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Extreme Value Approach for estimating Value at
Risk metrics with respect to Basel |l

Lubor Homolka

methodology from the latter perspective and extends author’s
Abstract— A large number of articles have been written abouprevious work [2] for other risk metrics and their EVT
methods designed to assess easily interpretable value reflecting gekinterparts. We suggest Extreme Value Theory concept to be
taken from a (not exclusively financial) process. In the financiggre appropriate method for modelling skewed and non-
environment, prevailing concepts include Value at Risk (VaR) and i}?

derivatives, such as Conditional Value at Risk. The purpose of t Igrmal tailed distribution of losses in a sense of safety

paper is to describe appropriateness of the VaR metrics under B QMerestimating risk rather than underestimating) than methods

Il legislative framework and to stress VaR estimation techniques. @lowed under Basel II.

relatively new approach titled Extreme Value Theory and methods First section introduces VaR methodology and its
allowed by Basel Il are compared on illustrative example of a skewg@nnection to regulatory framework and economic capital. A
distribution with presence of outliers. Our findings suggesjescription of historical simulation, Monte Carlo simulation

alternative methods assess higher VaR than the classical o .
(historical simulation, mean-variance model and Monte Carl%%%1 EVT approach follows. Finally, comparable results are

simulation) and are more precise in terms of variance. presented.

Il. METHODS

Keywords—Value at Risk, Extreme Value Theory, Historical

simulation, Bootstrap, Basel I A. Valueat Risk
Let the X be a random variable (e.g. returns or losses) with

. INTRODUCTION the distribution functiorry . The VaRa) at probability level

anks and insurance institutions hold decisive position ir in 0<a <1 is its a quantile. Formally, this can be
financial system as well as in overall macroeconomiaritten as
environment. The industry faces both internal (operational)
and external (market and credit) risks. To make the Systemsg 1(g) = inf{x DR : Fy (x) = a} (1)
stable and safe, banks have to respect strict regulations.
Almost 24-year development of banking legislative under
the Bank for International Settlement (starting with Basel |
has evolved into general framework grounded in a three-pill
system — capital framework; risk management and supervision
pillar and market discipline pillar. Because of the nature of
such highly stochastic environment, contemporary regulation
philosophy is closely tied to advanced mathematical and
statistical procedures. One of the most widely used (and . . . )
criticized) approach used in required capital determination where f(X) is (usually the empirical) probability density
within Basel 1l [1] legislative is a family of Value at Risk function of a variable (i.e., losses over some time period from
(VaR) methods. portfolio’'s value changes) andF(x) its corresponding
Critique of the VaR methodology is twofold. The firstcumulative distributive function, thus loss value higher or
argues the methodological properties itself and followingqual tharx will occur only withprobabilitya . The key issue
misleading interpretation. The second highlights technic@l how the distribution function should be assessed with
problems such as parameter estimation and distributigspect to a fitting accuracy and allowance for computation.
approximation. This paper focuses mainly on the VaR vaR suffers from some conceptual deficiencies; one of them
is subadditivity problem (detailed discussion in [3]).
Lubor Homolka, Tomas Bata University in Zlin, FaME CZ, Department OSubadditivity arises when the risk of the portfolio (of X and Y)

Statistics and Quantitative Methods Department of Statistics and Quantitatjve .
Methods (e-mail: homolka@ fame.uth.cz). IS” estimated by overall VaR. It can be shown

VaR represents overall portfolio’'s absolute risk measure,
F,-nerally defined as (when the losses are with positive sign)

a =P(x< VaR)= j f(x) d(x)= HVaR) @)
VaR

Issue 2, Volume 7, 2013 171



INTERNATIONAL JOURNAL OF MATHEMATICS AND COMPUTERS IN SIMULATION

thatvaR(X + Y) < VaR(X) +VaR(Y). This implies that VaR ends with transformed non-normzldistribution
is not coherent risk metric. Although numerous articles were

written on VaR (for a historical review see [4]), some topics (22 _1)5 (23 —SZ)K (
remain uncovered. In probability theory, two fundamental z, =z+ + -
approaches coexist each of which tackles the problem in a
different way. ) )

