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Abstract—In this paper we consider three systems of piecewise 

linear difference equations where the initial condition for each 
system is an arbitrary point on the real plane. For one system we 
show that there exists exactly two prime period-6 solutions, and that 
every solution of the system is eventually one of the two prime 
period-6 solutions except for equilibrium point. For the remaining 
two systems we show that every solution of each system is the 
unique equilibrium solution. 
 

Keywords—periodic solution; systems of piecewise linear 
difference equations. 

I. INTRODUCTION 

N recent history there has been a surge of interest in 
difference equations. Rational difference equations are used 

in predator-prey models [1], [2], [3], and echo and 
reverberation models [4]. Linear difference equations are used 
for modeling weather patterns [2], [5], [6] and neural 
networks [7]. During the last three years we have been 
particularly interested in the global behavior of systems of 
piecewise linear difference equations. This paper is part of a 
general project which involves the following system 
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where the parameters  , , , 1, 0,1a b c d    and initial 

conditions 2( , ) .0 0x y   There are 81 special cases. The 

system’s number N is given by 
 

N = 27(a + 1) + 9(b + 1) + 3(c + 1) + (d + 1) + 1. 
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This family of piecewise linear difference equation are the 

prototypes for more elaborate piecewise difference equation 
that, in many cases, exhibit complicated behavior. Interest in 
the area began in 1984 when Davaney published his famous 
paper introducing the gingerbread man map: 
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with parameters ,a b    and initial conditions 

2( , ) .0 0x y   See [8], [9]. 

The gingerbread man map was Devaney’s response to the 
1978 generalized Lozi equation: 
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with parameters ,a b  and initial conditions 

2( , ) .0 0x y   See [2], [3], [5]. 

The Lozi equation had been used to examine an attractor 
that was observed by Lorenz in the Henon map, a non-linear 
system of difference equation 
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with parameters ,a b  and initial conditions 

2( , )0 0x y   that modeled weather patterns. See [10]. 

 
For other systems of this form, see [6], [11], [12], [13], 

[14], [15]. 

II. PROBLEM FORMULATION 

Reconsider this family of system 
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We will first share the results of the special case N =1: 
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where the initial conditions 2( , ) .0 0x y   We show that 

every solution of System(1) is eventually one of the following 
period-6 cycles:
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or the unique equilibrium solution  1, 1 .  

We next consider the special case when N = 20: 
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where the initial condition 2( , ) .0 0x y  We will show that 

every solution   , 5x yn n n

 of System (20) is the 

equilibrium solution,  2,1 .  

Lastly, we consider the special case when N = 21: 
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where the initial condition 2( , ) .0 0x y   We will show that 

every solution   , 3x yn n n

 of System (21) is the 

equilibrium solution,  1,1 .  

III. RESULT 

III. A GLOBAL BEHAVIOR OF SYSTEM (1) 

Set 
Q1 = {(x, y): x  0, y  0} 
Q2 = {(x, y): x < 0, y > 0} 
Q3 = {(x, y): x  0, y  0} 
Q4 = {(x, y): x > 0, y < 0}. 

Theorem 1. Let
   , 0x yn n n


  be a solution of System (1) 

with 2( , ) .0 0x y   Then, there exists a non-negative integer 

0N   such that the solution   ,x yn n n N

  of System (1) 

is either the prime period-6 cycle 1
6P or the prime period-6 

cycle 2
6P  except for equilibrium point. 

 
The proof of Theorem 1 is a direct consequence of the 

following lemmas. 
 
Lemma 2. Assume that there is a positive integer N such that 

0x yN N  . Then the solution of System (1),
 

  , 1x yn n n N

  , is the prime period-6 cycle, 1

6 .P  

Proof: Suppose that ( , )x yN N  satisfies the hypothesis, then 

 1 11

1 1.1

x x xN NN
y x xN NN

    

    
 

Hence     1, 1, 1 .1 1 6x y PN N              � 
 
Lemma 3. Assume that there is a positive integer N such that 

2 0Nx yN      and Ny  0. Then the solution of System 

(1),
 
  , 1x yn n n N


  , is the prime period-6 cycle, 1

6 .P  

Proof. Suppose that ( , )x yN N  satisfies the hypothesis, then 

 2 1 11

2 1 3.1

x y yN NN
y y yN NN

    

      
 

Hence     1, 1, 3 .1 1 6x y PN N              � 
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Lemma 4. Let   : , 3 .L x x    Then every solution 

  , 0x yn n n

  of System (1) with an initial condition in L is 

eventually prime period-6 solution, 1 2or .6 6P P  

Proof. Case 1: Suppose
 
 ,0 0x y L  and 0.0x 

 

Then 

 
1 2 00x x    and 1 4.0y x   

If 1 4 00y x   , then     1, 1, 1 .3 3 6x y P     
Suppose that

 
4 01 0y x   , then 52x   and 

2 3.2 0y x 
 

Case 1.1: Suppose 2 3 0,2 0y x    

3
and so 4 ,02

x  
 
 

 then 3 2 70x x    and 

3 2 7.0y x    

If 
3 7

2 7 0, and so3 3 0 02 2
x y x x      

 
 
 

, then by 

Lemma 2,   ,
3

x yn n n

  is eventually prime period-6, 1.6P  

Suppose that 2 7 0,3 3 0x y x      

7
also, 402

x 
 
 
 

. 

