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Abstract: −  A simple, nonparametric sample test for equality of a given quantile function is developed which can be ap-
plied to a variety of the kernel distribution function estimators for dose-effect relationship data. The test statistic based on a 
composition of a kernel estimate of the quantile function with a common distribution function estimate. Also test based on 
a weighted L2-distance. In the given report we develop theoretical and computer research of this goodness of fit tests for 
the dose-effect relationship. The asymptotic normality of the corresponding test statistic is established under the null hypo-
thesis. The obtained results can be used for interlaboratory comparison of results of effective dose estimation. A simple 
simulation study demonstrates that the moderate sample size properties of this procedure are reasonable. 
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1 Introduction 
There is a need to test the hypotheses about the 

coincidence of the observed distribution function of a 
random variable with a given distribution function or 
its accessories to a certain kind when alternative dis-
tribution is unknown in various problems related to 
the application of mathematical statistics. These hy-
potheses can be tested using various statistics. Quite 
often used tests based on the integrated square error 
(see [1-5]). They are characterized by a specific 
choice of measure of the discrepancy between the 
"true" distribution function and its evaluation. The 
first tests of this kind were the Cramer-von Mises-
Smirnov (CvMS) statistics and the Anderson-Darling 
(AD) statistics, where CvMS- and AD-statistics be-
long to the class of quadratic EDF statistics (tests 
based on the empirical distribution function). If the 
hypothesized distribution is 0F , and empirical (sam-
ple) cumulative distribution function is nF . then the 
quadratic EDF-statistics measure the distance be-
tween F  and nF  by  

2
0 0( ( ) ( )) ( ) ( ),nn F x F x x dF xω

∞

−∞
−∫  

where ( )xω  is a weighting function. When the 
weighting ( ) 1xω =  and 1 2, ,..., nx x x  be the observed 
values, increasing order, then the statistic (see [6,7] 

2
0 0( ( ) ( )) ( )nCS n F x F x dF x
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= − =∫  

2

0
1

1 2 1 ( ) .
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n

j
j

i F x
n n=

− = + − 
 

∑                    (1) 

is the CvMS-statistic. The Anderson-Darling test is 
based on distance (see [2]) 

2
0

0
0 0

( ( ) ( )) ( )
( )(1 ( ))
nF x F xA n dF x

F x F x
∞

−∞

−
= =

−∫              (2) 
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n − +

=

= − − − + −∑ , 

which is obtained when the weight function is 
1

0 0( ) ( ( )(1 ( )))x F x F xω −= − . For kernel density esti-
mators such test is based on the integrated square er-
ror (ISE), which asymptotic normality is established 
in paper [3]. For dose-effect relationship the most 
comprehensive study of such tests held Krishtopenko 
D. S. in [8] 

In this paper, we consider the quadratic integrated 
measure of the deviation of the kernel estimator of 
the distribution function of the theoretical distribution 
function. The present work is devoted to the construc-
tion and study of goodness of fit test based on esti-
mates of quantile functions in dose-effect relationship 
(see [9]). 

2. Problem statement 

We consider the model of binary response which 
has title dose-response relationship [10-18] and 
which can be described as follows. 

Let {( , ),1 }i iX U i n≤ ≤  be a potential repeated 
sample of an unknown distribution ( ) ( ),F x Q y  

( ) ( ),iF x X x= <P ( ) ( ),iQ y U y= <P 2( , )x y ∈R , in-
stead of which one observes the sample 

( ) {( , ),n
i iU W=U  1 }i n≤ ≤ , where ( )i i iW I X U= <  
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are the indicator functions of the event ( )i iX U< . 
Here iU  are regarded as injected doses, and iW  as an 
effect of the action of the dose iU . Let  

( ) ( )
x

F x f t dt
−∞

= ∫  and ( ) 0.f x >  We shall call this 

situation the random plan of the experiment. 
Together with the random plan, we consider fixed 

plans of the experiment. Namely, the injected dose 
U  is supposed to be non-random and we let ,i iU u=  

0,1,..., 1,i n= +  where 0 1 10 ... 1.n nu u u u += < < < < =   
On the main problem of the dose-response rela-

tionship is to estimate the effective doses 
1

100 ( ) ,ED F xλ λλ−= =  0 1,λ< <  by the sample ( )nU . 
For fixed plans of an experiment, we shall consider 
several nonparametric estimator and we shall find 
their asymptotic (as n →∞ ) distributions. 

The nonparametric approach to the estimating 
supposes the presence of kernel functions ( ),rK x  

( ),dK x  being in fact symmetric densities of distribu-
tions with the support, say [ 1,1],−  and bandwidth 

, ,r dh h  which are smoothing non-random parameters 
depending on the sampling size n  and converging to 
zero as n →∞ , but ,rnh →∞  dnh →∞  as n →∞ . 

