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Abstract—The purpose of this paper is to introduce a new
hybrid iterative scheme for resolvents of maximal monotone
operators in Banach spaces by using the notion of generalized f-
projection. Next, we apply this result to the convex minimization
and variational inequality problems in Banach spaces. The results
presented in this paper improve and extend important recent
results in the literature.

I. INTRODUCTION

Maximal monotone operators have frequently proven to
be a key class of objects in Optimization and Analysis. Con-
structing iterative algorithms to approximate zeros of maximal
monotone operators is a very active topic in applied mathe-
matics. The problem for finding a zero point of a maximal
monotone operator is defined as follows : Given a Banach
space E' and a maximal monotone operator 7', we consider
the problem for finding a point v € E such that:

0€T(u). (1)

The set of all points v € E such that 0 € T'(u) denote by
T—10 . This problem is very important in optimization theory
and related fields. For example, if F' : E — (—o0,00] is a
proper lower semicontinuous convex function. In this case, the
equation 0 € OF (u) is equivalent to the problem of minimizing
F over E.

The proximal point algorithm (PPA) is one of the popular
methods for solving (1), which was first proposed by Martinet
[1] and further developed by Rockafellar [2] in a framework of
maximal monotone operators in a Hilbert space. A variety of
problems, for exmaple, convex programming and variational
inequalities can be formulated as finding a zero point of
maximal monotone operators. Many research study and extend
the proximal methods for various models (see, for example,
[3], [4] and [5]). Both numerical experiments and theoretical
analysis have demonstrated that the PPA is robust and has nice
convergence properties. The proximal point algorithm (PPA)
according to Rockafellar [2] generates a sequence {z,} via
the rule

o€ H, xpy1=Jr,xn, n=1,2,3,..., 2)

where J,, = (I + r,7)"! and {r,} C (0,00), then the
sequence {x,,} converges weakly to an element of 7~1(0).

If T'= OF where F' : E — (—o0,00] is a proper lower
semicontinuous convex function, then (2), is reduced to

. 1
Tyl = argmmyeH{F(y)—|—?||xnfyu27 n=12,3,....
n
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To get the results of strong convergence, Solodov and Sviater
[4] modified the proximal point algorithm and projection in a
Hilbert space. In 2003, Kohsaka and Takahashi [13] obtained a
strong convergence theorem for maximal monotone operators
in a Banach space, which extended the result of Solodov and
Svaiter in a Hilbert space.

On the other hand, Alber [6], [7] introduced and studied
the generalized projections 7 : E* — C and Il : E — C
in uniformly convex and uniformly smooth Banach spaces. In
2005, Li [9] extended the generalized projection operator from
uniformly convex and uniformly smooth Banach spaces to
reflexive Banach spaces. Later, Wu and Huang [10] introduced
a new generalized f-projection operator in Banach spaces.
They extended the definition of the generalized projection
operators introduced by Abler [7] and proved some properties
of the generalized f-projection operator. In 2009, Fan et
al. [11] presented some basic results for the generalized f-
projection operator, and discussed the existence of solutions
and approximation of the solutions for generalized variational
inequalities in noncompact subsets of Banach spaces. Recently,
Li et al. [12] proved some property of the generalized f-
projection operator and proved strong convergence theorems
for relatively nonexpansive mappings in Banach spaces.

In 2005, Matsushita and Takahashi [14] proposed the
following hybrid iteration method (it is also called the CQ
method) with generalized projection for relatively nonexpan-
sive mapping in a Banach space E. They obtained a strong
convergence theorem for relatively nonexpansive mapping in
a Banach space. In 2010, Li et al. [12] introduced and proved
the strong convergence theorem for approximation of fixed
point of relatively nonexpansive mapping using the properties
of generalized f-projection operator in a uniformly smooth real
Banach space which is also uniformly convex. We remark here
that the results of Li et al. [12] extended and improved on the
results of Matsushita and Takahashi [14]. Recently, Saewan
and Kumam [15] extended the ideal of the generalized f-
projection operator to hybrid Ishikawa iteration process for
finding a common element of the fixed point set for two
countable families of weak relatively nonexpansive mappings
and the set of solutions of finding a common element of the
fixed point set for two countable families of weak relatively
nonexpansive mappings and the set of solutions of the system
of generalized Ky Fan inequalities in a uniformly convex and
uniformly smooth Banach space.

Motivated by the previously known results, we introduce
a new hybrid iterative scheme of the generalized f-projection
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operator for finding a zero point of a maximal monotone opera-
tor in a Banach space. We prove that if 710 is nonempty, then
our new iterative sequence converges strongly to an element
of T~10. As applications, we apply our results to obtain some
new results for the convex minimization and the variational
inequality problems in a Banach space. The results present in
this paper are extension, improvement and generalization of
the previously results.

II1.

Let £ be a real Banach space with dual E* E is said
to be strictly convex if |“52|| < 1 for all z,y € E with
lz]l = |lyll = 1 and x # y. The modulus of convexity of E is
the function ¢ : [0,2] — [0, 1] defined by

r+y

3(e) = inf {1- 2

A Banach space F is said to be uniformly convex if and only
if (¢) > 0 for all € € (0, 2].