We will prove, by mathematical induction, that for 

7
, 40 2

x 
 
 
 

 the solution is eventually prime period-6. For 

each 0n  , let P(n) be the following statement: For 

 ,0x a bn n , 

4 226 4 0
nx x nn    

4 22 2 0.6 4 0
ny x nn       

If ( , ]0x a cn n , then 06 4x n  . So, the solution is 

eventually prime period-6. 

If  ,0x c bn n , then 06 4x n  . So, 

4 32 2 1 06 5 0

3,6 5
4 32 2 3 06 6 0
4 32 2 3 0,6 6 0

56 7
4 42 4 1.6 7 0

nx x nn
y n

nx x nn
ny x nn

x n
ny x nn









   

 
   
   


  

 

If ,0 1x b bnn  , then 06 7y n  . So, the solution is 

eventually prime period-6, 1.6P  

If  ,0 1x c bn n  , then 0.6 7y n   
So 

4 42 4 5 06 8 0
4 42 4 3 0,6 8 0

nx x nn
ny x nn





    
   

 

4 52 8 16 9 0
4 52 8 1.6 9 0

nx x nn
ny x nn





   
   

 

If  ,0 1x c an n   , then 06 9 6 9x yn n   . So, 

  ,
0

x yn n n

  is eventually prime period-6 solution, 

1.6P  

If  ,0 1 1x a bn n   , then 

4 52 8 1 06 9 6 9 0
nx y x nn n        , where 

4 1 419 2 3 19 2 1
, ,4 1 45 2 5 2

4 2 4 219 2 1 19 2 1
, .4 2 55 2

n n
a bn nn n

n n
cn nn 

   
  

    
 

 

We shall show that P(0) is true . For 

  7
, , 40 0 0 2

x a b 
 
 
 

 and
 

2 7 03 3 0x y x     . Thus, we have 

4(0) 2
4 15 2 ,4 0 0 06(0) 4x x x x       

4 134 06(0) 4

4(0) 2
2 2 0.0 0

x y x

x 

   
    

 

If  7 15
, ,0 0 0 2 4

x a c 
    

, then 4 15 0.4 0x x  
 

By 

Lemma 3,   ,
4

x yn n n

  is eventually prime period-6 

solution 1.6P  

If   15
, , 40 0 0 4

x c b 
 
 
 

, then 4 15 04 0x x   . Thus, 

we have 
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4(0) 3
8 29 2 2 1 00 0 06(0) 5

3,6(0) 5

4(0) 3
8 27 2 2 3 00 0 06(0) 6

4(0) 3
8 33 2 2 3 0,0 0 06(0) 6

56(0) 7

4(0) 4
16 61 2 4 1.0 0 06(0) 7

x x x

y

x x x

y x x

x

y x x









     

 
     
     


    

If 
61

, , 40 1 0 16
x b b 

  
 

 
 

, then 16 61 006(0) 7x x   , so
 

16 65 006(0) 8 6(0) 8x y x      . By Lemma 2, 

  , 9x yn n n

  is prime period-6. 

If   15 61
, ,0 0 1 4 16

y c b 
 
 
 

, then
 

16 61 0.06(0) 7x x    
Thus, we have 

4(0) 4
16 65 2 4 5 00 0 06(0) 8

4(0) 4
16 57 2 4 3 0,0 0 06(0) 8

4(0) 5
32 121 2 8 10 0 06(0) 9

4(0) 5
32 121 2 8 1.0 0 06(0) 9

x x x

y x x

x x x

y x x









       
     
      
      

 

 

If

 
 15 121

, ,0 0 1 4 32
y c a 

    
. Then

 

    32 121 006 0 9 6 0 9x y x     . So, by Lemma 2 

  , 10x yn n n

  is eventually prime period-6, 1.6P  

If 
121 61

( , ) ,0 1 1 32 16
y a b 

 
 
 

, then 

32 121 0.06(0) 9 6(0) 9x y y       

Hence P(0) is true. 
Next, we assume that P(N) is true for some positive integer 

N 1. We shall show that P(N+1) is true. Since P(N) is true, 
4 52 8 1 0,6 9 6 9 0

Nx y x NN N         
where 

 
4 5 4 419 2 3 19 2 1

, ,0 1 1 4 5 4 45 2 5 2

N N
x a bN N N N

    
     

 
  
 

. 

Then 
 

4 62 16 36 10 06( 1) 4

4( 1) 2
2 0 1

4 62 16 16 10 06( 1) 4

4( 1) 2
2 20 1

4 619 2 114 62 0.0 5

Nx x x NNN
N x N

Ny y x NNN
N x N

N
N x









    
   

     
    

    
 
  
 

 

Note that 
4 6 4 619 2 1 19 2 16 15

1 5 5 5

16 3.

