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Abstract—The present paper enhances Pickett’s model of the
TiO, memristor by modifying its Port Equation in order to eliminate
a non-physical negative resistance region that occurs at higher
currents. This region causes an ambiguity of the static I-V
characteristic, which may bring non-convergence, numerical errors,
and non-physical solutions during time-domain simulation. The
modification is based on the tangential extrapolation. Full listing of
the (P)Spice macromodel is provided.
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I. INTRODUCTION

EMRISTORS are considered the key components for

future memory, logic, and neuromorphic systems [1],

[2]. Although the resistive switching phenomenon has been

known for a long time, the recognizing memristor in the TiO,

device manufactured by HP labs in 2008 has brought feverish
interest in this area [3], [4].

A two-terminal mem-system of the n-th order is defined by
the following equations [4]

Port Equation (PE): y(t) = g(X,u,t)u(t), @)
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where u(#) and y(¢) represent voltage (v), current (i) or derived
quantities like charge (¢) and flux (p); u(?) is the controlling
quantity, y(f) is the dependent quantity, and the function g is
the generalized response. In the case of memristive systems,
(1) relates voltage and current [5]. The internal state of the
mem-system is represented by the n-dimensional state vector
x, whose evolution is governed by the vector field f. Using
formalisms (1) and (2), the problem of modeling a memristive
system is divided into the modeling of static I-V
characteristics (PE) and the modeling of switching dynamics
(SE).

A hot topic of current mem-system research is to formulate

State Equation (SE): x = f(X,u,t)
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sufficiently accurate yet simple models for physical devices.
The first group of well-known models was based on the
concept of linear SE introduced in [3], where the state variable
is unbounded. To keep the state variable within physical
bounds, the model was later completed with the so-called
window functions by Joglekar [6], Biolek [7], Prodromakis [8]
and others. These models are popular for their simplicity, easy
implementation in SPICE and the possibility of obtaining an
analytical solution but, as shown in a comprehensive study [9],
they are not able to capture the complex nonlinear behavior of
real devices.

The only physical model of the TiO, memristor published
so far is Pickett’s model [10], whose SPICE implementation
was provided in [11]. The model represents very well both the
static characteristics and the switching dynamics but its
simulation has been found sensitive to changes of the
excitation signal [9], [12]. It can be shown that the solution of
the Port Equation of Pickett’s model is ambiguous, which
seems to be the origin of non-convergence, numerical errors,
and non-physical solutions obtained during time-domain
simulations.

The purpose of the present paper is to propose a
modification of Pickett’s model based on the use of tangential
extrapolation and to implement the modification in a PSpice
simulation model. Section II of the paper presents the analysis
and extrapolation of the model, and Section III demonstrates
its properties in comparison with the original model.

II. PHYSICAL MODEL OF TIO, MEMRISTOR

A. Original Pickett’s model

The HP memristor is composed of a thin TiO, layer
between two platinum electrodes. After an electroforming
process, most of the oxide is transformed into a highly
conductive channel with oxygen vacancies except for a
nanometer insulating barrier near the positive electrode, which
forms a tunneling barrier. The barrier width and thus the
memristor characteristics can be influenced reversibly by a
voltage applied across the memristor [10].
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Fig. 1. Equivalent schematics of the Port Equation in Pickett’s model [10].

The only physical model of the HP memristor published so
far is Pickett’s model [10], [11]. The Port Equation (1) is
represented in an implicit form by a series connection of a
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resistor Rg and a nonlinear Metal-Insulator-Metal (MIM)
tunneling junction, Fig. 1.

The tunneling current is expressed by Simmons’s formula
for MIM junctions with image forces [13] as a function of the
internal voltage v, and the barrier width w, which was chosen
as the state variable. The equations read

= %ﬁ)]’ {qﬁ, exp(— BAw,/¢; )—

oY
3)
_(¢, + e|vg|)exp(— BAw,|¢; + e|vg| )}
where
2
N In(2
R (4ab.)
27h h 8re,.eqw
w = 124w , Wy =W W 1——9'2/1 , (5a,b)
d 3y +44-2elv,|
wi+w, LISAw | w,(w—w))
= - - l . 7
b =9 e‘vg‘ 2w Aw ! w (w—w,) ™

The symbol A represents the junction area, e is the electron
charge, m is the electron mass, 7 is the Planck constant, &, is
the dielectric constant of the insulator, and ¢, is the barrier
height. The variables w; and w, represent the barrier limits at
the Fermi level, and ¢ is the mean barrier height. The model is
symmetric with respect to the applied voltage v,.

The state equation reflects the highly asymmetric dynamical
behavior of the TiO, memristor for ON switching (i), < 0) and
OFF switching (i), > 0) [10]

j w—a,; |i
Jopr sinh[WJ exp{— exp[oﬁ - IZZJ - W] foriy, 20
v |\l e e . (8)
dt ; —w i
Son sinh[?”j exp[ exp[ao';VW _ ZZIJ - ;}v] foriy, <0

All parameters in (8) are mere fitting parameters without any
direct physical meaning.

