

Abstract—Capturing functionalities and modeling control 

behavior are primary requirements in design and development of a 
complex system. Automata theory plays a vital role in modeling 
behavior while Z notation is an ideal specification language for 
describing state space of a system. Consequently, integration of 
automata and Z notation will be a useful tool facilitating and 
increasing modeling power for complex systems. Further, 
nondeterministic finite automata (NFA) may have different 
implementations and therefore it is needed to verify the 
transformation from diagrams to code. If we describe formal 
specification of a given nondeterministic finite automata before 
implementing then confidence over transformation can be increased. 
In this paper, we have combined NFA and Z and a linkage is 
established between these approaches. At this level of integration, we 
have given a formal procedure to transform NFA to Z. A string 
accepter is designed and then extended to the language accepter. 
Finally, NFA accepting union of two regular languages is constructed 
by describing formal specification of their relationships. The 
specification is analyzed and validated using Z/EVES tool.

Keywords—Integration of approaches, mathematical modeling, 
automata theory, Z notation.

I. INTRODUCTION

UTOMATA have various applications in computer 
science and engineering. The traditional applications of 

automata theory include pattern matching, compiler 
constructions, software verification, defining a regular set of 
finite words of a language and modeling control behavior of 
complex systems. The human computer interaction, 
optimization of logic based programs, specification and 
verification of protocols [1] and cryptography are some 
modern applications of automata theory.

The Z notation is a formal language which is based on set 
theory and first order predicate logic used for describing and 
modeling the systems at an abstract level of specification [2]. 

Manuscript received March 14, 2009. This work was supported in part by 
the Center for Research in Computer Science, University of Central Punjab, 
Lahore, Pakistan. 

N. A. Zafar is with the Faculty of Information Technology, University of
Central Punjab, Lahore, on leave from Pakistan Institute of Engineering
Applied Sciences, Islamabad, Pakistan (phone: +92-51-9290273-4; fax: +92-
51-2208070; e-mails: nazafar@pieas.edu.pk; dr.zafar@ucp.edu.pk).
N. Sabir is a PhD student of Dr Zafar. He is an assistant professor in the 
Faculty of Information Technology, University of Central Punjab, Lahore, 
Pakistan (e-mail: nabeel.bloch@ucp.edu.pk).
A. Ali is a MS (Computer Science) student of Dr Zafar in the Faculty of 
Information Technology, University of Central Punjab (e-mail: 
amiralishahid@ucp.edu.pk).

Usually we use Z for specifying the abstract data types and 
sequential programs by defining state space of a system and 
then operations in terms of relations over the state space. 

The design of complex systems requires functionality as 
well as its control behavior. The functional aspects of a 
software system can be decomposed in terms of its operations 
and constraints over the data types, and hence Z is an ideal 
application of it. The control behavior of a system can be 
visualized in terms of flows between the system’s functions 
where automata theory is very powerful in this aspect. 
Consequently, an integration of automata and Z is required 
increasing modeling power for complex systems which is one 
of the major objectives of this research. In this paper, we 
describe and develop a formal semantics of transformation for 
a subset of automata to Z focusing on non-determinism.

The both types, deterministic finite automata (DFA) and 
nondeterministic finite automata (NFA), are equivalent in 
power, in a sense, that if a language is recognized by a DFA it 
is also recognized by an NFA and vice versa. The NFAs are 
sometimes useful because constructing an NFA is much easier 
than constructing a DFA. This is due to the use of less
mathematical work in building NFA as compared to DFA. 
Further, many important properties in automata can be 
established easily by using NFA. To prove, for example, that 
concatenation or union of two regular languages is regular 
using NFA is easier than using deterministic finite automata.

Nondeterministic automata are abstract mathematical 
models of systems which can also be represented using 
diagrams. These mathematical models can be used to perform 
computations on a given input by a sequence of configurations. 
An NFA reads the entire input and for each subset of input it 
moves to a new state until all input has been read. After 
reading the entire input, if machine is able to reach any of the 
accepting state then the given input is accepted. Due to the 
different implementations of NFA [3], [4], its space and 
execution time must be different. Further, we require 
preserving semantics of transformation from diagrams in NFA 
to implementation. Therefore, if we give a formalization of an 
NFA then this transformation can be facilitated.