N N

N

N





    
  

 

 

If 


4 5 4 619 2 3 19 2 1

, ,0 1 1 4 5 4 65 2 5 2

N N
x a cN N N N

    
     

 
   

 
, 

then 
4 619 2 14 62 0.6 10 0 5

N
Nx xN

   
 
  
 

 

By Lemma 3,   , 6 10x yn n n N

  is eventually prime 

period-6, 1
6 .P  

If

 

 
4 6 4 419 2 1 19 2 1

, ,0 1 1 4 6 4 45 2 5 2

N N
x c bN N N N

    
     

 
  
 

, 

then 
4 619 2 14 62 0.6 10 0 5

N
Nx xN

   
 
  
 

 

Thus, we have

 

6 116( 1) 5

4( 1) 3
2 2 1 00 1

3,6 116( 1) 5

6 126( 1) 6

4( 1) 3
2 2 3 00 1

6 126( 1) 6

4( 1) 3
2 2 30 1

4 719 2 134 72 0,0 5

x x NN
N x N

y x NN

x x NN
N x N

y y NN
N x N

N
N x







  
    

   

  
    

  
   

   
 
  
 

 

56 136( 1) 7x x NN     
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6 136( 1) 7

4( 1) 4
2 4 1.0 1

y y NN
N x N

  
   

 

If 

 ,

4 8 4 419 2 1 19 2 1
, ,0 2 1 4 8 4 45 2 5 2

N N
y b bN N N N

    
     

 
  

 
 

then 
4( 1) 4

2 4 16 13 0 1
Ny xN N
      

 

4 819 2 14 82 0,0 5

N
N x

   
 
  
 

 

4 82 4 56 14 0 1
4 819 2 214 82 00 5

Nx xN N
N

N x

    
    

 
  
 

 

4 82 4 5 0.6 14 0 1
Ny xN N
       By Lemma 2, 

  ,
6 14

x yn n n N

   is eventually prime period-6. 

If 

 
4 6 4 819 2 1 19 2 1

, ,0 1 2 4 6 4 85 2 5 2

N N
x c bN N N N

    
     

 
  
 

, 

then 
 4( 1) 4

2 4 16 13 0 1
4 819 2 14 82 0.0 5

Ny xN N
N

N x

    
   

 
  
 

 

Thus, we have 

6 146( 1) 8

4( 1) 4
2 4 5 00 1

x x NN
N x N

  
     

 

6 146( 1) 8

4( 1) 4
2 4 30 1

y y NN
N x N

  
   

 

4 819 2 194 82 0,0 5

N
N x

   
 
  
 

 

4( 1) 5
2 8 16 15 0 16( 1) 9

4( 1) 5
2 8 1.6 15 0 16( 1) 9

Nx x xN NN
Ny y xN NN





       
       

 

If


4 6 4 919 2 1 19 2 3

, ,0 1 2 4 6 4 95 2 5 2

N N
x c aN N N N

    
     

 
   

 
, 

then 

6 15 6 15
4( 1) 5

2 8 10 1

4 919 2 34 92 0.
5

x yN N
N x N

N
N



 
    

    
 
  
 

 

By Lemma 2,
 

  ,
6 15

x yn n n N

   is eventually prime 

period-6, 1.6P  

If 

 
4 9 4 819 2 3 19 2 1

, ,0 2 2 4 9 4 85 2 5 2

N N
x a bN N N N

    
     

 
  
 

, 

then 

6 15 6 15
4( 1) 5

2 8 10 1

4 919 2 34 92 00 5

x yN N
N x N

N
N x



 
    

    
 
  
 

 

Hence, P(N+1) is true. By mathematical induction, P(n) is true 
for all n ≥ 0. 

Note that 
19

lim lim lim .
5

a b cn n nn n n
  

  
 

We also note that if   19
, , 3 ,0 0 5

x y  
 
 
 

 then 

  3 3 2, , .3 3 65 5
x y P   

 
 
 

 

Case 1.2: Suppose 

 

3
2 3 0, and so 02 0 0 2

y x x    
 
 
 

, 

then 4 54 0x x    and 4 5.4 0y x    

If 
5

0,0 4
x 

 
  

, then 4 5 04 4 0x y x     . So we 

apply Lemma 2 and   , 4x yn n n

  is eventually prime 

period-6, 1.6P  

Suppose that 
5 3

, .0 4 2
x 

 
 
 

 We will prove, for 

5 3
,0 4 2

,x 
 
 
 

 that the solution is eventually prime period-6 

by mathematical induction. For each 0n  , let Q(n) be the 

following statement: For  , ,0x d en n  

4 326 5 0
4 32 2 0.6 5 0

nx x nn
ny x nn





 
    
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If  , ,0x d fn n  then 0.6 5x n   
So,   , 0x yn n n


  is 

eventually prime period-6, 1.6P  

If  ,0x f en n , then 0.6 5x n   So 

4 42 2 1 06 6 0

3,6 6
4 42 2 3 06 7 0
4 42 2 3 0,6 7 0

nx x nn
y n

nx x nn
ny x nn







   