Paper [10] presents the parameters of Pickett’s model
identified for a particular TiO, memristor, which is often used
as a reference in simulation studies because little data is
available on the real HP memristor [9], [12].

The corresponding i-v characteristic iy(v,) of the tunneling
barrier with parameters from [10] is plotted in Fig. 2 (a) for
three different values of w. The curves obviously exhibit
negative differential resistance and global activity even for
Aw >0, which is presented in [11] as the limit of model
validity. This behavior does not correspond to the expected
characteristics of MIM junctions.

ISSN: 2313-0555

26

Volume 2, 2015

W =186 nm

W =154 nm

Fig. 2. Static I-V characteristics of the tunnel barrier (3)—(7)
for parameters from [10].

The abrupt nonlinearity of iy(v,) introduces ambiguity into
the solution of the Port Equation (for a given i), there are two
possible values of v,). This causes non-convergence,
numerical errors, and non-physical results during time-domain
simulations.

Our paper [14] identifies the root of the problem in the
incorrect use of (5a) and (5b), which are only valid for ev, < ¢y
[13], i.e. for v,<0.95V for the particular model from [10].
Modifying (5a) and (5b) using the original form from [13]
does not solve the problem as the correction introduces a
discontinuity to the model. Therefore paper [14] also proposes
a behavioral approximation of PE, which matches well the
measured characteristics.

The next chapter proposes another solution based on
tangential extrapolation.

B. Tangential extrapolation of static I-V characteristics

Fig. 3 shows the static I-V characteristics of Pickett’s model
[10] in the logarithmic scale. For v, > 1 there is a region of
super-exponential growth of current followed by a negative
resistance region, which is the result of using (5a) and (5b)
outside their domain.

The purpose of the extrapolation is to extend the super-
exponential region by the tangent in the logarithmic scale, i.e.
by the exponential function.
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Fig. 3. Extrapolation of the I-V characteristics.
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Let us denote TM(Vg) the original static characteristic (3)-

(7). The proposed modification of PE will be

g

()= a,,(vg) for |v,|<vy ©
& iy (Vgo) €Xp kag|—vg0)] for |vg| > Vo
where
. dinG) 1 diy 0
dv iy (Vo) dv, ‘V

Ve=Ve0 ¢ =Ve0

The proposed extrapolation (9) provides continuity and
smoothness at the point vg. In addition, (9) is monotonous,
which leads to the unambiguous memristor static characteristic
iy(vy). Note that the current levels of the extrapolated region
in Fig. 3 may lie above the damage threshold of the device,
but the unambiguousness is necessary for correct operation of
the Newton iteration algorithm used in the time-domain
simulation [15]. During the solution of a system of nonlinear
equations the Newton algorithm may call the model with
relatively high values of v,.

Fitting the original characteristics can be improved by the
linear dependence of threshold voltage v4 on the barrier width

(an

Voo =+ Sw.

The result for a = 0.9 and f = 0.36 is shown in Fig. 3.

The derivative (10) should be expressed analytically for the
implementation in the PSpice model. In the exponential region
the first term in braces in (3) dominates the expression and the
other term can be neglected. Applying standard rules, we
obtain an approximation of the first derivative of i), for v, >0

diy, -2j dw,
=== —BA <52
dv  Aw’ oot ¢')dvg+ (12)
J d¢, dw Aw d ¢,
—L_Jexpl- BA % _p
+Aw2 exp( W. ¢I{dvg ¢1[dvg \/E+2 5 dv,
where
d¢1 __ W1+W2_e|v| 1 dW2+
dv, 2w glow dv, 13
+1.152,w Lln wy(w=w) | w dw,
Aw | Aw [ w(w=w,) | wm(w=w,) Jdv,
and
dwzz_w 9.24 . (14)
v gy + 4224, |f

The full listing of the PSpice model is shown in the
Appendix.

III. NUMERICAL RESULTS

Fig. 4 compares the static I-V characteristics of the
enhanced model with the original Pickett’s model [10] for
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different values of w. The curves were obtained using the DC
analysis in PSpice with the voltage source connected across
the integrating capacitor C1, which enforces a constant w (see
the model listing in Appendix). Up to the threshold vy, the
curves are identical. The relative error in the superexponential
region lies below 2%.
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Fig. 4. PSpice simulation of static I-V characteristics of the enhanced model
(a); relative error between enhanced and original models (b).

The state equation of the enhanced model has not been
changed. Therefore the dynamic behavior of both models is
expected to be the same.