We also let ( ) ( ) .
u

d dH u K x dx
−∞

= ∫   

If there is evidence that the distribution function is 
(strictly) increasing we define  

1

( / )1ˆ ( ) r
n

nh
n d

i d

F i n
x H

n h
λ

λ
=

− 
=  

 
∑ ,                     (3) 

as an estimate of 1( )x Fλ λ−= , where  

1

1( )
r

n
i

nh r i
ir r

x uF x K W
nh h=

 −
= =  

 
∑                       (4) 

,
1

1 ( ) .
r

n

r h i i
i

K x u W
n =

= −∑  

is classical Nadaraya-Watson estimate (see [19,20] or 
[15]).  

Let 
1

2 2
1,

0

ˆ( ( ) ) ( )n nx x dλρ λ ω λ λ= −∫ ,                         (5) 

where ( ) 0,( ( ) 1)dω λ ω λ λ≥ =∫  is the weight func-
tion. 

Then  
2

1, 2, 3,2n n n nI I Iρ = + + ,                                       (6) 
where 

1

1, 1, 1, 1,
0

ˆ ˆ ˆ( ( ) ( ( ))( ( ( ) ) ( ) ,n n n nI x x x x dλλ λ λ ω λ λ= − −∫ E E  

1
2

2, 1,
0

ˆ( ( ( )) ) ( ) ,n nI x x dλλ ω λ λ= −∫ E  

1
2

3, 1, 1,
0

ˆ ˆ( ( ) ( ( ))) ( )n n nI x x dλ λ ω λ λ= −∫ E . 

The terms 1, 2,,n nI I  and 3,nI  will be studied in de-
tail.  

Last integral we will present in the form: 
3, 3, 4,n n nI J J= + , where 

3 1/2
1

2 ( ( ))( ( ))n i i j j
i j nr

J W F u W F u
nh ≤ < ≤

= − − ×∑  

1
, ,

2
0

( ) ( )
( )

( )
r rr h i r h jK x u K x u

d
f x

λ λ

λ

ω λ λ
− −

×∫ ,           (7) 

21
,2

4 1/2 2
1 0

( )1 ( ( )) ( )
( )

r
n

r h i
n i i

ir

K x u
J W F u d

nh f x
λ

λ

ω λ λ
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−
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Let 

1
( ( ))( ( ))

n

nj i i j j
i j

W F u W F uς
= +

= − − ×∑  

1
, ,

2
0

( ) ( )
( )

( )
r rr h i r h jK x u K x u

d
f x

λ λ

λ

ω λ λ
− −
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Observe that  

3 1/2
1

2 n

n ni
ir

J
nh

ς
=

= ∑ .                               (10) 

 
3. Main Assumptions  
 
Assumptions (Н) 
(Н1) ( ), ( ),r r d dh h n h h n= =  and 0,r n

h
→∞
→  0,d n

h
→∞
→  

but ,rnh →∞  rnh →∞  as n →∞ . 
(Н2)  / 0.d r n

h h
→∞
→  

(Н3)  1/5
1rh c n−= . 

(Н4)  8/3
r d n

nh h
→∞
→ ∞ . 

 
Assumptions (К). 
 (К1)  ( ) 0jK x ≥ , and ( ) 0, [ 1,1], ,jK x x j r d= ∉ − = . 

(К2)  
1 1

1 1
( ) 1, ( ) 1,r dK x dx K x dx

− −
= =∫ ∫  

( ) ( )sup ( ) .r d r d
x

K x C≤  

We set  

     
12 2

1
( )K K x dx

−
= ∫ .                      (11) 

(К3)  ( ) ( )r rK x K x= − , x∈R . 
(К4)  On segment [ 1,1]−  there exist the third conti-
nuous bounded derivatives of the functions ( )rK x , 

( )dK x . 
(К5)  sup| ( )|j j j

x
K K x κ

∞ ∈
= = < ∞

R
 for ,j r d= . 
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The variation of the function K  is defined in the 
following way.  

The variation of a real-valued function ( )K K u=  
a chosen interval (segment) [ , ]a b ⊂ R  is the follow-
ing quantity 

1
0

( ) ( ) sup | ( ) ( )|
m

b
a k k

P k
K K K u K u+

=

= = −∑V V ,       (12) 

where the supremum is taken over the set of all or-
dered partitions P  of the segment [ , ]a b . If K  is dif-
ferentiable and its derivative is Riemann-integrable, 
then its total variation is the vertical component of the 
arc-length of its graph, that is to say,  

          ( ) | ( )|
bb

a a
K K x dx′= ∫V .                  (13) 

A real-valued function K  on the real line is said 
to be of bounded variation (BV function) on a seg-
ment [ , ]a b ∈R  if its variation finite, i.e. 

BV([a,b]) ( )b
aK K∈ ⇔ <∞V . Throughout the work 

we consider variations of function f  on the segment 
[0,1]  and BV([0,1])f ∈ . 