 
   
   

 

56 8
4 52 4 1.6 8 0

x n
ny x nn 


  

 

If , ,0 1x e enn   then 0,6 8y n   So the solution is 

eventually prime period-6, 1.6P  
If  ,0 1x f en n  , then 06 8y n  . Thus, we have 

4 52 4 5 06 9 0
4 52 4 3 0,6 9 0
4 62 8 16 10 0
4 62 8 1.6 10 0

nx x nn
ny x nn
nx x nn
ny x nn









    
   
   
   

 

If  , ,0 1x f dn n    
then 0,6 10 6 10x yn n    and so 

the solution is eventually prime period-6 solution, 1.6P  

If  , ,0 1 1x d en n    then 0,6 10 6 10x yn n    where 

4 2 4 17 2 3 7 2 1
, ,4 2 4 15 2 5 2

4 3 4 37 2 1 7 2 1
, .4 3 55 2

n n
d en nn n

n n
fn nn 

    
   

    
 

 

The proof is similar to the previous case. We can conclude 
that ( )Q n  is true for all 0.n   

Note that 
7

lim lim lim .
5

d e fn n nn n n
  

  
 

We also note that 
7 2, 3 .65

P 
 
 
 

 

Case 2: Let  0 0,x y L  and 0.0x   Then 3.0y   Thus,  

2 5 02 0x x    and 3.2y    

We see that  ,2 2x y L  and 0.2x 
 
By Case 1, every 

solution   ,
2

x yn n n

  is eventually prime period-6, 1

6P  or 

2.6P                        � 

Lemma 5. Every solution   ,
0

x yn n n

  of system (1) with 

initial condition in 1Q
 
is eventually prime period-6, 1

6P
 
or 

2.6P  

Proof. Let  ,0 0 1x y Q  Then 00x  and 0.0y   Hence,  

11 0 0

1.1 0 0

x x y

y x y

  

  
 

If 1 01 1 0 0x y x y     , then by Lemma 2, 

  1,2 2 6x y P . 

If 1 01 1 0 0x y x y     , then 

2 2 12 0 0

2 2 3 0.2 0 0

x x y

y x y

   

   
 

If 2 2 1 2 02 0 0 2x x y y        , then by Lemma 3, 

  1, .2 2 6x y P  

If 2 2 1 0,2 0 0x x y     then 

4 4 3,3 0 0x x y     

3.3y    Hence by Lemma 4, the solution is eventually 

prime period-6, 1
6P  or 2.6P              � 

Lemma 6. Every solution   ,
0

x yn n n

  of System (1) with 

initial condition in 3Q is eventually prime period-6, 1
6P  or 

2.6P  

Proof. Let  , .0 0 3x y Q
 
Then 00x  and 0.0y   Hence, 

11 0 0

1 0,1 0 0

3.2

x x y

y x y

x

   

   

 

 

By Lemma 4, the solution is eventually prime period-6, 
1
6P or 2.6P                     � 

Lemma 7. Every solution   , 0x yn n n

  of System (1) with 

an initial condition in Q2 is eventually prime period-6 solution 

period-6, 1
6P  or 2.6P  
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Proof. Let
 
  2,0 0x y Q . Then 00x   and 0.0y   Hence, 

11 0 0

1 0.1 0 0

x x y

y x y

  

   
 

Case 1: Suppose 1 01 0 0x x y     then, 

2 1 02 0

2 3 0,2 0

3.3

x y

y y

y

  

   



 

By Lemma 4, the solution is eventually prime period-6, 1
6P  or 

2.6P  

 

Case 2: Suppose 1 01 0 0x x y      and so 1.0x 
 

Then, 

2 1 02 0

2 3 0,2 0

x x

y y

  

   
 

2 2 1 03 0 0x x y   

 
   

2 2 5.3 0 0y x y     

If 2 2 5 03 0 0y x y      then 

4 5 04 0

4 5 0.4 0

x y

y y

  

  
 

By Lemma 2, the solution is eventually prime period-6, 1
6P .

.
 

If 2 2 5 0,3 0 0y x y    
 
then 

4 5 04 0

4 5.4 0

x y

y x

  

  
 

If 
5

4 5 0, and so 1 ,4 0 04
y x x       

 
 
 

 then 

4 4 9 05 0 0

4 4 1 0.5 0 0

x x y

y x y

   

    
 

By Lemma 5, the solution is eventually prime period-6, 1
6P  or 

2
6 .P  If 

5
4 5 0, and so ,4 0 0 4

y x x     
 
 
 

 then
 

4 4 95 0 0

4 4 9.5 0 0

x x y

y x y

  

  
 