At this level of integration, first we have constructed NFA 
using Z notation. Then a string accepter is formalized and 
extended to the language accepter. Finally, union of two 
regular languages is described by formalizing the specification 
of their relationship which is further analyzed and validated 
using Z/EVES tool-set [5]. The main objective of this paper is 
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proposing an integration of automata and Z by giving their 
syntax and semantics relationships reducing implementation 
issues of nondeterministic finite automata.

Although linking formal approaches is a well researched 
area [6], [7], [8], [9], [10], [11] but there does not exist much 
work on formalization of graphical based notations. The 
research work [12], [13] of Dong et al. is close to ours in 
which they have combined Object Z and Timed Automata. 
Another piece of interesting work is listed in [14], [15] in 
which R.  L. Constable has given a constructive formalization 
of some concepts of automata using Nuprl. Some work of 
interest is reported in [16]. In [17], combination of Z notation 
and statecharts is established. A relationship between Z and 
Petri Nets is also investigated in [18], [19]. An integration of 
UML and B is given in [20], [21]. 

It is mentioned here that few results of this research were 
presented at [22], [23], [24]. Those preliminary results are 
refined in this research. In the refinement process, we observed 
that there were many inconsistencies and errors in those 
papers. And the more important is that it was not made a good 
use of Z notation. For example, the strings defined in the 
above papers were assumed to be a component of 
nondeterministic finite automata which is not true. In our 
refined results, strings are taken as input in the definition of 
string recognizer and language accepter. It was a conceptual 
error. Similarly, in our refined results, we have used schema 
renaming to create a new schema with same components 
because this is exactly what we did by giving very lengthy and 
poor specification in the previous results. Finally, few more 
errors and redundant information were identified in the old 
specification, which are fixed in these refined results.

In section 2, a survey on applications of formal methods is 
given along with a case study of programming interface to 
introduce some basic constructs of Z. In section 3, applications 
and limitations of NFA are analyzed. Integration of automata 
and Z is given in section 4. Analysis of the formal 
specification is given in section 5. Finally, the conclusion and 
future work are discussed in section 6.

II. FORMAL METHODS

A. An Introduction

Formal methods are mathematically based techniques and 
tools for the specification, design and verification of software 
and hardware systems [25]. Formal methods use mathematical 
notations for writing specification of a system to be developed. 
These notations are derived from the area of discrete 
mathematics such as logic, set theory or graph theory. The 
formal specification of a system is a set of mathematical 
expressions with well-defined syntax and semantic [26]. By 
techniques of mathematical refinements, formal methods can 
be used at every stage of systems development in software life 
cycle. Once formal specification of a system is written, it can 
further be refined into implemented system by a process of 
series of refinements. The validation and verification 
techniques in formal methods are applied at each phase of the 

software development process, which ensures consistency, 
correctness and completeness by increasing confidence over a 
system under construction. The traditional systems 
development approaches use natural languages or graphical 
notations to write a specification of a system which makes the 
specifications highly ambiguous. Unlike these traditional 
approaches, formal specification uses mathematical notations 
having same interpretation throughout the globe [27]. Further, 
the use of mathematics helps to have a deeper insight of 
system to be developed and provides an excellent medium for 
modeling of systems.

One of the major limitations of traditional software 
development approaches is that they lack the ability to prove 
the specifications ensuring the absence of errors. The errors 
are hidden under the graphical or textual notations [28], which 
penetrate to the later phases of development process and are 
usually identified at implementation and testing phases of a 
system. These errors are costly and difficult to fix at that stage 
[29]. On the other hand, formal specification enables us to 
carry out proofs and makes it possible analyzing properties of 
systems during early stages of the development and as a result 
errors and inconsistencies can be identified and removed 
thereat. Further, formal methods are being successfully applied 
for development of hardware and software systems. For 
instance, hardware engineers use VHSIC hardware description 
language to model integrated circuits [29].