Remark 3.1. The boundedness of the derivatives 
of the functions ( ),rK u  ( )dK u  on the segment [ 1,1]−  
(Assumption 4K ) imply that their variations are 
bounded (see [21]), i.е. ( )( ) .d rK < ∞V  

 
Assumptions (F). 
(F1) There exists the third continuous bounded de-
rivative of the density of the distribution  

( ) ( )f x F x′= , and 0( ) 0f x C≥ >  for 0 1x≤ ≤ , i.e. on 
the segment [0,1] , the density ( )f x  is separated from 
zero. 
Assumptions (P). 
(P1) As n →∞ , 

10,1,...,

1max max ,k kk

k ku u O
n n n+=

   − − =   
  

. 

Assumption (P) yields 1
k

ku O
n n

 = +  
 

, at that, 

the sequence k
kn u
n

 − 
 

 is bounded by C  uniformly 

in 0 k n≤ ≤ . 
Throughout the work (Main) Assumptions (H), 

(K), (F), (P). 

4. Auxiliary results. 

In this section we represent the auxiliary results 
needed to study the asymptotic behavior of the statis-
tics 1 2 3, , .I I I  

Let B  be the Lebesgue σ − algebra on 
[0,1]s sI =  and ρ  is the Lebesgue measure on B . 

For 0 1 1{ , ,..., , }n nP u u u u +=  and B∈B  we define 

1
( ; ) ( )

n

B i
i

A B P uχ
=

=∑ ,  

( ; )( ; ) sup ( )n
B

A B PD P B
n

ρ
∈

= −
B

B ,            (14) 

where ( )B xχ is the characteristic function of B . The 
discrepancy 1( ) ( ,..., )n n nD P D u u∗ ∗=  of the point set P  
is defined by ( ) ( , )n n cD P D J P∗ ∗=  where cJ ∗  is the 
family of all subintervals of sI  subset of I  of the 
form 

1
[0, )n

ii
u

=∏ . 
For each bounded function :ψ →R R  we let 

sup | ( )|x xψ ψ∈= II
. 

Theorem 4.1 ([21], Koksma-Hlawka inequality) 
If a function ( )f u  (0 1)u≤ ≤  has bounded variation 

( )fV  on [0,1] , then, for any 1 20 ... 1nu u u< < < < <  
we have 

1

1
1 0

1 ( ) ( ) ( ) ( ,..., )
n

i n n
i

f u f u du f D u u
n

∗

=

− ≤∑ ∫ V . 

For 1s = , we may arrange the points 1,..., nu u  of 
a given point set in nondecreasing order. The formula 
in Theorem 4.1 is due to Niederreiter [21]. 

Lemma 4.1. If 1 20 ... 1nu u u< < < < < , then 

1 1

1 2 1( ,..., ) max
2 2n n ii n

iD u u u
n n

∗

≤ ≤

−
= + − .           (15) 

Remark. If , then 2 1 1
2 2

i i
n n n

−
− =  and  

1
1( ,..., )n nD u u
n

∗ = . 

In what follows we shall make use of the follow-
ing auxiliary result. 

We consider the function 
1 ( )( )
d d

F uf f u K
h h

λ −
= =  

 
  ,                      (16) 

where 0 1λ< < . 
Lemma 4.2. [9] Suppose that the main assump-

tions hold. Then 

 1
1

1( ) sup | ( ) ( )|
l

j j
j d

f f u f u O
h−

=

 
= − =  

 
∑  V , 

where the supremum is taken over all ordered parti-
tions 1 20 ... 1nu u u< < < < <  of the segment [0,1] . 
 

We represent the statistics 1,ˆ ( )nx λ  as 
                   1, ,ˆ ( )n nx xλλ = + ∆ ,                             (17) 

where    ,
1

1 ( / )n

n d
id d

F i nx H
nh hλ

λ
=

 −
=  

 
∑ . 

We define the statistics 
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nh
d d
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λ λλ
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∑  

                                                                            (18) 
Then 

1

1 ( / )( )
n

d
id d

F i nK
nh h

λλ
=

 −
∆ + × 

 
∑  

( ( / ) ( / )) 0
r

p

nh n
F i n F i n

→∞
× − → .            (19) 

Consider the statistics 1∆  and represent it as 

1 1,1 1,2 ,∆ = ∆ + ∆  

1,1
1

1 ( / )n

d
id d

F i nK
nh h

λ
=

 −
∆ = − × 

 
∑  

( ( / ) ( ( / )))
r rnh nhF i n F i n× −E            (20) 

1,2
1

1 ( / )n

d
id d

F i nK
nh h

λ
=

 −
∆ = − × 

 
∑  

( ( ( / )) ( / ))
rnhF i n F i n× −E               (21) 

Theorem 4.2. [9] As n →∞ , 
2 2

, 2,
1

1 ( / ) ( ),
n

n d d d d
id d

F i nx H x a h o h
nh hλ λ

λ
=

 −
= = + + 

 
∑  

                                                                          (22) 
where 

2 11 2 2
2, 3 1

( )( ), , ( ) .
2 ( )

d
d d d

f xx F a x K x dx
f x

λ
λ

λ

ν
λ ν−

−

′
= = − = ∫ (23) 

 

5. Main result. 
 
The main result is the following theorem in which it 
is proved central limit theorem for integrated square 
error 2

nρ , i.e. global integrated measure of deviation 
between ˆ ( )nx λ  and xλ .  
 