If 0,5 5x y 
 
then by Lemma 5, the solution is eventually 

prime period-6,
 

1
6P  or 2.6P  

If 0,5 5x y 
 
then by Lemma 6, the solution is eventually 

prime period-6,
 

1
6P

 
or 2.6P              � 

Lemma 8. Every solution   , 0x yn n n

  of System (1) with 

an initial condition in Q4 is eventually prime period-6,
 

1
6P  or 

2.6P  

Proof. Let   4,0 0x y Q , 00x 
 
and 00y  . Then, 

1 11 0 0 0 0

1 1.1 0 0 0 0

x x y x y

y x y x y

     

     
 

If   4
2, \1 1x y Q , we apply the above lemmas to 

conclude that the solution is eventually prime period-6. For 

the case that 

 

1 01 0 0x x y     and 1 01 0 0y x y    , 

then 

1 2 12 1 1 0

1 2 3.2 1 1 0

x x y y

y x y x

     

    
 

If   4
2, \2 2x y Q , we apply the above lemmas to 

conclude that the solution is eventually prime period-6. For 

the case that 2 1 02 0x y     and

 
2 3 02 0y x   , 

3
and so 0 2

x 




 and 1
,0 2

y 



  then 

1 2 2 13 2 2 0 0

1 2 2 5.3 2 2 0 0

x x y x y

y x y x y

      

     
 

If   2, \3 3 4x y Q , we apply the above lemmas to 

conclude that the solution is eventually prime period-6. For 

the case that

 

2 2 1 03 0 0x x y      and 

2 2 5 0,3 0 0y x y     then

 
1 4 54 3 3 0

1 4 5.4 3 3 0

x x y x

y x y y

     

     
 

If   2, \4 4 4x y Q , we apply the above lemmas to 

conclude that the solution is eventually prime period-6. For 

the case that 4 5 04 0x x   
 

and 

4 5 04 0y y     5 5 1
and so and

4 4 2
x y     , then 

1 4 4 95 4 4 0 0

1 4 4 1.5 4 4 0 0

x x y x y

y x y x y

      

      
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If   2, \5 5 4x y Q , we apply the above lemmas to 

conclude that the solution is eventually prime period-6. For 

the case that 4 4 9 05 0 0x x y      and

 4 4 1 05 0 0y x y     , then 

 
1 8 95 56 0x x y y      

1 8 7.5 56 0y x y x       

If   2, \6 6 4x y Q , we apply the above lemmas to 

conclude that the solution is eventually prime period-6. For 

the case that 

  
8 9 06 0x y    and 8 7 0,6 0y x   

,    7 5 9 1
and so and .0 08 4 8 2

x y       

We will prove that for 
7 5

,0 8 4
x 

 
 
 

 and
 

9 1
,0 8 2

y   
 
 
 

 

the solution of System (1) is eventually prime period-6, 1
6P  or 

2
6P  by Mathematical induction. 

For each n  0, let P(n) be the following statement: For 

 ,0x a bn n  and  ,0y c dn n  

4 3 4 32 2 18 7 0
4 3 4 32 28 7 0 ,

n nx x ynn
n ny x yn nn 

   
    

 

such that 8 7x n  is positive and 8 7y n  is negative. 

Otherwise, the solution is eventually prime period-6,
 

1
6P  or 

2
6 .P  If 8 7x n  is positive and 8 7y n  is negative, then 

4 428 8 0
4 428 8 0 ,

nx x nn
ny y nn





 
 

 

such that 8 8x n  is positive and 8 8y n  is negative when 

 ,0x e bn n  and   .,y c en n n   Otherwise, the solution 

is eventually prime period-6, 1
6P  or 2

6 .P  

If 8 8x n  is positive and 8 8y n  is negative, then 

 4 4 4 42 2 2 18 9 0 0
4 4 4 42 2 1,8 9 0 0

n nx x y nn
n ny x yn

    
   

 

such that 8 9x n  
is positive and 8 9y n  is negative. 

Otherwise, the solution is eventually prime period-6,
 

1
6P  or 

2
6 .P  If 8 9x n  

is positive and 8 9y n  is negative, then 

 
 

4 52 2 18 10 0
4 52 2 38 10 0 ,

nx y nn
ny x nn





   
  

 

such that 8 10x n  is positive and 8 10y n  is negative  when 

 ,0x e fn n  and  ,0 1y c dn n  . Otherwise, the solution 

is eventually prime period-6, 1
6P  or 2

6 .P  

If 8 10x n  is positive and 8 10y n  is negative, then 

 

4 5 4 52 2 18 11 0 0
4 5 4 52 2 4 5 ,8 11 0 0

n nx x yn
n ny x y nn 

    
    

 

such that 8 11x n  is positive and 8 11y n  is negative. 

Otherwise, the solution is eventually prime period-6,
 

1
6P  or 

2
6 .P  

If 8 11x n  is positive and 8 11y n  is negative, then 

 
 

4 62 4 58 12 0
4 62 4 5 ,8 12 0

nx x nn
ny y nn





   
   

 

such that 8 12x n  is positive and 8 12y n  is negative when 

 ,0 1x e bn n   and  ,0 1 1y b dn n    . Otherwise, the 

solution is eventually prime period-6, 1
6P  or 2

6 .P  

If 8 12x n  is positive and 8 12y n  is negative, then 

 4 6 4 62 2 8 98 13 0 0
4 6 4 62 2 1.8 13 0 0

n nx x y nn
n ny x yn

     
    

 

such that 8 13x n  is positive and 8 13y n  is negative. 

