
 

 

  
Abstract— The computation of an accurate block method with 
step-length of eight for solving third order ordinary differential 
equations is discussed in this article. The method is developed 
via interpolation and collocation approach. The use of 
approximated power series as an interpolation polynomial and 
its third derivative as a collocation equation are adopted in 
developing the method. The new method is zero-stable, 
consistent, convergent and of order nine with small error 
constants. In addition, the method is applied as a block to third 
order initial value problems and the results generated are 
found better in accuracy when comparison was made with 
some existing methods. 
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I. INTRODUCTION 

 
Mathematical models in the field of science and engineering 
are usually developed to help in the understanding of physical 
phenomena. Some of these models always resulted to 
differential equations of the form 
 

201000 )(  ,)(  ,)(   ),,,,( yxyyxyyxyyyyxfy =′′=′=′′′=′′′      (1) 
 
Ross [12] highlighted some of the problems that involved 
differential equations as follows: the problem arising from 
determining the projectile motion, satellite, rocket or planet; 
the problem of how to determine the charge or current in an 
electric circuit; the study of chemical reactions and the study 
of decomposition rate of radioactive substance or population 
growth rate. 
 
Equation (1) is conventionally solved by a reduction to a 
system of first order ordinary differential equations (ODEs) 
and then suitable numerical method for first order would be 
used to solve the system ([1], [3], [4], [6], and [11]). This 
method computes the numerical solution at one point at a time. 
However, the major setbacks for this method are 
computational burden which affects the accuracy of theSch 
 
 

 
method in terms of error. In addition, the computer program to 
examine the accuracy of the method is always found to be  
complicated ([2], [7]). 

   
In order to overcome the challenges in reduction method, 
scholars such as Kuboye and Omar [7], Mohammed [8], 
Olabode [9] and Omar [10] developed block methods for 
direct solution of higher order ODEs where the accuracy of the 
methods is better than when it is reduced to system of first 
order ODEs.  
 
This paper brings improvement on numerical methods by 
developing new block method with step-length of eight for 
solving equation (1) without going through the process of 
reduction. 
 

II. DERIVATION OF THE METHOD 

We assume power series of the form 
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as an approximate solution to the general third order of the 
form (1) where k = 8 is the step-length. The first, second and 
third derivatives of (2) are as follows                                                                                                             
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Equation (2) is interpolated at 6)1(4, == + ixx in  and (5) is 

collocated at 8)1(0, == + ixx in . 
As a result, we get 
 

BAX =                                                                                 (6)                                                                                     
where  
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and A is 

shown in APPENDIX 1.  
 
In order to find the values of a’s in (6), Gaussian elimination 
method is employed and thereafter substituted into (2) to 
produce a continuous implicit scheme of the form 
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where hxzhx n 7++=                                                  (8)   
Substituting (8) into (7) and simplifying, we have 
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The first and second derivatives of (9) are given below 
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Equation (9) is evaluated at the non-interpolation points, 
i.e. 1 and 0,4,5,6,7 −−−−=z to produce the discrete schemes 
while equations (10) and (11) are evaluated at all the grid 
points, i.e. 1 and 0,1,2,3,4,5,6,7 −−−−−−−=z  to give the 
derivatives of the discrete schemes. The schemes and its 
derivatives are combined in a matrix form and matrix 
inversion is applied. This yields the block of the form 
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The first and second derivatives of (12) yields 
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III. ESTABLISHING THE PROPERTIES OF THE                                      
BLOCK METHOD 

A. Order of the Block Method     

In finding the order of the block (12), y and f–functions are 
expanded about x using Taylor series (refer to J in 
APPENDIX 1).   

    Hence, comparing the coefficients of mh and m
ny  , the block   

    has order ( )T9,9,9,9,9,9,9,9 with error     constants   
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B. Zero-stability of the Block Method 
In order to find the zero-stability of the block (12), we only put 
into consideration the coefficients of y–function according to 
Lambert [6]. That is,   
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which implies 1,0,0,0,0,0,0,0=r . Hence, the method is zero 
stable. 
 

C. Consistency of the Block Method 
The block method (12) is consistent because is having an order 
greater than one. Hence, it is convergent since it is zero-stable 
and consistent ([5]). 
 

D. Region of Absolute Stability of the Block Method 
The method known as boundary locus method proposed by 
Lambert [6] and Henrici [5] is adopted in finding the region of 
absolute stability of the block (12). This is given as  
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

=  where )(r  and )(rσ  are first and second 

characteristics polynomials respectively. The test problem of 
the form yy 3λ=′′′  is substituted into the block (12). 
Substituting θθ sincos ir += , simplifying and equating the 
imaginary part to zero. This gives the interval of absolute 
stability to be (0, 531.18). This is shown in the diagram below 
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  Figure1. Region of absolute stability of the method (12) for 
                 third order ODEs  

IV. TEST PROBLEMS FOR THIRD ORDER ODES   
The accuracy of the new block method is examined by solving 
third order ODEs displayed below. The same differential 
problems the existing methods solved are also considered for 
the purpose of comparison in terms of error. The results are 
shown in APPENDIX 2. 