Theorem 5.1. Under stated assumptions and as-
suming that rh →∞ , 5 ,rnh µ→  0 a< < ∞ , as 
n →∞ , we have 

2 4/5 2 1/5 2
1 2( )( ( )) (4 ),

d

n n
d n c n Nρ µ σ µ σ−

→∞
− → +  (24) 

where 
1/2( ) rd n nh= ,                                                        (25) 

 
1

2 1 2
1, 3

0

ˆ( ) ( ( ( )) ) ( ) ( ) ,n rc n x x d nhλλ ω λ λ σ−= − +∫ E    (26) 

142 4 4 2
1 0

(1 / 4) ( ) (1 )( ( )) ( ) ,r rK f x f x dλ λσ ν λ λ ω λ λ− ′= −∫  
12 2 2

1
( ) ,r rx K x dxν

−
= ∫                                                 (27) 

12 4 2 2 2
2 0

2 ( ) (1 ) ( )f x dλσ λ λ ω λ λ−= − ×∫  

( )( ) ( ) ,r rK x K x y dx× +∫ ∫              (28) 

122 2
3 0

( ) (1 ) ( ) ,rK f x dλσ λ λ ω λ λ−= −∫  
2 2 ( ) .r rK K x dx= ∫                          (29) 

We shall consider the terms in expansion (1) indi-
vidually, via a sequence of lemmas 5.1 −  5.4. 
 

Lemma 5.1. Under stated assumptions, 1,nI  fol-
lows asymptotically a normal distribution  
(as )n →∞  with the parameters 2

1(0, )σ , where 
224 4 1

2
1 2
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( )(1 ) ( ) .
4 ( ) ( )

r r rh K f x d
f x f x
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λ λ

ν λ λσ ω λ λ
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∫   (30) 
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1, for [ ( ), ( )],

( )
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F A F Aλ
ω λ

∈ −
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               (31) 
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224 4
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r r r
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h K F x F x f x f x dx
f x f x

ν
σ
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′ −
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Define the variables 

2
1

1 ( / )( ( ))
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j j j d
id r d

F i nW F u K
n h h h

λξ
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= − − × 
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/ j
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K
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.                                   (32) 

Then 1,1
1

,
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i
i
ξ

=

∆ =∑  and 

1 ( ( ))j j j
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W F u
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1
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min( , ( ))
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u h F h
j
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  
∫ . (33) 

Set 
2

2,
( )

( )
r

r
f xa

f x
λ

λ

ν ′
= − . From [9] follows that as 

,n →∞  
2 2

1,
( )ˆ( ( ))

2 ( )
r r

n
h f xx x

f x
λ

λ
λ

ν
λ

′
− −E  ,                  (34) 

2
1, 2

(1 )ˆ( ( ))
( )n rx K

f xλ

λ λλ −D  .                        (35) 

Therefore 

2 2 2
1 1 1
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n n n

j j j
j j jd r

G u
n h h

ξ ξ
= = =

 
= = × 
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∑ ∑ ∑D D  

1

1

2
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u h F h
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d ru h F h

x uF xK K dx
h h
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−

+ +
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 −   − ×        
∫   

1

1

min( , ( ))1

2 2
0 max( , ( ))

1 ( )( )
r d

r d

u h F h

d
d r du h F h

F xG u K
nh h h

λ

λ
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−

−

+ +

− −

  − ×   
∫ ∫  
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x uK dx du
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 −
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Making the substitution ( )

d

F x y
h

λ−
= , we will re-

ceive 
1( ( )) ( )1 ( )

( )
j j d j

j d r
r r

W F u F h y u
K y K dy

nh f x hλ

λ
ξ

− − + −
− ⋅   
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∫ 

 
( ( ))1 ( )
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j j j

r d
r r

W F u x u
K K y dy

nh f x h
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λ

− − 
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( ( ))1
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j j j
r

r r

W F u x u
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nh f x h
λ

λ

− − 
− ⋅  
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and 
1

2
2

1 0

1( ) ( )
n
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j r r

u xG u K du
nh h

λξ
=

 −
 
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∑ ∫D  .     (36) 

Once the substitution 
r

u x z
h

λ−
=  was made the result-

ing integral became  
1

2

1 1

1( ) ( ) ( )
n

j r r
j r

G x zh K z dz
nh λξ

= −

+∑ ∫D    

1
22

2 2
1

1 (1 )( ) ( )
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r r

G x K z dz K
f x nh f x nhλ

λ λ

λ λ

−

−
=∫ .(37) 

Therefore 
2 2

1 1,2
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2 ( )
r rh f x

f x
λ

λ

ν ′
∆ = ∆ −E E  .                      (38) 

Thus, 

1, 2

(1 )ˆ( ( )) ,
( )nx

f xλ

λ λλ −D                                        (39) 
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f x
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ν
λ

′
− −E  . 