       Fig. 1 Refinement process using formal methods

The process [30] of developing systems using formal
methods is shown in Fig. 1. Based on the model of software 
life cycle, the process described in the figure can be 
understood as follows. The ‘Requirements’ are the result of 
requirements analysis and is normally described in informal 
language. The ‘Specification 1’ corresponds to stage of 
functional specification, and from ‘Specification 2 to n’ 
corresponds to the stage of design. The refinement from 
‘Specification n’ to ‘Program’ corresponds to the stage of 
implementation or coding. Validation and verification are two 
basic principles that arise in systems development. Validation 
addresses whether the system that is produced actually fulfills 
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the requirements. On the other hand, verification attempts to 
establish whether the product of the particular phase of the 
software process meets the requirements established during the 
previous phases of the software development life cycle.

The Z notation is a model oriented approach based on set 
theory and first order predicate logic [31] used for specifying 
behavior of abstract data types and sequential programs. Z is 
usually used for systems development because it describes 
state space of a system and operations which can be performed 
over it. Although formal methods are being successfully 
applied in many research areas of computer science but at the 
current stage of development in formal methods, it requires an 
integration of formal and traditional approaches. In this paper, 
Z is selected to be integrated with automata theory because a 
natural relationship exists between these approaches.

B. Case Study: A Programming Interface

A brief overview of some important structures and operators 
of Z is given by taking a case from a book on “using Z: 
specification, refinement and proof” by Woodcock and Davies 
[32]. A programming interface is taken as case study for the 
file systems. A list of operations which is defined after 
defining file and an entire system can be described as: (i) read: 
used to read a piece of data from a file, (ii) write: used to write 
a piece of data to a file, (iii) access: may change the 
availability of a file for reading and writing over the file of the 
system and (iv) file and system are data types whereas the new 
system is defined for introducing the concept of renaming in Z. 

A file is represented as a schema using a relation between 
storage keys and data elements. For simple specification, basic 
set types are used. In the formal notation, name, type, keys and 
data elements of a file are represented as Name, Type, Key, 
and Data respectively in Z notation as given below. An 
axiomatic definition is used here to define a variable null
which is used to prove that the type of a file cannot be null 
even there are no contents on a file.

[Name, Type, Key, Data]; null: Type

A file consists of two components, i.e., file contents and its 
type which are specified by contents and type respectively. 
The schema structure is usually used because of keeping 
specification both flexible and extensible. In the predicate part, 
an invariant is described proving that the file type is non null 
even there are no contents on it. As a file can associate a key 
with at most one piece of a data and hence the relation 
contents is supposed to be a partial function. 

File 
contents: Key  Data
type: Type

type  null


The read operation is defined to interrogate the file state of 
the system. A successful read operation requires an existing

key as input and provides the corresponding data as output. 
The symbol is used when there is no change in the state of a 
component. Now the structure File means that the bindings 
of File and File’ are equal. The decorated file, File’, 
represents the next state of the file. Here, it is in fact 
unchanged because the k? is given as input and the output is 
returned in output variable d!. The symbols ? and ! are used 
with input and output variables respectively in the schema 
given below. In the predicate part of the schema, first it is 
ensured that the input key k? must be in the domain of contents 
which is a partial function. Then the value of data against the 
given key is returned in the output variable d! of type data.

Read 
File
k?: Key
d!: Data

k?  dom contents
d! = contents k?


Another operation is defined to write contents over a given 
file of the system. The symbol  is used when there is a change
in the state of a component. In the schema defined below, the 
File gives a relationship between File and File’ representing 
that the binding of file are now changed. The meaning of File’
is same as defined above. In this case, the write operation 
defined below replaces the data stored under an existing key 
and provides no output to the operation. The old value of the 
contents is updated with the maplet k?  d?. It is to be noted 

that file type remained unchanged as defined in the predicate 
part of the schema. The symbol  an override operator is used 

to replace the previous value of a key with the new one in the 
contents of the given partial function contents.

Write
File
k?: Key
d?: Data

k?  dom contents
contents' = contents  k?  d?
type = type'


The structure file is reused in description of a file system. 
As a system may contain a number of files indexed using a set 
of names and some of which might be open. Hence, the system 
consists of two components namely collection of known files 
and set of files that are currently open. The variable file is used 
as a partial function to associate the file name and its contents. 
The variable open is of type of power set of Name. Finally, it 
is defined that the set of files which are open must be a subset 
of set of total files of the system as described in the predicate 
part of the schema System as given below.
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System 
file: Name  File

open:  Name


open  dom file



As the open and close operations neither change name nor 
add and remove files of the system and hence both of these are 
the only access operations. On the other hand, it may change 
the availability of a file for reading or writing. The schema 
described below is used for such operations. The variable n? is 
used to check if a file which is required to be accessed exist in 
the system. It is also described that the file is left unchanged.