 Problem 1: 10,6)0(,2)0(,1)0(,42 ≤≤=′′=′=−′′=′′′ xyyyyy  

               Exact Solution: xexxy 22)( +=   
Problem 2: ,10)0(,2)0(,2)0(,438 =′′−=′=−−′=′′′ yyyeyyy x

 
                      10 ≤≤ x  
               Exact Solution: xx xeexy 3)( −+=  
Problem 3: 1.0,5)0(,1)0(,3)0( ==′′=′==′′′ hyyyey x

 
                      10 ≤≤ x  
                    Exact solution: xexxy ++= 222)(  
The following notations are used in Tables 1 and 2. 
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S2PEB  Sequential implementation of the 2-point explicit 
                block method 
P2PEB  Parallel implementation of the 2-point explicit block 
                method 
S3PEB  Sequential implementation of the 3-point explicit 
                block method 
P3PEB  Parallel implementation of the 3-point explicit block 
                method 
 
 

V. CONCLUSION  

 
This paper contains the development of block methods with 
step-length k = 8 using interpolation and collocation technique 
for the solution of third order initial value problems of ODEs. 
The properties of the methods are analyzed. The numerical 
results generated when the method was applied to third order 
problems are compared with the numerical methods of step-
lengths k = 8 and k = 7. The accuracy of the new method in 
terms of error is better than the existing methods (refer to 
Tables 1 – 3 in APPENDIX 2)).  
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APPENDIX 2 

 
TABLE 1: THE COMPARISON OF THE NUMERICAL RESULTS GENERATED FROM THE NEW BLOCK METHOD FOR SOLVING PROBLEM 1 

                 WITH OMAR [10] BLOCK METHOD K=8 IN WHICH MAXIMUM ERRORS WERE CONSIDERED.   

h-values New Method Omar [10]  
Number of 
 Steps Error in new  

Method,  K=8 
Error in Omar 
[10]  K=8 

    
210−  

 
   

 
8-Step Method 

S2PEB      54 1.267345E-02 1.64491E+08 
P2PEB      54 1.267345E-02 1.64491E+08 
S3PEB      39 8.063762E-04 7.14468E+11 
P3PEB      39 8.063762E-04 7.14468E+11 

310−  8-Step Method 

S2PEB     504 3.161755E-06 5.58385E-03 
P2PEB     504 3.161755E-06 5.58385E-03 
S3PEB     339 1.736923E-07 9.98913E-02 
P3PEB     339 1.736923E-07 9.98913E-02 

 
 

410−  8-Step Method 

S2PEB    5004 2.526122E-10 3.48576E-05 
P2PEB    5004 2.526122E-10 3.48576E-05 
S3PEB    3339 1.172396E-11 1.53942E-03 
P3PEB    3339 1.172396E-11 1.53942E-03 

 

510−  8-Step Method 

S2PEB   50004 5.236188E-09 3.92325E-05 
P2PEB   50004 5.236188E-09 3.92325E-05 
S3PEB   33339 2.625740E-10 2.22810E-05 
P3PEB   33339 2.625740E-10 2.22810E-05 
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TABLE 2: COMPARISON OF THE NUMERICAL RESULTS GENERATED FROM THE NEW BLOCK METHOD K=8 FOR SOLVING PROBLEM 2 

                WITH OMAR [10] BLOCK METHOD K=8 IN WHICH MAXIMUM ERRORS WERE CONSIDERED.   
 

h-values New Method Omar [10]  
Number of 
   Steps Error in new  

Method, K=8 
Error in Omar 
 [10]  K=8 

    
210−  

 
   

 
8-Step Method 

S2PEB      54 5.058909E-02 2.70995E-01 
P2PEB      54 5.058909E-02 2.70995E-01 
S3PEB      39 3.866111E-03 8.01861E-01 
P3PEB      39 3.866111E-03 8.01861E-01 

310−  8-Step Method 

S2PEB     504 3.565494E-07 1.19154E-02 
P2PEB     504 3.565494E-07 1.19154E-02 
S3PEB     339 1.674995E-08 1.25684E-02 
P3PEB     339 1.674995E-08 1.25684E-02 

 

410−  8-Step Method 

S2PEB    5004 1.723066E-11 1.17030E-03 
P2PEB    5004 1.723066E-11 1.17030E-03 
S3PEB    3339 2.646772E-13 1.17117E-03 
P3PEB    3339 2.646772E-13 1.17117E-03 

 

510−  8-Step Method 

S2PEB   50004 2.149037E-10 1.17019E-04 
P2PEB   50004 2.149037E-10 1.17019E-04 
S3PEB   33339 1.489830E-11 1.17020E-04 
P3PEB   33339 1.489830E-11 1.17020E-04 

 

 
 
TABLE 3: COMPARISON OF THE NUMERICAL RESULTS GENERATED FROM THE NEW BLOCK METHOD K=8 FOR SOLVING PROBLEM 3 

                WITH KUBOYE AND OMAR [7] BLOCK METHOD K=7. 

X Exact Solution Computed Solution Error in New 
Method 

Error in Kuboye 
and Omar [7] 

0.1 3.125170918075647700 3.125170918075645500      2.220446E-15 2.531308E-14  
 0.2 3.301402758160169700       3.301402758160155500      1.421085E-14 1.612044E-13 
 0.3 3.529858807576003300            3.529858807575966900 3.641532E-14 4.023448E-13 
 0.4 3.811824697641270600       3.811824697641202200      6.838974E-14 7.536194E-13 

0.5 4.148721270700128200       4.148721270700018900      1.092459E-13 1.212364E-12      
 0.6 4.542118800390509700       4.542118800390349000      1.607603E-13 1.780798E-12          

0.7 4.993752707470477500       
 

4.993752707470256300      2.211564E-13 2.456702E-12 
 0.8 5.505540928492468600       5.505540928492176400      2.922107E-13 2.212097E-11 
 0.9 6.079603111156950000       6.079603111156580500      3.694822E-13 5.231993E-11 
      1.0 6.718281828459045500       

 
6.718281828458578400      4.671818E-13 8.860113E-11 

 1.1 7.424166023946433800       
 

7.424166023945847600     5.861978E-13 1.314815E-10 
1.2 8.200116922736548000       

 
8.200116922735819700      7.283063E-13 1.815206E-10 
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