We have 
1

2
2, 1,

0

ˆ( ( ( )) ) ( )n nI x x dλλ ω λ λ= −∫ E   

214 4 4 4

0

( ) ( ) ( )
4 ( ) 4

r r r r
A

f xh hd J f
f x

λ

λ

ν νω λ λ
′ 

= 
 
∫ ,  (40) 

where 
2

( )( ) ( )
( )

A

A
A

f xJ f f x dx
f x−

′ 
=  

 
∫ .  

Really, using into consideration that 
1, ,ˆ( ( )) ( )n nx xλλ = + ∆ =E E  

2 2
2, ( ) ( )d d dx a h o hλ= + + + ∆ =E  

2 2
2, 1,2( )d d dx a h o hλ= + + + ∆ , 

this follows from lemma 4.1 and from [5] , that 
2

2 2
1,2

( ) ( )
2 ( )
r

r r
f xh o h
f x

λ

λ

ν ′
∆ = − + ,                (41) 

we deduce 
2

1, ,ˆ( ( ( )) )n nx xλλ − =E  
22

2 2 2 2
2, (ln ( )) | ( ) ( )

2
r

d d r x x r da h h f x o h o h
λ

ν
=

 
′= − + + 

 
. (42) 

From the conditions ( 1F ), (H) and the bounded-

ness of function ( )
( )

f x
f x

λ

λ

′
, we have the following lem-

ma. 
Lemma 5.2. Under the stated conditions, 

 
4 4

2, ( )(1 (1))
4

r r
n A

hI J f oν
= + ,                            (43) 

as n →∞ . 
Proof. The result (43) follows from [4]. 
 

Lemma 5.3. Under the stated conditions, we have 
1

22
4, 2 2

0

(1 ) ( )
( )

p

n n
J K d

f xλ

λ λσ ω λ λ
→∞

−
→ = ∫ ,        (44) 

as n →∞ . 
Proof. Set ( ) ( )(1 ( ))H u F u F u= − . Then 

21
,

4, 2
1 0

( )1( ) ( ) ( )
( )

r
n

r h i
n i

i

K x u
J W d

n f x
λ

λ

ω λ λ
=

−
= =∑ ∫E D  

21
,

2
1 0

( )1 ( ) ( )
( )

r
n

r h i
i

i

K x u
H u d

n f x
λ

λ

ω λ λ
=

−
= ∑ ∫   

( )
1

1 2
,2 0

0

1 ( ) ( ) ( )
( ) rr hH u K x u du d

f x λ
λ

ω λ λ− =∫ ∫  

( )
1

1 2
2 0

0

1 ( ) ( ) ( )
( ) r rH x th K t dt d

f x λ
λ

ω λ λ= +∫ ∫   

1
2

2
0

(1 ) ( )
( )

K d
f xλ

λ λ ω λ λ−
∫ .                        (45) 

In addition,  
221

,2
4, 2 2

1 0

( )1( ) (( ( )) ) ( )
( )

r
n

r h i
n i i

i

K x u
J W F u d

n f x
λ

λ

ω λ λ
=

 −
= − =  

 
∑ ∫D D  

 
221

,
2 2

1 0

( )1 ( )(1 2 ( )) ( ) .
( )

r
n

r h i
i i

i

K x u
H u F u d

n f x
λ

λ

ω λ λ
=

 −
= −   

 
∑ ∫ (46) 

Employing the Koksma-Hlawka inequality we obtain 
221 1

,
4, 2

0 0

( )1( ) ( )(1 2 ( )) ( )
( )

rr h
n

K x u
J H u F u d du

n f x
λ

λ

ω λ λ
 −

= − ×  
 

∫ ∫D  

(1 (1)),o× +   as n →∞ .                        (47) 
Next, 

221 1
,

2
0 0

( )1 ( )(1 2 ( )) ( )
( )

rr h
n

K x u
A H u F u d du

n f x
λ

λ

ω λ λ
 −

= − =  
 

∫ ∫  

21 1 2

2
0 1

( )1 ( )(1 2 ( )) ( ) .
( )
r

r r
r

K tH x h t F x h t d dt
nh f xλ λ

λ

ω λ λ
−

 
= + − +  

 
∫ ∫  

But 0 ( ) 1 / 4,H u≤ ≤  |1 2 ( )| 1,F u− ≤  therefore 
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2 41 1
4

2 2
01 0

1 ( )0 ( ) 0
4 ( ) 4

r
n r n

r r

KdA K t dt dt
nh f x nh Cλ

ω λ λ
→∞

−

 
≤ ≤ ≤ → 

 
∫ ∫ . 