FileAccess 
System
n?: Name

n?  dom file
file' = file


Renaming is another important concept in Z notation which 
we have used in this paper. For example, if we require creating 
another system with same pattern but with different 
components then renaming can be used rather than creating the 
new system from scratch. Renaming is sometimes useful 
because in this way we are able to introduce a different 
collection of variables with the same pattern. For example, we 
might wish to introduce variables newfile and newopen under 
the constraint of existing system System. In this case, the new 
system named as NewSystem can be created by renaming in 
horizontal form by defining: NewSystem  System[newfile/file, 

newopen/open] which is equivalent to the schema NewSystem
as given below in the vertical form.

NewSystem
newfile: Name  File
newopen:  Name

newopen  dom newfile


III. FINITE AUTOMATA

A. An Introduction

Automata theory has various applications and it plays an 
important role in many areas of computer science. The syntax 
analysis, natural language processing, speech recognition, 
modeling control behavior are some of the traditional 
applications of it. Automata have emerged with several 
modern applications in which, optimization of logic based 
programs, design, specification and verification of protocols 

[2] and human computer interaction are some other interesting 
examples of it. There are two major types of automata, i.e., 
deterministic and nondeterministic. Both have their own pros 
and cons. For example, deterministic automata makes 
implementation easy while nondeterministic automata are easy 
to construct and are used when the abstraction is required.

Both the deterministic and nondeterministic finite automata 
are equivalent in power, in a sense, that if a language is 
recognized by one it is also recognized by the other and vice 
versa. The NFAs are sometimes useful because its construction 
is much easier than constructing of a DFA. This is due to the 
use of less mathematical work in building NFA as compared to 
DFA. Further, many important properties in automata can be 
established easily by using NFA. To prove, for example, that 
concatenation or union of two regular languages is regular 
using NFA is easier than using deterministic finite automata.

B. Nondeterministic Finite Automata 

Nondeterministic finite automata (NFA) are abstract 
mathematical models of systems based on mathematical tools, 
techniques and notations which have graphical representation 
as well. These models can be used to perform computations on 
input in a predefined mechanism. An NFA reads a string of 
input symbols and moves to a new state after reading a part of 
input. The process continues and if we are able to reach any of 
the accepting state by using a series of movements then the 
given input is accepted. The driving function also called 
transition function decides the next state based on the input 
symbol and the current state given to it.

DFA and NFA differ only in terms of their transition 
functions. In case of a DFA, the transition function transforms 
the control of a machine from one state to a unique state for 
every symbol of the input. In case of NFA, for any input 
symbol, its next state is not uniquely determined by the 
transition function. There might be a single or a set of states, 
which can be empty, and this is why NFA is called 
nondeterministic automata. In formal theory of automata, it 
can be proved that both DFA and NFA are equivalent in 
power. It means that for any given DFA, one may construct an 
equivalent NFA and vice-versa. Conversion from NFA to DFA 
may cause exponential grow in size of DFA and, consequently, 
storage space may require proportional to the number of states 
in the given NFA. This is one of the major issues in 
representation of systems using NFA.

If in a given NFA, we are able to move from one state to 
another without consuming any input symbol then the resultant 
NFA is called NFA with null string () and is defined by NFA 
 {}. When we move from one state to another by reading 
the null string, it creates an ambiguity in the NFA. But, on the 
other hand, it reduces a mathematical work in description of 
the properties and operation over the given automata. If we are 
enough comfortable in mathematical details of an NFA, then 
the above ambiguity can be removed by introducing a new 
possible set of states in which the transition function enters. In 
this paper, we have supposed that our NFA is based on the set 
of alphabets in addition to the null string. The inclusion of  in 
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the alphabets increases more complexity in conversion from 
nondeterministic to deterministic finite automata.

