 
between +60 Nm and -60 Nm with a symmetrical behavior for 
the two rotation directions.  

 

 

 
ig. 12 presents the angular characteristics where δ is the 
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nchronism then the electromagnetic torque is high, about 

 and the internal angle is small since the load torque 
all (close to zero). When the phase difference is zero then 

e torque is small and the internal angle is high, close to 1.57 
π/2). Again symmetry behavior as reversing servomot

Fig.9 Electromagnetic torque, Me=f(t) 

Fig.10 Stator current, ias=f(t) 

F
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Fig.11 Mechanical characteristic, ωR =f(Me) 

Fig.12 Angular characteristic, Me=f(δ) 
 

Symmetric reversing operation, under load 
The two supply voltages have coequal magnitudes, Uasmax

bsmax=600 V, but their frequencies are different, fas=50 Hz, 
=49 Hz.  The load torque is constant in value and directi
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wi

ent when the difference of 
ph

he difference of phase 
in

rections are different (greater in 
the “negative” direction). Therefore, the rotor oscillation 
frequency stands equal to the difference between the two 
supply frequencies (1 Hz in our example). The variation rate 
changes according to a quasi-harmonic law, which includes a 
constant term (of approx. -30 rad/s) and a harmonic function 

regi

(t) 
 
Fig.1
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Rotat
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nch barrel. The following remarks have to be pointed out 
regarding the variation of the angular speed and rotation angle 
with time: 
- If we consider as origin the mom

ase is π/2 rad – positive, then the servomotor start running 
in the “positive” direction, denoted with 1, up to an angular 
velocity much lower then synchronism (~ 270 rad/s) in 0.3 
seconds (Fig.13). The magnitude of the load torque has a 
capital influence upon this value. T

creases then up to π rad and the electromagnetic torque turns 
negative, the rotor decelerates and then starts turning in the 
opposite (“negative”) direction, denoted with 2, up to ~ -330 
rad/s (higher then synchronism). The machine operates for a 
short time as generator. Then the rotor repeats the cycle with a 
forward-backward rotation, but the time-periods 
corresponding to the two di

 
Fig.1
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Ang
ular 
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with amplitude of 300 rad/s (excluding the initial transient 
me corresponding to the supply moment). 

15 Total rotor flux, ψar=f(t) 

 

 
Fig.16 Electromagnetic torque, Me=f(t) 

 
Fig.17 Angular characteristic, Me=f(δ) 
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- The rotation angle of the rotor varies according to a 
harmonic law superimposed by a straight line of negative 
slope (this is a consequence of the quasi-harmonic variation 
of the angular speed). After start, θR=0, during a second-
period, the rotor perform a rotation of 87 rad (~14 rotations), 
then it comes back to a different position than initial one, that 
is θR=-40 rad, which means a backward movement of ~6 
rotations (Fig. 14). It is also a smooth-running reversing 
piston but with negative feed. It is an unbalanced behavior of 
the machine versus the two rotation directions. 

This fact is also attested by the rotor flux variation (Fig. 15) 
where a significant difference appears during the positive and 
negative alternances. The electromagnetic torque has an 
unbalanced time-variation as well (Fig. 16). The mean value 
corresponding to positive alternances is higher in comparison 
with negative alternances. This is an understandable fact since 
the electromagnetic torque stands against a load torque with 
constant direction. The same unbalanced operation is proved 
by the angular characteristics (Fig. 17) where the 
electromagnetic torque has values over 60 Nm during the 
positive rotation and -45 Nm for negative rotation. 
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nd the time-variation of the electromagnetic torque (Fig. 21) 
here a significant difference appears during the positive and 
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nbalanced time-variation shown in Fig. 22 as well, and the 

ean values corresponding to positive alternances are higher 
 comparison with negative alternances.  