Otherwise, the solution is eventually prime period-6,
 

1
6P  or 

2
6 .P  

If 8 13x n  is positive and 8 13y n  is negative, then 

 
 

4 72 8 98 14 0
4 72 8 7 .8 14 0

nx y nn
ny x nn





  
   

 

such that 8 14x n  
is positive and 8 14y n  is negative when 

 ,0 1 1x a bn n    and   .,0 1 1y c dn n    Otherwise, the 

solution is eventually prime period-6, 1
6P  or 2

6P  where 
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4 3 4 2 4 32 1 2 1 2 1
, , ,4 3 4 2 4 32 2 2

n n n
a b cn n nn n n

     
    

4 3 4 4 4 52 1 2 1 2 1
, , ,4 3 4 4 4 52 2 2

n n n
d e fn n nn n n

     
      and 

4 42 1.n
n

   

We shall show that P(0) is true. For 

   7 5
, , ,0 0 0 8 4

x a b     9 1
, ,0 0 0 8 2

y c d     and 

8 9 0, 8 7 0.6 0 6 0x y y x        Then 

,

4(0) 3 4(0) 3
8 8 1 2 2 17 0 0 0 0

4(0) 3 4(0) 3
8 8 15 2 27 0 0 0 0 1

x x y x y

y x y x y 

      

        
 

where 7x is positive and 7y  is negative. Otherwise, we apply 

the above lemmas to conclude that the solution is eventually a 
prime period-6. 

If 7x is positive and 7y  is negative, then 

,

4(0) 4
16 15 28 0 0 1

4(0) 4
16 15 28 0 0 1

x x x

y y y





   

   
 

where
 8x is positive and 8y  is negative when  ,0 0 0x e b  

and
  ,0 0y c en   . Otherwise, we apply the above lemmas 

to conclude that the solution is eventually a prime period-6. 

If 8x is positive and 8y  is negative is negative, then 

 4(0) 4 4(0) 4
16 16 31 2 2 2 119 0 0 0 0

4(0) 4 4(0) 4
16 16 1 2 2 1,9 0 0 0 0

x x y x y

y x y x y

       

      
 

where
 9x  is positive and 9y  is negative. Otherwise, we apply 

the above lemmas to conclude that the solution is eventually 
prime period-6 solution.  

If 9x
 
is positive and 9y  is negative, then 

 

 

4(0) 5
32 31 2 2 1110 0 0

4(0) 5
32 33 2 2 3 ,110 0 0

x y y

y x x





      

    
 

where
 10x

 
is positive and 10y  is negative when 

 ,0 0 0x e f  and  , .0 1y c dn   Otherwise, we apply the 

above lemmas to conclude that the solution is eventually 
prime period-6. 

If 10x  is positive and 10y  is negative, then 

 

4(0) 5 4(0) 5
32 32 1 2 2 111 0 0 0 0

4(0) 5 4(0) 5
32 32 65 2 2 4 5 ,111 0 0 0 0

x x y x y

y x y x y 

        

       

 

where
 11x

 
is positive and 11y  is negative. Otherwise, we 

apply the above lemmas to conclude that the solution is 
eventually prime period-6. 

If 11x  is positive and 11y is negative, then 

 

 

4(0) 6
64 65 2 4 5012 0 0

4(0) 6
64 65 2 4 5 ,012 0 0

x x x

y y y





      

      
 

where
 12x

 
is positive and 12y  is negative when 

 ,0 0 1x e b  and  ,1 1y b dn   . Otherwise, we apply the 

above lemmas to conclude that the solution is eventually 
prime period-6. 

If 12x  is positive and 12y  is negative, then 

 4(0) 6 4(0) 6
2 2 8 900 064 64 12913 0 0

4(0) 6 4(0) 6
64 64 1 2 2 1,13 0 0 0 0

x yx x y

y x y x y

 
       

        

where
 13x  is positive and 13y  is negative. Otherwise, we 

apply the above lemmas to conclude that the solution is 
eventually prime period-6. 

If 13x  is positive and 13y  is negative, then 

 

 

4(0) 7
128 129 2 8 9014 0 0

4(0) 7
128 127 2 8 7 ,014 0 0

x y y

y x x





    

      
 

where
 14x  is positive and 14y  is negative when 

 ,0 1 1x a b  and   .,1 1y c dn   Otherwise, we apply the 

above lemmas to conclude that the solution is eventually 
prime period-6. Hence P(0) is true. 

Next, we assume that P(N) is true for some N . We 
shall show that P(N+1) is true. 