That is, 4,( ) 0n n
J

→∞
→D . Hence, by Chebyshev in-

equality, we receive result of the lemma 5.3. 
 

Lemma 5.4. As n →∞  the sequence 3,nJ  is 
asymptotically normal with parameters 2

3(0, )σ , 
where 

( )
2 2 2

2
3 4

(1 )2 ( ) ( ) ( )
( ) r rd dt K u K u t du

f xλ

λ λσ ω λ λ−
= +∫ ∫ ∫

.(48) 

Proof. Let's consider 3 1/2
1

2 n

n ni
ir

J
nh

ς
=

= ∑ , where 

1
( ( ))( ( ))

n

nj i i j j
i j

W F u W F uς
= +

= − − ×∑  

1
, ,

2
0

( ) ( )
( )

( )
r rr h i r h jK x u K x u

d
f x

λ λ

λ

ω λ λ
− −

×∫ .     (49) 

Let 1 2( , ,..., )k kX X Xσ=F  be the σ -algebra, 
generated by the random variables 1 2, ,..., kX X X . 
Then 1{ , } ,nk k k nς ≤ ≤F  1n ≥ , is a martingale-difference 
(see [22], p.442), since (| |)nkς < ∞E  and 

1( | ) 0nk kς − =E F . To prove the asymptotic normality 
of 3nJ , it is necessary to show (see [22], p.442, theo-
rem 8 (II)), that 

 
1

2 3 2
12 3

1

1 ( (| | ) | ) 0
n p

ni ni i ni
I nh

n h
ς ς δ

−

− →∞
=

> →∑E F ,           (50) 

(0,1)δ ∈ ; 
1

2 2
1 32 3

1

4 ( | )
n p

ni i nin h
ς σ

−

− →∞
=

→∑E F .                                 (51) 

We have 
2 2( ( ))ni i iW F uξ = − ×  

2

1
( ( )) ( ) .

n
ji

j j
j i

x ux uW F u K K x dx
h h

ω
= +

 − − × −        
∑ ∫  

As the random variables 1W , 2W , …, 1iW −  and jW  
for j i≥  are independent and ( ( )) 0j jW F u− =E ,  
then 

2
1( | ) ( )(1 ( )),ni i i iA F u F uξ − = −E                           (52) 

1
( ( )) ( )

n
ji

j j
j i

x ux uW F u K K x dx
h h

ω
= +

 − − − =        
∑ ∫D

 

1
( )(1 ( )) ( )(1 ( ))

n

i i j j
j i

F u F u F u F u
= +

= − − ×∑  

2

( )ji x ux uK K x dx
h h

ω
 − − ×        
∫ .           (53) 

Hence, as n →∞ , 
2

12 3
1

4 ( | )
n

ni i
in h

ξ −
=

=∑E F  

1

2 3
1 1

4 ( )(1 ( )) ( )(1 ( ))
n n

i i j j
i j i

F u F u F u F u
n h

−

= = +

= − − ×∑ ∑  

2

( )ji x ux uK K x dx
h h

ω
 − − ×        
∫   

34 ( )(1 ( )) ( )(1 ( ))
u

h F u F u du F v F v dv
+∞

− − − ×∫ ∫  

2

( )x u x vK K x dx
h h

ω − −   × =    
    

∫  

14 ( )(1 ( )) ( )(1 ( ))
u

h F u F u du F v F v dv
+∞

−= − − ×∫ ∫  

2

( ) ( )v uK t K t u th dt
h

ω − × + + =  
  

∫  

24 ( )(1 ( )) ( )F u F u u duω= − ×∫  

( )2
( )(1 ( )) ( ) ( )

u

F u zh F u zh dz K t K z t dt
+∞

× + − + + =∫ ∫  

22 ( )(1 ( )) ( )F u F u u duω= − ×∫  

( )2
( )(1 ( )) ( ) ( )F u zh F u zh dz K t K z t dt× + − + +∫ ∫ .(54) 