While the majority prefers the classical frequentisp represents skewness and K kurtosis of variabl@he
approach, the Bayesian one is more promising in incorporatiﬁﬁsgmpt'on abqut the underlying distribution of VaR is crucial
genuine expert information [5] and handling non-lineafor interval estimate. If we assume VaR follows normal or
systems [6]. student distribution with known parametegsando?, the

The scope of this article is concerned about the genet@nfidence interval (Cl) is derived as
techniques which differ from the Bayesian in that sense they
do not allow impingement of expert's own experiences thus
this kind of analysis is omitted here.

Crucial point in the VaR estimation process lies inP|b s
identifying appropriate distribution which generates the data.
To create it, several approaches were designed. Starting fro
the simplest historical simulation form through mean-variance
to simulation models, all of them suffer from the main idea dhereb is quantile of normal or student distributidd,is a
VaR - estimating overall distribution which maysample size ang? is sample variance. If the parameters of
underestimate the real risk hidden in the tail(s). Sevengcation and variance are not known, it is reasonable to use
metrics stem from standard VaR, such a limited VaR [7] simulated results from random sampling of the parameters

B. Conditional VaR u and o® domains. The previous formulae can be rearranged

The problem VaR deals with is the unexpressed uncertairi§ythe form of new variabl, wherer is sample mean value.
about the losses beyond the cut-off VaR value. The remedy to

22° - 52)5?
(4)
24 36

®)

this situation can be found in conditional VaR, in literature [N -1 _ (N _1)32
also named Expected Shortfall (ES). This risk indicator iS= 7_'\‘ 7 (6)
defined as: v v
. 1 After random sampling from S, the appropriate quantiles are
CVaRE(X)zl—J.VaRE(X)dE (3) computed.
-£
£

Historical simulation

where€ stands for the tail probability of VaR which satisfies This_ approach presrt]Jmes_ exi_stenge of sgrrkl)(_el_ u_nderl)(;inlg
the a<e thus VaR is always smaller than CVaR. [8]repeat|ng structure such as time-invariant probabilistic model.

Moreover, CVaR is a coherent risk metrics, as is proved %nly the corresponding quantile of loss distribution is

computed. This procedure can be used under Basel Il only if

MeNail [3]. data sample is sufficiently large and proved over specified
C. Classical approachesto determining VaR time horizon.
Under Basel Il three approaches to VaR estimation for According to work of Pérignon [9] (sample size of 50 large
regulatory capital purposes are allowed: international commercial banks in 2005) historical simulation
is the most frequently used method with the share at least of
Variance—Covariance methods 47.4%. Monte Carlo methods follow with 14% and only 3.5%

Based on the portfolio volatility, descriptive statistics (suchanks use “other” methods which combines the latter
a central moments) are derived to be used as parameter@pproaches; 35,1% of asked financial institutes didn’t provide
parametric probability model. The simplest model refers t@n answer.
normal distribution but more proficient methods were
introduced to handle non-normal distributions as well Monte Carlo simulation
(variance is not even needed to be computed). Although manyMonte Carlo procedures (including bootstrap) are sampling
computationally extensive methods (kernel estimators) wepgocedures which draw random samples from the initial
introduced and are available in statistical packages such @mple to estimate value of predefined quantity. We propose
SPSS, Matlab, we restrict our paper to mathematical estimalsrotstrap method to be suitable for deriving VaR because of
using Cornish-Fisher Expansion (CF). This expansion staft§ properties (sampling with replacement, computationally

with assumption about underlying distributicn= N(O,l) but efficient, no strict assumptions). After bootstrapped values are
known, graphical analysis providing useful information about
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quantity variation and sensitivity with respect to initial settings

follows. GEV,,, = e (
D. Extreme Value Theory - ((ewlio)
Observed data and their approximation by any classical

distribution may underestimate the risk. Although the largest The EVI index value in (8) can be estimated from general
part of a distribution can fit perfectly, tail values may causgmit distribution, which is named GEV — Generalized Value
real damage. Financial data tend to have “fat” tails and thystribution (GEV) wherey is a tail index, x location and
need to be treated carefully. Extreme Value Theory deals Wig'scale parameter. Largey produces fatter distribution.