8.0V T 2.0nm
Vstim w W5
N\
4.0V )’ \\
1.5nm // x \
V- { stim_ \‘ p
A ™ pd
40v 4 1.00m ,
0s 2.0s time  4.0s 6.0s
2.0mA
i
1.0mA -
L
of
0A+ 1 -
b) d
-1.0mA
-1.0V -0.5V 0.0V wu 0.5V 1.0V 15V 2.0V

Fig. 5. Time-domain simulation of memristor in series with a 2.4kQ resistor:
driving voltage and barrier width w (a); pinched hysteresis loop (b).
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Fig. 5 shows the results of PSpice time-domain simulation
of the memristor in connection with a 2.4kQ resistor driven by
a triangular voltage waveform, which is used as a reference
circuit [10]. The initial state was w=1.228 nm. The
waveforms of w(?) in Fig. 5 a) of the original and the enhanced
model are identical, and the pinched hysteresis loop in Fig. 5
b) matches the original model.

The simulation of the static characteristics similar to Fig. 4
but for negative voltage (i.e. from -1.8V to 0V) was not
possible due to the non-convergence of the original model.

IV. CONCLUSION

The present modification of Pickett’s model eliminates the
negative-resistance region from the static I-V characteristics,
which makes the solution of the Port Equation unambiguous.

APPENDIX

The PSpice model is a modification of the original Pickett’s
macromodel from [10]:

.SUBCKT tio2mem plus minus PARAMS:
+phio=0.95 Lm=0.0998 wl=0.1261 foff=3.5e-6
+ioff=115e-6 aoff=1.2 fon=40e-6 ion=8.9%e-6
+aon=1.8 b=500e-6 wc=107e-3 IC = 1.2

;local parameters
.param Bh = 10.24634
.param explim = 50

;series resistor Rs and its current
Rs int minus 215
EabsiM absiM 0 value={abs (V(int,minus))/215}

;State Equation: v(w) = barrier width in nm

Cl w 0 le-9 IC={IC}

R w 0 1e8MEG

Goff 0 w value={stp(V(int,minus)) *

foff*sinh?2 (V(absiM) /ioff) *exp2 (-exp2 (V (monl) ) -
V(w) /wc) }

Gon w 0 value={stp(-V(int,minus))* fon

*sinh?2 (V(absiM) /ion) *exp2 (-exp2 (V(mon2)) -V (w) /wc)
Emonl monl 0 value={ (V(w) aoff /wc = (V(absiM) /b) }
Emon2 mon2 0 value={ (aon-V(w))/wc - (V(absiM) /b)}

;Port Equation

Evg avg 0 value={min (abs (V(plus,int)),vg0 (v (w)))}
EiM iMlim 0 value={ (1/V(dw) **2)

*0.0617* (V(phiI) *exp2 (-Bh*v (dw) *V (sr))

+ —(V(phiI)+V (avg)) *exp2 (-Bh*v (dw) *V (sr2))) }
Emult mult O value={if (abs (V(plus,int))>vg0 (v (w)),
exp2 (v (didvg) /v (iMlim) * (abs(V (plus,int))-

vgO (v(w)))), 1)}

Gl plus int

value={v (mult) *v (iMlim) *sgn (V (plus, int)) }

jauxiliary functions
Esr sr 0 value={sqgrt(V(phiI))}
Esr2 sr2 0 value={sqrt (V(phiI)+V(avg))}

EphiI phiI 0 value={phio-

v(avg) * ((wl+V(w2)) / (2*V (w))) -
1.15*V(Lmda) *V (w) *1og (V (R ))/V(dw)}

EdphiI dphi 0 value={-((wl+v(w2))/( w))) -
v(avg) / (2*v (w)) *v (dw2dvg)

+ + (0.1148/ (v (dw)**2) * v (dw2dvg) * log (v (R))

+ - (0.1148/v(dw)) * v(dw2dvg) * v (w)/ (v (w2)* (v (w)—-
v(w2))))}
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Edi didvg 0 value={-

2*0

.0617/ (v (dw) **3) *v (dw2dvg) *v (phil) *exp2 (-
Bh*v

(dw) *v (sr))

+ +0.0617/ (v (dw) **2) * exp2 (-Bh*v (dw) *v (sr))
+ *(v(dphi) - Bh*v(phiI) *(
v (dw2dvg) *v (sr)+0.5*v (dw) /v (sr) *v (dphi))) }

Elamda Lmda 0 value={Lm/V (w) }

Ew2

2*v

w2 0 value={wl+V(w)-(0.9183/(2.85+4*V(Lmda) -

(avg)))}

Edw2 dw2dvg 0 value={-2*0.9183/(2.85+4*V (Lmda) -
2*v (avg) ) **2}

EDw dw 0 value={V(w2)-wl}
ER R 0 value={(V(w2)/wl)* (V(w)-wl)/ (V(w)=-V(w2))}
.func vg0(w) = {O0. 9 + 0.36*% (w=1.228)}

.func exp2(x) =
explim),exp(x))}
.func sinh2 (x)=

{if (x>explim, exp (explim) * (1+x-

{0.5*% (exp2 (x) —exp2 (-x)) }

.ENDS tioZ2mem
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