IV. TRANSFORMATION FROM NFA TO Z

A semantics transformation from NFA to Z is given here. In 
the transformation, at first, we will give a formal specification 
of an NFA. Then a formalism of the string accepter will be 
described. A string and an NFA will be given as inputs to the 
string accepter and it will check whether the given string is 
accepted by it. Then our machine, string accepter, will be 
extended to the language recognizer. Here, a language and the 
NFA will be inputs, and the language recognizer will check if 
the given language is recognized by it. At the end, we will give 
formal construction of a more powerful tool which recognizes 
union of two regular languages. As a result, our transformation 
from NFA to Z will be based on: 
 transformation of NFA, 

 string accepter, 

 language recognizer and 

 formalization of union of regular languages. 

It is mentioned here that the definitions used, in this paper, 
are based on some well known books on automata and 
computation theory [33], [34].

A. Transformation of NFA

We start with the definition of NFA which is a 5-tuple (Q, 
∑, δ, q0, F), where Q is a finite non-empty set of states, ∑ is a 
finite set of alphabets including empty string, δ is a transition 
function which takes a state and an alphabet as inputs and 
produces a set of states as output, q0 is the initial state and F is 
a finite set of final states. The above 5-tuple (Q, ∑, δ, q0, F) is
an NFA because it takes a state, and an input symbol or an 
empty string and produces a set of states. Now we start a 
procedure for formal construction of NFA using Z. The sets of 
states and alphabets in the 5-tuple are represented as Q and 
Sigma respectively in the Z.

[Q, Sigma]

In modeling sets using Z, we do not impose any restriction 
upon the number of elements and a high level of abstraction is 
supposed. Further, we do not insist upon any effective 
procedure for deciding whether an arbitrary element is a 
member of the given collection. As a consequent, our Q and 
Sigma are sets over which we cannot define any operation. For 
example, cardinality to know the number of elements in a set, 
subset or complement operations cannot be defined. 

A variable states is introduced to describe a set of states for 
NFA. Since a given state q is of type Q, therefore states is of 
type of power set of Q. To describe a set of alphabets for the 
same NFA, a variable alphabet is used which is of type of 
power set of Sigma. The empty string is represented as apsi
and is of type of Sigma. As we know that for any input symbol, 
the next state of NFA can only be uniquely determined by the 
transition function if we suppose that its output is a set of 

states. As a result the δ relation can be defined as a function. 
This is because for each input (q, a) where q is a state and a is 
an alphabet, there must be a unique set s of states, which is 
image of (q, a), under the transition function δ. Therefore, we 
can declare δ as: δ: Q x Sigma ↔ PQ. The set of dead states, 
usually not shown in NFA, is represented as null and is of type 
of power set of Q. The initial state q0 is of type Q. Our last 
one construct F is represented by finals and is of type of power 
set of Q. After designing NFA, we will be required to check 
whether a given string is accepted by the NFA. For this 
purpose, we define a new variable strings which can be 
generated from the set of alphabets of NFA, and its type is:

Strings == seq Sigma

For a moment, we have used mathematical language of Z 
which is used to describe various objects. The same language 
can be used to define relationships between these objects. This 
relationship will be used in terms of constraints after 
composing these objects. The schema structure is used here for 
composition because it is very powerful at abstract level of 
specification and it helps in describing a good specification 
approach. All of these components of NFA are encapsulated 
and put in a schema named as NFA as given below.

NFA
states:  Q
alphabets:  Sigma
apsi: Sigma
delta: Q  Sigma   Q
q0: Q
null:  Q
finals:  Q

apsi  alphabets
q0  states
finals  states
q1, q2: Q; a: Sigma q1  states  q2  states  a  alphabets
   s1, s2:  Q  s1  states  s2  states   q1 a s1  delta
           q2 a s2  delta q1 a = q2 a  s1 = s2


Invariants: (1) The empty string is a member of alphabets.
(2) The initial state q0 is an element of states. (3) The set of 
final states is a subset of total states. (4) For each (q, a), where 
q is a state and a is an alphabet, there is a unique set of states s 
such that: delta(q, a) = s.