this extreme pqrt of dIStI’I'bUtIOI’I as with another property of ﬂ]garametersa,p,ycan be estimated by maximum likelihood
phenomena being investigated.

If any observation in a dataset would be considerediias a (ML) method, method of probability weighted means, and as
sample taken from its random variable, than the overdlescribed in Lye [12] by Bayes estimator too. Two essential
distribution can be divided into two parts — predictabl@‘OdeB are recognized from the point of determining extreme
behaving part with high density and tail part described by tafflues. So far, we were interested in maximal valuesof
guantile function. Similarly to central limit theorem whenThis approach, considered as the simpler 8hack maxima,
some distribution converges to normal distribution, we focusstimates the extremes in fixed time period or within
on convergence of distributioX , , = max{X;,X,,...X,} to logically justified blocks of variables. For more detailed

some distribution G. discussion see [13,14]
(X _bn) Computationally-intensive peak over threshold (POT)
Ilmnm{P( nn J<x} G(x)

Y
w80 y20

if ©)
y=0

(7) method is the second approach. Extreme values are those
exceeding a (sufficiently high) threshold value which is
constant over the sample.Limit distribution used in POT

number of samplesgtandardize the initial distribution. Based
on these numbers we estimate the distributiorX.of his is 5 ( )_ 1_(1+ fxlﬁ)—llf 20
only one part of the problem which is in literature named s\ X) = (~x18) —

. . . o l-e &=0
domain of attraction. The second step involves finding

theG(X) distribution. Fisher-Tippet theorem [1] shows that i o
] o Whené >0, GPD becomes ordinary Pareto distribution,
G(X) underlying distribution converge to one of three

L ) . also known as distribution of large losses in actuarial statistics.
distributions of the family extreme value distribution. In case of =0, GPD is identical to exponential distribution

while withé <0, GPD is known as Pareto type Il distribution

with short tails [13,14] and the parameters usually estimated
by ML methods.

In the expressior{1+ yx) >0and the Extreme Value Index ~According to Coles [15] standard approach is to set the
(EVI) yOR. If the y <Owe are talking about Frechet-Paretdhreshold level as lower as the model provides reasonable
distribution, whose domain distributions include BurrgPproximation. Threshold value can be estimated by informed

distribution, log-gamma and Generalized Pareto distributioHY€SS, bgt several mathematical approaphgs were developed.
In case ofy >0the extreme distribution is Weibull with its FIrSt one is based on semiparametric statistics and is known as

domain distributions Reversed Burro or Beta. The last or'i'e'" estimator [16]. Hill estimator estimates paramefems a

Gumball distributiory = 0comprises exponential, logistic or slope of an exponential Q-Q plot, which should properly

rescaled tail values follow. When the points form a convex

log-normal distribution. Only possible distributions Wh|chShaloe compared to the line of expected exponentional

satisfy the limiting assumptions are the extreme diStributionaistribution qguantities, the distribution is thin tailed, if

Accor_dl_ng to Bel_rlant [10] a gene_ral limit - distribution concave, heavy tailed. Whenis zero, than the distribution is

combining the previously mentioned exists. . . . .
exponential, otherwisgis parameter of GPD. Hill estimate
suffers from tendency to provide biased results when small
sample is analysed. Remedy to this can be found in application
wavelet analysis and kernel estimate of the tail distribution
[17]. The second one is Mean Excess Functié(t) which