Since P(N) is true, for 

 
4 7 4 62 1 2 1

, , ,0 1 1 4 7 4 62 2

N N
x a bN N N N

  
    

 
  
 

 

 
4 7 4 72 1 2 1

, , ,0 1 1 4 7 4 32 2

N N
y c dN N N N

    
    

 
  
 

 

 4 72 8 9 0,8 14 0
nx y nn      and 

 4 72 8 7 0.8 14 0
ny x nn       Then 

 

4 7 4 7
2 2 18 15 0 08( 1) 7

4( 1) 3 4( 1) 3
2 2 1,0 0

4 7 4 7
2 2 16 158 15 0 08( 1) 7

4( 1) 3 4( 1) 3
2 20 0 1.

N Nx x x yNN
N Nx y

N Ny y x y NNN
N Nx y N





     

     

       

       
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If   2, \ 48( 1) 7 8( 1) 7 ,x y QN N       then we apply the 

above lemmas to conclude that the solution is eventually 
prime period-6. For the case that 

 , 48( 1) 7 8( 1) 7x y QN N     , then

  4 1 4
28 16 0 18( 1) 8

N
x x xN NN 

 
      

 4 1 4
2 .8 16 0 18( 1) 8

N
y y yN NN 

 
      

If   2, \ 48( 1) 7 8( 1) 7 ,x y QN N       then we apply 

the above lemmas to conclude that the solution is eventually 
prime period-6. The case when 

 
 

4 8 4 62 1 2 1
, , ,0 1 1 4 8 4 62 2

N N
x e bN N N N

  
    

 
  
 

 and 

 
4 7 4 82 1 2 1

, , ,0 1 1 4 7 4 82 2

N N
y c eN N N N

    
     

 
  
 

we 

have 08( 1) 8x N   and 08( 1) 8y N   , then 

 
     4 1 4 4 1 4

2 2 2 10 0 18 1 9
N N

x x y NN 
   

    

 
   4 1 4 4 1 4

2 2 1.0 08 1 9
N N

y x yN
   

     

If   2, \ 48( 1) 9 8( 1) 9x y QN N      , then we apply the 

above lemmas to conclude that the solution is eventually 
prime period-6. 

If  , 48( 1) 9 8( 1) 9x y QN N     , then 

   4 1 5
2 2 10 18( 1) 10

N
x y NN 

 
      

   4 1 5
2 2 3 .0 18( 1) 10

N
y x NN 

 
     

If   2, \ 48( 1) 10 8( 1) 10x y QN N      , then we apply 

the above lemmas to conclude that the solution is eventually 
prime period-6. The case when 

 
 

4 8 4 92 1 2 1
, , ,0 1 1 4 8 4 92 2

N N
x e fN N N N

  
    

 
  
 

and 

 
4 7 4 112 1 2 1

, , ,0 1 1 4 7 4 112 2

N N
y c dN N N N

    
    

 
  
 

we 

have 08( 1) 10x N   and 0.8( 1) 10y N   Then 

 
   4 1 5 4 1 5

2 2 10 08 1 11
N N

x x yN
   

      

 
     4 1 5 4 1 5

2 2 4 50 0 18 1 11
N N

y x y NN 
   

      

If   2, \ 48( 1) 11 8( 1) 11x y QN N      , then we apply 

the above lemmas to conclude that the solution is eventually 
prime period-6. 

If  , 48( 1) 11 8( 1) 11x y QN N     , then 

   4 1 6
2 4 50 18( 1) 12

N
x x NN 

 
      

   4 1 6
2 4 5 .0 18( 1) 12

N
y y NN 

 
      

If   2, \ 48( 1) 12 8( 1) 12x y QN N      , then we apply 

the above lemmas to conclude that the solution is eventually 
prime period-6. The case when 

 
 

4 8 4 102 1 2 1
, , ,0 1 2 4 8 4 102 2

N N
x e bN N N N

  
    

 
  
 

and 

 
4 10 4 112 1 2 1

, , ,0 2 2 4 10 4 112 2

N N
y b dN N N N

    
     

 
  
 

 

we have 08( 1) 12x N   and 08( 1) 12y N   . Then 

 
     4 1 6 4 1 6

2 2 8 90 0 18 1 13
N N

x x y NN 
   

     

 
   4 1 6 4 1 6

2 2 10 08 1 13
N N

y x yN
   

      

If   2, \ 48( 1) 13 8( 1) 13x y QN N      , then we apply 

the above lemmas to conclude that the solution is eventually 
prime period-6. 

If  , 48( 1) 13 8( 1) 13x y QN N     , then 

   4 1 7
2 8 90 18( 1) 14

N
x y NN 

 
     

   4 1 7
2 8 7 .0 18( 1) 14

N
y x NN 

 
      

If   2, \ 48( 1) 14 8( 1) 14x y QN N      , then we apply 

the above lemmas to conclude that the solution is eventually 
prime period-6. The case when 

 
 

4 11 4 102 1 2 1
, , ,0 2 2 4 11 4 102 2

N N
x a bN N N N

  
    

 
  
 

 

 
4 11 4 112 1 2 1

, , ,0 2 2 4 11 4 112 2

N N
y c dN N N N

    
    

 
  
 

 we 

have 08( 1) 14x N    and 0.8( 1) 14y N    

Hence P( 1)N   is true. By mathematical induction P( )n  is 

true for all 0.n   
Note that 

lim lim lim lim 1a b c fn n n nn n n n
   

   
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and      lim lim lim lim 1c d b en n n nn n n n
      

   
. 