From the condition (К3) imply the following: if 
1 1
1 1

t
z t

− ≤ ≤
− ≤ + ≤

, i.е. 2 2z− ≤ ≤ , then, as n →∞ , 

2
12 3

1

4 ( | )
n

ni i
i

E
n h

ξ −
=

=∑ F  

22 ( )(1 ( )) ( )F u F u u duω= − ×∫  

22 1

2 1

( )(1 ( )) ( ) ( )F u zh F u zh dz K t K z t dt
− −

 
× + − + + = 

 
∫ ∫  

2
2 2 2

2

2 ( )(1 ( )) ( )F u F u u du dzω
−

= −∫ ∫  

2 2 22 ( )(1 ( )) ( )F u F u u du dzω= − ×∫ ∫  

( )2
2
3( ) ( )K t K z t dt σ× + =∫ ,                     (55) 

therefore condition (51) is satisfied. 
Furthermore, 

1
2 3 2

12 3
1

1 ( (| | ) | )
n

ni ni i
i

I nh
n h

ξ ξ δ
−

−
=

> ≤∑E F  
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1
4

12 4 6
1

1 ( | )
n

ni i
in h

ξ
δ

−

−
=

≤ ∑E F .                 (56) 

Consider the sum on the right-hand side of this in-
equality. By virtue the condition (А1) we have 

( )x Mω ≤ , therefore 
4

1( | )ni iξ − =E F  
4{ ( )}i iW F u= − ×E  

4

1
( ( )) ( )

n
ji

j j
j i

x ux uW F u K K x dx
h h

ω
= +

 − − × − =        
∑ ∫E

 

4

1
{ ( )} ( ( ))

n

i i j j
j i

W F u h W F u
= +


= − − ×


∑E E  

4

( ) ( )i j
i

u u
K z K z u zh dz

h
ω

− 
× + +     
∫ .       (57) 

By virtue the condition (А1) and (L1) we have 
( )x Mω ≤  and ( )K x K≤ , from which 

4 4 4 4 4
1( | ) { ( )}ni i i iA M K h E W F uξ − ≤ − ×E  

( )
4

1
( ( ))

n

j j
j i

W F u K z dz
= +

 
× − = 

 
∑ ∫E  

4

4 4 4 4

1
{ ( )} ( ( ))

n

i i j j
j i

M K h W F u W F u
= +

 
= − − ≤ 

 
∑E E  

4

4 4 4

1
16 ( ( ))

n

j j
j i

M K h W F u
= +

 
≤ − 

 
∑E .                 (58) 

Arguing similarly to [22], p.380, and using the in-
dependence of rv jW  and kW  at j k≠ , we receive 

4

4

1 1
( ( ))

n n

j j j j
j i j i

(W F(u )) W F u
= + = +

 
− = − + 

 
∑ ∑E E  

2 2

1
6 ( ( )) ( ( ))j j k k

i j k n
E W F u E W F u

+ ≤ < ≤

+ − − =∑  

4 4

1
(( ( )) (1 ( )) ( )(1 ( )) )

n

j j j j
j i

F u F u F u F u
= +

= − + − +∑  

1
6 ( )(1 ( )) ( )(1 ( ))j j k k

i j k n
F u F u F u F u

+ ≤ < ≤

+ − − ≤∑  

23 3( )( 1) ( 1)
12 8 8

n i n i n i n i−
≤ + − − + ≤ − + ,          (59) 

since 4 4

0 1

1max( (1 ) (1 ) )
12x

x x x x
≤ ≤

− + − = . 

Let's notice that  
3

2

1

( 1)(2 1)( 1)
6 3

n

i

n n n nn i
=

− −
− + = ≤∑ .            (60) 

That is , 
1

2 3 2
12 3

1

1 ( (| | ) | )
n

ni ni i
i

I nh A
n h

ξ ξ δ
−

−
=

> ≤∑E  

4 4 4 4 41
2

2 4 6 2 2
1

6 2( 1) 0
n

ni

K M h K Mn i
n h nhδ δ

−

→∞
=

≤ − + ≤ →∑ .(61) 

So, in this case condition (50) is satisfied. Now 
from [22] that the sequence 3nJ  is asymptotically 
normal with parameters 2

3(0, )σ . 
Remark 5.1. For Epanechnikov kernel  

2( ) (3 4)(1 ) (| | 1)K x x I x= − ≤ , the convolution equals  
2 3 5

2 3 5

(3 360)(32 40 20 ),0 2,
( )( )

(3 360)(32 40 20 ), 2 0.
x x x x

K K x
x x x x

 − + − ≤ ≤∗ = 
− − + − ≤ <
. 

Therefore 

( )( )2
( ) 167 387 0.434dv K u K u v du+ = ≈∫ ∫ . 

Let's notice that 

1 ( ( ) ( ( )))( ( ( )) ( )) ( )n n n nI F x F x F x F x x dxω= − −∫ E E , 
2

2 3 ( ( ( )) ( )) ( )n n nI I F x F x x dxω+ = −∫ E . 