! According to Leadbetter [11] the assumption aboutomputes mean value of values exceeding threshold.
independence can be relaxed if it occurs temporarily;
assumption about distribution identity might be justified by M ()= E(X —-t|X > u) (11)
portfolio heterogeneity.

a,

(10)

G,(x)= exd— (1+ yx)'(l”’)] (8)
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is allowed to use Internal ratings-based (IRB) approach for
Within the “normal” part of distribution and moving to credit risk and to create stochastic credit risk portfolio model,
extremes (to the larger numbers) mean value should riseme quantity of losses with small and fixed probability
steadily because extreme values does not play such cam be estimated in order to derive RC (for discussion about
important part. Fluctuating of M function suggest change ibenefits resulting from IRB see [21]). RC is then set as a
data structure thus extreme part break. difference between Vaf) and UL.

-~

EVT and metrics

When the assumption of EVT are met (the threshold u is
sufficiently high and the data belongs to the maximum domain &
of attraction), the ratio between number of values largeruhan

equency

100% minus Confidence
Level

R € mmmmmmmemmmcmemeaa r>—_— Potenlil Losses
parametersfBand fare estimated. Those values allows for Expected Loss (EL) Unexpected Loss (UL)

direct VaR computation using the equation [18]: >

Ny o
to the sample S|zeN—” is directly computed and distribution

<
+* >

Value-at-Risk (VaR)
Fig 1 — Value at Risk and regulatory capital [22].

[;, N ¢ The previous part described UL only. In the process of
VaRa(X):u+? [—(1— a')J -1 (12) estimating EL, VaR is involved as well. Exposures to credit

risk? (E") are calculated as

In case of CVaR we rearrange the previous as follows: E' = ma>{0, l(z E - zci )+ VaR]} (15)
1 p z . . .
ES, (X)= 1 IVaRU(X)du - VaRaA(X) LB-¢u (13 where E; is current value of exposure i a@d the received
1-a- 1-¢ 1-¢ collateral value. The VaR is also promoted as a market risk

metric since the Market Risk Amendment was released in
When using Block maxima approach (underlying GEV}Q%- where the banks are encouraged to measure risk by
explicit form of VaR is [18]: internal models rather than using external agencies services.
Value at Risk serves as a metric for underestimating of risk
-y which bank faced to in predefined time period. The process of
,u—g l—[—lo{l—iﬁ y#0 stressing actually needed capital with the predicted is called

y p . backtesting. Backtesting under Basel Il is focused on number

VaR, = if (14 of exceedances over predicted VaR not on total volume of
,U‘U|OE{‘|0{1‘£J] y=0 these exceedances, which results in lower statistical power

p [23,24]. The observed number of exceedances then affects the

The ES for block maxima is derived by re-parameterizing é@gulatory capital for market risk by adding number from 0 to
the GPD estimation [19]. 1(in case of 10 exceedances) to multiplicative factor, which is

_ o set for the three months period as follows:
E. Field of application

It can be distinguished between two kinds of capital. CR = mf, B/aRt(a) (16)
Regulatory capital (RC) is the minimal amount of risk capital
to be hold to meet regulatory rules and application guidan% ere mf,is multiplicative factor for timet, which is set to
In 1999, Basel Committee for Banking Supervision releasetr t o ) .
the New Basel Capital accord. According to this Iegislatw%50 days. The ground level of multiplicative (scaling) factor is
(also known as Basel IlI, [1]) VaR value can be used (aftg?ree' [25], ital i it of shareholder de-off
certain requirements are met) to determine capital adequaC)Econom'C capital Is a resu t_ of sharenolders Fra e-0
matching to unexpected losses. Figure 1 shows the applicat ween solvency and profitability. The cap_nal_ size
of VaR as a complementary part of (i.e credit) losses Qptimization process must reflect not only maximization of
Expected Loss (EL), which is an amount of regular losses aﬂarformance indicators, but also all foreseeable risks accruing
in the long term period readily predictable, and to Unexpectérc?m spgcific p'ortfolio strycture, Iong term planning objectives
Loss (UL). UL summarizes the irregular and highl)ﬁndlchap'tarl]ss'gﬂal f]lcm%t'on of stability. imil )
improbable losses. UL can be estimated implicitly as a productAt oug oth of them measure very similar-meaning
of stress probability of default, stress loss given default and
stress exposure at default for each transaction [20]. If the bank Credit risk is considered for demonstration purposes only, although Basel