B. String Accepter

In this section, a string accepter is designed which takes a 
string and an NFA as input and checks whether the given 
string is accepted by it. Let NFA = (Q, ∑, δ, q0, F) be an NFA 
and w = w1w2…wn be a string, for each wi  ∑ and i = 1, 2, . . 
., n. We say that NFA accepts the string w if there exists a 
sequence of states s0 , s1,…, sn in Q satisfying: 

 s0  = q0, 

 si+1  δ(si, wi+1),  i = 0, 1,… , n-1 and 
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 sn  F.

The first condition states that NFA starts from the initial 
state q0. The second condition means that si+1 is one of the 
allowable next states when NFA is in state si and reads wi+1. It 
is to be noted that δ(si, wi+1) is a set consisting of allowable 
next states and hence si+1 is a member of that set. Finally, it is 
stated that our machine accepts the input if it ends up in an 
accepting state. Now coming back to our formal definition of 
string accepter, we have two inputs NFA and a word w?. The 
symbol before NFA shows that the machine will not change 
but it will only be used. The symbol question mark ?, after the 
string w means that w is given as input. This is simply syntax 
of defining input in Z notation. The string accepter is 
represented as StringAcceptedByNFA as a schema given 
below. The inputs are given in the first part of the schema and 
constraints are defined in the second part of it.

StringAcceptedByNFA
NFA
w?: Strings

w?  strings
s: seq Q ran s  states  # s = # w? + 1  # s  1
  s 1 = q0   s # s  finals  
 i:  # w?  i + 1 i  1 .. # s - 1
  ss:  Q ss states 
 s i w? i + 1 ss  delta s i + 1  ss


Invariants: (1) The input string w?, is based on the set of 
alphabets of nondeterministic finite automata. (2) For a given 
string w? of length n, there must be a sequence of states of 
length, at most, n+1 which satisfies the conditions: (i) its first 
element is the initial state of the given NFA, (ii) the last 
element is a member of final states, (iii) finally, for state si and 
an alphabet wi+1, the transition function is defined from (si, 
wi+1) to si+1, si+1  ss such that:  δ(si, wi+1) = ss or si+1  δ(si, 
wi+1),  i = 0, 1,…, n-1.

C. Language Recognizer

In language recognizer, we have reused the definition of 
string accepter designed above and extended over the set of all 
the strings of a language. A language recognizer is designed 
which takes a language and an NFA as inputs and returns the 
value true if the language is recognized by it. Mathematically, 
we can define it as:

Language Recognizer = 
{<NFA, language> |  w  language, NFA accepts w}.

We have two inputs named as an NFA and a language. The 
recognizer is denoted by LanguageAcceptedByNFA in Z 
notation as a schema. Its formal specification along with 
invariants over it is given below. The invariants of string 
accepter are generalized over language accepter.

LanguageAcceptedByNFA
NFA
language?:  Strings

w: Strings w  language? w  strings
w: Strings w  language?
 s: seq Q ran s  states  # s = # w + 1  # s  1
    s 1 = q0   s # s  finals  i:  # w  i + 1
     i  1 .. # s - 1  ss:  Q ss  states 
 s i w i + 1 ss  delta  s i + 1  ss


Invariants: (1) Every input string of language is based on 
alphabets of NFA. (2) Every string of the language satisfies the 
conditions as in string accepter.

D. Formalism of Union of NFAs

Now we start with two given NFAs, NFA1 = (Q1, ∑, δ1, 
q01, F1) and NFA2 = (Q2, ∑, δ2, q02, F2). These NFAs are 
inputs in design of union of NFA accepting all the strings that 
are either accepted by NFA1or NFA2. All the components of 
resultant NFA are listed in the schema given below, and a 
relationship between NFA1, NFA2 and their resultant is 
established in terms of predicates in the second part of the 
schema. Before describing union of two nondeterministic 
automata, we describe NFA1 and NFA2 by renaming the 
components of NFA as given below. An introduction to 
renaming operator is given in section 2. 
NFA1NFA[states1/states, alphabets1/alphabets, apsi1/apsi, 
delta1/delta, q01/q0, null1/null, finals1/finals]

NFA2 NFA[states21/states, alphabets2/alphabets, apsi2/apsi, 
delta2/delta, q02/q0, null2/null, finals2/finals]