 
 

Fig.18 Angular speed, ωR=f(t) 
 

Fig.19 Rotation angle, θR=f(t) 
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Fig.20 Total rotor flux, ψar=f(t) 
 

Fig.21 Electromagnetic torque, Me=f(t) 
 

Fig.22 Angular characteristic, Me=f(δ) 
 

Fig.23 Mechanical characteristic, ωR=f(Me) 
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Fig.24 Hodograph of the resultant rotor flux 

The unbalanced operation of the machine is also proved by
the mechanical characteristic (Fig. 23) where one o
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 comparison with the classical models, the proposed 
model uses a rotation 
angle. As consequence, there is more comfort in using it for 
the study o rotation 
wi  frequencies between a few Hz to 10 Hz. 

he presented study, based on a new mathematical model, 
pr es the possibility of using variation laws expressed as 
sums of harmonic functions (Fourier expansions for example) 
for both angular velocity and rotation angle by means of a 
physical model of electrical machine – the two phase 
induction servomotor with low rotor inertia. 

he movement parameters can be easy modified through 
frequency value applied to one of the windings, or voltage 
m nitude, or initial difference of phase or their combinations. 

he reversing operation by using a supply system with two 
di erent frequencies is no doubt more advantageous in 
comparison with the “classical” solution of reversing the 
current from one of the two windings.   

he model has a significant didactical importance and clear 
up that supply of the two-phase induction servomotor with 
di erent frequencies on the two windings determine a 
“continuous” phase control of the machine accompanied by 
the successive reversal of the electromagnetic torque sense. 
From anal n of the 
experimental tests [8]. 

anian). 

[6] Al. Simion, Electrical machines, vol. II, Synchronous machine
Romanian). Iaşi: Ed. Gh. Asachi, 2003. 

[7] I. Boldea, and S. Nasar, The Induction Machine Handbook
LLC USA, 2002. 

[8] Al. Simion, Special electrical machines for automation
Chişinău: Ed.Universitas, 1993. 

[9] T. Dordea, Electrical machines (in Romanian). Bucureşti: Ed. Did. 
Ped., 1977. 

[10] A. T. Morgan, General Theory of Electrical Machines. Lo
Philadelphia- Rheine: Ed. Heyden & Son, 1979. 

[11] M. Babescu, and D. Păunescu, Electrical machines. Analytics
transitory regimes (in Romanian. Timişoara: Ed. Politehnica, 2001

[12] J. Chatelain, Traité d′Électricité-vol X, Machines électriques. Lau
Ed. Giorgi, Presses polyt. rom., 1986. 

[13] A. Câmpeanu, Electrical machines (in Romanian). Craiova: Ed. 
românesc, 1988. 

[14] S. E. Lyshevski, Nano - and Microelectromechanical Systems.
Press LLC USA, 2001. 

[15] S. Enache, and I. Vlad, Induction machine – fundamentals and dy
(in Romanian). Craiova: Ed. Universitaria, 2002. 

[16] S. Muşuroi, and D. Popovici, Electric drives with servomoto
Romanian). Timişoara: Ed. Politehnica, 2006. 

[17] C. Domnişoru, Al. Simion, and I. L. Domnişoru, “Solve of the 
differential equations of the induction machine in phase quantities (in 
Romanian)” in Proc. MES-96, Bucureşti, 1996, pp.232-239. 

[18] Al. Simion, L. Livadaru, D. Lucache, and E. Romila, “Third
Harmonics Evaluation by Finite Element Analysis of a Two-
Induction Machine”, Rev. Roum. Sci. Techn. – Electrotechn. et En
vol.52, no.1, pp.23-32, 2007. 

[19] G. Craciunas, “Dynamic Flux Observer for Two-Phase Induction
Speed Control”, Wseas Transactions on Circuits and SYSTEMS, 
iss. 11, pp. 1647-1653, Nov.2006. 

[20] L. Livadaru, and Al. Simion, Two-phase Induction Mach
Romanian). Iaşi: Ed. Junimea, 2003. 

[21] S. Enache, A. Bitoleanu, M. Enache, and M. Dobriceanu, “Stab
Driving Systems with Induction Motors. A New Method of Analy
Wseas Transactions on Circuits And Systems, vol. 7, iss. 10, pp.
858, Oct.2008. 