(2006) allows using VaR for market and operational risks, as well.
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B. Bootstrapped estimate

If the previous approach fails, sampling methods known as

According to Saita [26], performance indicators such fonte Carlo may be used instead. In the paper, original data
RAROC are usually based on economic capital while thgere replicated using bootstrapped sampling procedure of
amount of regulatory is omitted in the performance indicators; goo replicates. To make data replicable, appropriate

Several approaches for economic capital stipulation weggstribution and parameterisation have to be set. Gamma
introduced (i.e., CreditMetrics or Moody's KMV). Basel llgjstribution was used and parameters were estimated using
motivates bank’s management to measure different sourcesygfximum likelihood estimator (MLE). After the distribution is
risks by implementing these internal models to be mMOistimated, data can be generated randomly from it.
accurate in the risk-evaluation processes. If banks use internal
rating-based approach these metrics are tightened with
regulatory capital. Own risk measures are transformed into risk
weights specified by the Basel Committee. [27]

variable, final figures very often differs.

Il. RESULTS

Assume a portfolio consisting of X entities. Histogram on
the Fig.1 provides information about distribution of losses
(with positive sign) in the last 200 days and estimated
probability density function.

aR
25 30 35 40 45 50 55 60

A. Historical smulation and variance-covariance estimate ' ' ' '

To set Value at Risk according to the standard methods, we 80 8 Al r?0| | 9
proceed with estimating density function of the gathered data_. ~Abha leve .
through rescaled histogram. This allows computing historical F'.g 3 - Eootstrapped VaR growth and corresponding 0.95
VaR (HS). After the shape of distribution is estimated usin%onﬂdence intervals [2,13].
Cornish-Fisher, kernel estimation component risk contribution Fig. 3 shows estimated VaR fot-a [ (8099) atx axis
with no weighting preferences (authors Epperlein and Smilliand corresponding 95% bootstrapped confidence interval. This
implementation in [28]) is provided as well. interval adds information about the volatility. With growing

Table 1 — Classic methods (Own processing, [28]) accent on precision (lowerirg), VaR risk growths but the

Historical Cornish-Fisher | Normal Kernel interval width has the same tendency as can be seen at Fig. 4.
simulation approximation | distribution estimator Volatility of VaR estimate
approximation
41.59 41.27 39.14 41.59

14
|

Using normal distribution for estimating VaR at 5% level
showed the lowest value. Difference between HS, kernel and
CF estimates is only 0.3 in favour of HS (from the point of
conservativeness).

Difference
10

Density

— Empirical

T T T T
80 85 90 95

1-alpha VaR
Fig. 4 — Volatility vs. precision [2]

density

Values constituting the confidence intervals and mean
values are presented at Table 2.

Table 2 — Bootstrap confidence intervals [2]

VaR(a ) 0.9 0.95 0.99
Lower CI 31.835 35.271 41.700
o o e Mean 35.052 40.825 46.025
Upper CI 39.392 42.687 56.957

Fig. 2 — Density estimate (Own processing, [28])
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C. EVT estimate

In Fig. 7 the estimate is denoted as a solid line. Vertical

If our data is periodical variable, we would choose adashed line shows .95 quantile considered at VaiR=at005.

extreme values those which are the highest on every siifPrizontal line defines confidence interval on a level scaled on
period. Our data do not follow any similar pattern, thus we withe secony axis.

not be concerned about Block maxima approach.