NFA1uNFA2
NFA1; NFA2
states:  Q
alphabets:  Sigma
apsi: Sigma
delta: Q  Sigma   Q
q0: Q
null:  Q
finals:  Q

apsi  alphabets
q0  states
finals  states
q1, q2: Q; a: Sigma q1  states  q2  states  a  alphabets
   s1, s2:  Q s1  states  s2  states  q1 a s1  delta
           q2 a s2  delta q1 a = q2 a  s1 = s2
states = states1  states2  q0
finals1 = finals1  finals2
q:Q; a:Sigma; ss1: Q q  statesa  alphabets 
 qa ss1 delta
   q  states1  ss2:  Q q a ss2  delta1 ss1 = ss2
      q  states2  ss3:  Q q a ss3  delta2 ss1 = ss3
      q = q0  a = apsi  ss1 = q01 q02
      q = q0   a = apsi  ss1 = null
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Invariants: (1) The empty string is a member of set of 
alphabets of NFA. (2) The initial state q0 must be an element 
of set of total states of the resultant NFA. (3) The set of final 
states is a subset of set of total states of the given NFA. (4) For 
each (q, a), where q is a member of set of states and, a is a 
member of set of alphabets, there is a unique set of states s 
such that:  delta (q, a) = s. (5) The set of states of the resultant 
NFA is equal to the union of sets of states of NFA1, NFA2 and 
a set consisting of a single element q0 which is newly created. 
In fact, q0 is a new state introduced at the time of union and is 
initial state in the NFA. (6) The set of final states of the NFA 
is equal to the union of the sets of final states of NFA1 and 
NFA2. (7) For any state and an element of the alphabets of 
NFA, the transition function is modified as given above in the 
schema NFA1uNFA2.

V. ANALYSIS AND PROOF TECHNIQUES

The Z/EVES is a powerful tool which can be used for 
analyzing a specification written in Z. There is a much tool 
support for analyzing the Z specification. Parsing, type and 
domain checking, schema expansion, precondition calculation, 
refinement proofs, and theorem proving are major facilities of 
it. Formal models of nondeterministic finite automata in Z are
checked and strengthened using this Z/EVES tool-set. Formal 
models described in the form of schemas are analyzed with 
four major techniques offered by Z/EVES tool-set namely 
syntax and type checking, domain checking, reduction and 
prove by reduce. 

       Fig. 2 Snapshot of specification analysis

A snapshot of the results of checking and analyzing the 
formal specification is given above in Figure 2. It is to be 
mentioned here that at first an abstract model was proposed 

and then refined to remove inconsistencies and ambiguities. 
While proving the formal models using Z/EVES, two types of 
results were obtained. Firstly, some schemas were well written 
and proved automatically without any prove assistance of the 
tool. And then, some schemas were proved using the prove 
assistance of the tool by reduction.

VI. CONCLUSION

In this paper, we have described formal specification of an 
algorithm which can be used to construct NFA accepting union 
of regular languages. A new approach by NFA and Z notation 
is proposed. Although, a part of the integration is treated but 
we have observed that this approach can be extended to give 
formal specification of more powerful tools. We have 
identified a relationship between some structures of these 
approaches and proved it in a constructive way. After 
integrating automata and Z notation, we have observed that a 
natural relationship exists there which proves the importance 
and originality of this research. It is observed that after 
extending the NFA by adding some functionalities of Z, the 
modeling power for complex systems can be increased.

An exhaustive survey of existing work was done before 
starting this research. There exists a lot of research work on 
integration of approaches as discussed in the introduction part 
of this paper. The most relevant work reported in [15], [16], 
[19], [20], [25] was found but our research is different of it 
because of conceptual level integration of Z notation and 
automata. Further, formalizing graphical based notations is not 
easy [35] which increase importance of this research.

Behavior of a system can be best captured by automata 
whereas its state space can be described ideally using Z
notation. This is why Z is integrated with automata in this 
research. It is believed that this linkage will be useful in the 
development of automated integrated tools and techniques for 
software engineering processes. Formalization of some other 
important concepts in automata is under progress and will 
appear soon in our future work. Further, we have taken some 
assumptions in this integration. For example, in union 
operation, it was assumed that the set of alphabets in both of 
the automata are same. These assumptions were taken for 
simplicity of construction. In our future work, such
assumptions will be relaxed and a more generic integration 
will be proposed between Z and automata.
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