[22] I. A. Viorel, and R. C. Ciorbă, Electrical machines for electric dri

ical machines Handbook, vol III, 

[26]

res

He is currently a Senior Lecturer with the Department of Energy 
Utilization, Electrical Drives and Industrial Automation at Electrical 

 

In
s variables nothing but total fluxes and 

f the unbalanced duties such as reversing 
th
T
ov

T

ag
T
ff

T

ff

ytically viewpoint, this is a validatio

REFERENCES   
[1] Al. Simion, L. Livadaru, and D. Lucache, “Study of the Dynamic 

Behaviour during Start-up at the Two-phase Induction Machine”, in 
Proc. SNET’08, Bucureşti, 2008, pp.43-48. 

[2] Al. Simion, “A Proper Mathematical Model for the Study of the Two-
phase Induction Machine”, in Proc. SNET’08, Bucureşti, 2008, pp.265-
270. 

[3] I. Boldea, and Gh. Atanasiu, Unitary Analysis of electrical machines (in 
Romanian). Bucureşti: Ed. Academiei Române, 1983. 

[4] Al. Simion, “Reversible Operation of the Drag-Cup A.C. –
Servomotors”, in Proc.I.C.E.M.'86, München, 1986, pp.562-565. 

[5] I. Boldea, Transformers and electrical machines (in Rom
Timişoara: Ed. Politehnica, 2001. 

 (in 

, CRC Press 

 (in Romanian). 

şi 

ndon- 

 of the 
. 
sanne: 

Scrisul 

 CRC 

 
 
 

namics 

rs (in 

 Order 
phase 
erg., 

 Motor 
vol. 5, 

ine (in 

ility of 
sis”, 

 849-

ves (in 
Romanian). Cluj-Napoca: Ed. U.T. Pres, 2002. 

[23] I. S. Gheorghiu, and Al. Fransua, Electr

 
 
 

Induction machine (in Romanian). Bucureşti: Ed. Acad. Române, 1971. 
[24] Al. Simion, and L. Livadaru, “The Mathematical Model with total fluxes 

of the Two-phase Induction Machine”, in Proc. CNAE08, Timişoara, 
2008, pp. 237-242. 

[25] Al. Simion, “Study of the steady state regime of the two-phase induction 
machine using the mathematical model in total fluxes”, in Proc. 
CNAE08, Timişoara, 2008, pp. 243-248. 

 F. Della Torre, S. Leva, and A.P. Morando, “An HF Model of 
Asynchronous Machines Based on Space-vectors”, WSEAS Transactions 
on Circuits And Systems, vol. 6, iss. 1, pp. 39-46, Jan. 2007. 

 
 
 
 
Al. Simion received the B.Sc. and Ph.D. degrees in electrical engineering 
from the Technical University of Iaşi, Romania, in 1968 and 1976, 
respectively. 

He is currently a Professor with the Department of Electrical Machines at 
Electrical Engineering Faculty from the Technical University of Iaşi, 
Romania. He has published over 230 papers in conference proceedings and 10 
books. His technical interests are electric machines and drives, simulation and 
design. He is the holder of 12 patents. 
L. Livadaru received the B.Sc. and Ph.D. degrees in electrical engineering 
from the Technical University of Iaşi, Romania, in 1985 and 2003, 

pectively. 
He is currently a Senior Lecturer with the Department of Electrical 

Machines at Electrical Engineering Faculty from the Technical University of 
Iaşi, Romania. He has published over 100 papers in conference proceedings 
and 5 books. His technical interests are electric machines, simulation, design 
and optimization based on finite element method. 
D. Lucache received the B.Sc. and Ph.D. degrees in electrical engineering 
from the Technical University of Iaşi, Romania, in 1986 and 2001, 
respectively. 

Engineering Faculty from the Technical University of Iaşi, Romania. He has 
published over 80 papers in conference proceedings and 2 books. His 
technical interests are magnetic bearings, nonlinear control, electric lighting, 

cient use of the electric energy, optimal design effi of electric machine. 
 
 
 
 

INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

Issue 1, Volume 3, 2009 47