Hence, 1 2 3( ) 2n n n nI c n I I I− = + + , where 
2( ) ( ( ) ( ))nc n F x F x dx= − =∫E  
2 1 1 2

2( ( ( )) ( ))nF x F x dx n h σ− −= − +∫ E . 
From lemmas 5.1 −  5.4 we derive the theorem 

5.1.  
In addition, we see that the error 2

nρ  may be writ-
ten as 

2 1/2 2 2 1/2 1 1/2
1 1 2 3 32 2n k n h n hρ σ ς σ σ ς− − −= + + ,       

(62) 
where the random variables 1ς  and 3ς  are each 
asymptotically normal (0,1)N . 
The statistics 2

nρ  is offered to be used for testing the 
goodness of fit of a statistical model. Asymptotic p-
values for statistics can be obtained using the quantile 
of standard normal distribution. 
 

6 Reduction of a measurement error 
 
Let the dose U  is measured with an error, i.e. 
= +Y U ε , where ,U ε  are independent random va-

riables and d∈Rε  has normal distribution with d-
dimensional mean vector 0  and a known d d×  co-
variance matrix 0Σ , and the random vector U  has 
unknown density ( ) 0g >u . The regression curve of 
U  with respect to Y  it can be written in form  

        ( )( ) ( | )
( )q

= = =E r xu x U Y x
x

, 

where 
( ) ( )g= ×∫r x u u  

  0/2 1/2
0

1 1| exp ( ) ( ) ,
(2 ) | | 2

T
d d

π
 × − − − 
 

u x u x uΣ
Σ
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( ) ( )q g= ×∫x u  

   0/2 1/2
0

1 1| exp ( ) ( ) .
(2 ) | | 2

T
d d

π
 × − − − 
 

u x u x uΣ
Σ

 

Differentiating ( )q x  with respect to x  yields 
(see [23]) 
              1 1

0 0( ) ( ) ( )q q− −∇ = − +x x x r xΣ Σ , 
where the symbol ( )q∇ x  denote the 1 d×  matrix 
of first-order partial derivatives of the transfor-
mation from x  to ( )q x . 

Let the random vector Y  has normal distribu-
tion with d-dimensional unknown mean vector a  
and a known d d×  covariance matrix Σ . Then 

  1
0 ln

( ) ( ) ( ) ( )
( (

q
qq q

−∇
= − + = ∇ = −Σ Σ

x r xx x x a
x x

, 

from where 

     1 1
0 0 0

( )
( )

(
q

q
− −∇

+ − −Σ Σ Σ Σ Σ Σ
x

x = x a
x

. 

Since a  and Σ  are unknown, we will estimate 
them on sample 1 2, ,..., ny y y  with the help of the 
following the statistics 

       
1

1ˆ
n

i
in =

= = ∑a y y  and 

1

1ˆ ( )( )
n

T
i i

in =

= = − −∑SΣ y y y y . 

The regression estimation in this case will be 
equal  
            1 1

0 0ˆ ( ) ( )n
− −= −S S SΣ Σu x x + y . 

If instead of x  we will substitute observable 
value iy , then the corrected value of a vector ˆiu  
we calculate the corrected value of a vector  ˆiu  
using the formula 
          1 1

0 0ˆ ˆ ( ) ( )i n i i
− −= = −S S SΣ Σu u y y + y . 

 
 

7  Numerical properties 
 
In this section, we report the results of the re-

search of power of our test. 
We consider the case when the initial data does 

not include measurement error, the case when a 
measurement error is superimposed on the initial 
data and the case when examines the data with 
overlay measurable error after conversion  

For the error distributions, we consider the 
normal distributions N (0,0.42), N (0,0.82). 
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Fig. 6.2. Power functions for the initial data 

with the imposition a measurement error                     
N (0,0.42) 
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0,9
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0 0,1 0,2 0,4 0,6 0,7 0,8 0,9 1 1,2 1,4 1,6 1,8 2 2,2 2,4 2,6 2,8 3 3,2

The initial data with the imposition of a measurement error  N(0,8^2)

The data overlay measurable error after conversion 

The initial data without imposing a measurement error
 

 
Fig. 6.4. Power functions for the initial data 

with the imposition a measurement error                     
N (0,0.82) 
 

By construction, in the application package MatLab 
graphs easy to see that in the case when a measure-
ment error is superimposed on the initial data, the 
power of the test is less than in the case of direct ob-
esrvations. But after converting the data with the su-
perimposed measurement error power function shows 
good  results (better than in the case with the imposi-
tion error) for different values of dispersion of the 
distribution error as seen from the Fig.6.1 - Fig.6.4. 
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8 Discussion 
 

Numerical simulations shows that if at fixing 
the observations there is a measurement error, the 
power of the test is reduced and also it becomes 
displaced. To reduce the influence of errors, we 
apply the procedure to reduce the error by the 
algorithm described in paragraph 6. The graphs 
show that the statistical characteristics of these 
tests after this procedure improved. Namely, the 
capacity of the test becomes larger, the offset of 
the test decreases. 
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