Using the statistically naive POT method and selecting the
90% largest value as a threshold, our cut-off value would be
35.39. Graphical analysis for appropriate threshold selection
can be provided through mean-excess plot. When the data’s
trend remains stable, no extreme values are present. After dat
become more jittered, they should be considered as
inconsistent with the preceding data. Fig. 5 shows more

(x

1Fx)

dispersion when exceeds 40. [2]

e S T T T T T T
27 40 50 80 70 80 90
e 4 % X
2 < Fig 7 —VaR(0.95) Confidence interval [2,31]
= ; At the predefined level the confidence interval is
g 7 g asymmetric which is to be expected due to underlying
= 2 q‘%@@@ distribution’s skewness.
© RV
o 4 oggmo . Table 4 EVT estimates [13]
‘ ‘ ‘ ' ‘ Lower ClI Estimate Upper CI
0 10 20 30 40
Threshold 40.593 41.898 44.607

Fig 5 — Mean-excess plot [2, 30]

Results of ES comparison show the same pattern, EVT

After the threshold is set, the remaining data can ggturns more conservative results. Figure 8 provides

approximated using a distribution described in equation
Estimate was provided using Maximum Likelihood function.
Table 3 Parameter estimates [32]

gomparison of both estimates; chain-dotted line at 47.46
represents ES calculated by historical simulation (Cornish-
Fisher Expansion results in 46.60) and EVT estimate 47.67.

The point estimates are almost the same, but the confidence
Parameter ¢ B interval in case of EVT estimate is highly biased to large
. losses.
Estimate -0.1012 6.6263
Table 5 ES estimates (Own processing)
Standard error 0.3069 2.6516 Lower CI Estimate Upper CI
Estimated value for the shape paramefeis small relative | EVT 44.75 47.67 65.25

to its standard error. Because the parameter determines type dis: Simul. | 38.55 47.46 54.07

definition used for approximation, the information should be
treated carefully. QQplot below supports our choice of
distribution and parameterization.

QQplot for Pareto distribution

GPD Quantiles; xi =-0.1012147

50
Ordered Data

55

Fig 6 — QQ plot for GPD [30,2]
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1-F(x)
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Fig 8 Conditional VaR comparison (Own processing)
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IV. CONCLUSION

In 1996, Basel Committee released an amendment to {gp

Capital Accord which allowed banks to use VaR variance-
covariance method, historical and Monte Carlo simulationﬁﬂ
EVT was neither allowed nor mentioned. [1] This paper

compared VaR quantified by all
methods with following results.
The lowest VaR estimate was provided by approximatiqu\l]

previously mentioned
[10]

using normal distribution (39.14). Direct quantile estimate
within historical simulation and kernel procedures follows
(41.58). Other estimates were accompanied by confidenﬁgl
intervals in which the worst case scenario (upper Cl value) was
considered as VaR value. Using Monte Carlo (bootstrappedg
method VaR is smaller (42.687, overall interval width 413]
7.416) than the EVT's (44.607, width = 4.01).

These findings suggest that officially approved methods aiie!]

inappropriate (when the loss distribution has similar positive
skew shape as ours) in terms of identifying potential risk Va|uﬁ5]

The size of VaR consequently

influences the capital

requirement which allows banks to hold less capital reservid$l
when standard methods are used. [2]

In May 2012 consultative document [32], fundamental

review of the trading book were published by the Bank fdi7]
International Settlement. This document extends impact of
Basel 2.5 rules. This European legislative primarily aims at
banks’ trading books and suggests to complete rejection of
simple VaR in favour of ES and other robust risk metrics. Thig®!
step can be interpreted as conceptual framework abandonment energy, environment, economics, vol.10. Tenerife: WSEAS Press, 2010,
which might be partly caused by inappropriate computing

methods used.

This

(19]
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