The proof is complete.               � 

III. B GLOBAL BEHAVIOR OF SYSTEM (20) 

In this sub-section, we consider the system: 

11

, 0,1,

1

x x yn nn
n

y x yn nn

  


 







         (20) 

where the initial condition 2( , ) .0 0x y   We will show that 

every solution
 

  , 5x yn n n

  of System (20) is the 

equilibrium solution,  2,1 .  

Theorem 2. Let   , 0x yn n n

  be the solution of System 

(20). 

Then   , 5x yn n n

  is equilibrium point (2, 1). 

Proof. Suppose , .0 0x y   

We will first show that .2 2x y          (20.1) 

By the triangle inequality 

(

.

1 1 1 1

1)0 0 0 0

10 0 0 0

10 0 0 0

1 1

y x y x

x y x y

x x y y

x x y y

x y



  

   

    

    

 

 

We see that 

  .1 1 1 1y y x x    

So 

         1.1 1 1 1x x y y     

Thus 

         1 .1 1 1 1x y x y     

We have .2 2x y   

It is clear that for any , .1 1x y   

1 01 1 1 yx x y    , and so 

       1 1 1 1x y y x   , which mean  

         1,1 1 1 1x y x y     that is 

           .2 2y x  

Since 2 2x y   and ,2 2x y we know 2 2 ,x y  

as required. 

Next we show that 03 3x y  .         (20.2) 

By condition (20.1), we know 
0.3 2 2y x y  

 
We also know that 02x   and .2 2x y  

So 13 2 2x x y    

   1 0.2 2x y     

Clearly, 03 3x y   as require. 

Next we show that 14 4x y   and   0.4y      (20.3) 

By condition (20.2), we know 

1 1 04 3 3 3 3x x y x y        

0.4 3 3 3 3y x y x y      

So 1 0,4 4x y    as require. 

Finally, we show that 25x   and 1.5y   

By condition (20.2), we know 

 1 1 1 25 4 4 4 4x x y y y         

1 1,5 4 4 4 4y x y y y       

and the proof is complete.              � 

III.C GLOBAL BEHAVIOR OF SYSTEM (21) 

In this sub-section, we consider the system: 

11

, 0,1,

11

x x yn nn
n

y x yn nn

  


  







        (21) 

where the initial condition 2( , ) .0 0x y   We will show that 

every solution   , 5x yn n n

 of System (21) is the 

equilibrium solution,  1,1 .  

Theorem 3. Let   , 0x yn n n

  be the solution of System 

(21). Then   , 5x yn n n

  

is the equilibrium point (1, 1). 

Proof. Suppose , .0 0x y   

We will first show that 
3 .1 1 1 1x x y y                (21.1) 

By the triangle inequality 
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1 1 1 1

1 10 0 0 0

0 0 0 0

0 0 0 0

.0 0 0 0

xy x y

x y x y

x x y y

x x y y

x x y y

 

     

   

   

   

 

This implies that 

1 1 3,0 0 0 0 0 0 0 0x y x y x x y y           

and so 

1 1 3 1 1.0 0 0 0 0 0 0 0x y x y x y x y             

Hence ,31 1 1 1x x y y    as required. 

Next we show that 12 2y x  .         (21.2) 

Clearly, for any , ,x y   

   0,1 1 1 1x x y y    and so 

   1 2.1 1 1 1x y x y      

By condition (21.1), we have 

   1 2.1 1 1 1x y x y      

Hence 1 21 1 1 1x y x y    and so 

   1,2 2y x  as required. 

Next we show that 0.3 3x y           (21.3) 

By condition (21.2), we have 
12 1y x   and so 

1 1.2 2 2 2y y x x      

Then 1 03 2 2x x y     

   1 0.3 2 2y x y     

For any ,2 2x y   we have 

  0.2 2 2 2x x y y     

So we know 

  2 2 2 2x y x y    and so 

  1 1 .3 2 2 2 2 3x x y x y y        

Hence 0,3 3x y   as required.           � 

Next we show that 0.4 4x y           (21.4) 

By condition (21.3), we have 
 
 

1 1 04 3 3 3 3x x y x y      
 

1 1 0.4 3 3 3 3y x y x y      
 

Hence
 

0,4 4x y   as required.
 

Finally, we will show that 1.5 5x y 
 

By condition (21.4), we have 

1 1 15 4 4 4 4x x y x y      
 

1 1 1.5 4 4 4 4y x y x y      
 

Hence    , 1,15 5x y  , the equilibrium solution. 

IV. CONCLUSION AND DISCUSSION 

We utilized mathematical induction, and direct 
computations to show that every solution of System (1) is 
eventually either one of the two prime period-6 solution or the 
equilibrium solution, and that every solution of System (20) 
and System (21) is the unique equilibrium solution. 
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