Let U = {& € E : ||z|| = 1} be the unit sphere of E.
Then a Banach space E is said to be smooth if the limit
lim w exists for each z,y € U. E is also said to be

t—0
uniformly smooth if the limit exists uniformly in x,y € U. Let

(+,+) denote the duality pairing of E* and E, the normalized
duality mapping J : E — 2F" is defined by

J(z) = {a" € B* : (x,2") = |l]?, |2*[| = ||=]}.
If E is a Hilbert space, then J = I, where I is the identity

mapping and (-,-) denotes an inner product on E. Consider
the functional defined by

$a,y) = ||z = 2(z, Jy) + Ily|1%,

where .J : E — 2" is the normalized duality mapping.

PRELIMINARIES

|22,y € Bzl =yl =1, [l[e—yll =

forz,ye E, (3)

As well know that if C' is a nonempty closed convex subset
of a Hilbert space H and Pc : H — C'is the metric projection
of H onto C'. This fact actually characterizes Hilbert spaces
and consequently, it is not available in more general Banach
spaces. In this connection, Alber [6], [7] recently introduced
the generalized projection 1o : E — C is a map that
assigns to an arbitrary point © € E the minimum point of the
functional ¢(x,y), that is, IIcx = &, where Z is the solution
to the minimization problem

o(.7) = inf 6(y.).

The existence and uniqueness of the operator I~ follows from
the properties of the functional ¢(y, z) and strict monotonicity
of the mapping J (see, for example, [6], [8], [17], [16]). It is
obvious from the definition of function ¢ that

(lyll = lzID* < ¢y, =) < (lyll + )2,
We also known that
(z,y) = ¢(x,2) + d(2,y) +2(x — 2, Jz = Jy).  (6)

If E is a Hilbert space, then ¢(y,x) = ||y — z||* and Tl
becomes the metric projection of £ onto C.

“

Ve,y € E. (5)

Remark 1: Let E be a Banach space. Then we know that

1. if E is an arbitrary Banach space, then J is monotone
and bounded;
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if F is a strictly convex, then J is strictly monotone;
3. if E is a smooth, then J is single valued and semi-
continuous;

if E is uniformly smooth, then J is uniformly norm-
to-norm continuous on each bounded subset of F;
5. if E is reflexive, smooth and strictly convex, then
the normalized duality mapping J is single valued,
one-to-one and onto;

6. if E is uniformly smooth, then E is smooth and
reflexive;

7. Eis uniformly smooth if and only if E* is uniformly
convex;

see [8] for more details.

Remark 2: If E is a reflexive, strictly convex and smooth
Banach space, then for z,y € E, ¢(x,y) = 0 if and only if
x = y. It is sufficient to show that if ¢(z,y) = 0 then x = y.
From 3, we have ||z|| = ||y||. This implies that (x, Jy) =
|z||* = ||Jy||?. From the definition of .J, one has Jx = Jy.
Therefore, we have x = y; see [8], [16] for more details.

Lemma 1: (Kamimura and Takahashi [17]). Let E be a
uniformly convex and smooth Banach space and let {x,,} and
{yn} be two sequences of E. If ¢(xp,yn) — 0 and either
{zn} or {yn} is bounded, then x, — y, — 0.

Let G : C x E* — R U {400} be a functional defined as
follows:

Gly. @) =lyl* -2y, @) + |=lI* + 2of(y), (7

where y € C, w € E*, p is positive number and f :
C — RU {400} is proper, convex and lower semicontinuous.
From definitions of G and f, it is easy to see the following
properties:

1) G(y,w) is convex and continuous with respect to w
when y is fixed;
2) G(y,w) is convex and lower semicontinuous with

respect to y when w is fixed.

Let E be a real Banach space with its dual E*. Let C be a
nonempty closed convex subset of E. We say that Wé B —
2C is generalized f-projection operator if

f inf G Voo € EX).
[nf, (y,w), Vw € E*}

mpw={ueC:G(u,w)

Lemma 2: (Wu and Hung [10]). Let E be a reflexive
Banach space with its dual E* and C be a nonempty closed
convex subset of F. The following statements hold:

1) Wéw is nonempty closed convex subset of C' for all

we B
2) if E is smooth, then for all w € E*, = € wéw if
and only if
(x —y,@w—Jx) + pf(y) — pf(z) 20, Vy € C;
3) if E is strictly convex and f : C — R U {+o0}

is positive homogeneous (i.e., f(tx) = tf(x) for all
t > 0 such that tx € C where x € C), then wé is
single valued mapping.
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Fan et al. [11] show that the condition f is positive homoge-
neous which appeared in [11, Lemma 2.1 (iii)] can be removed.

Lemma 3: (Fan et al. [11]). Let E be a reflexive Banach
space with its dual £* and C' be a nonempty closed convex
subset of E. If F is strictly convex, then wéw is single valued.

Recall that J is single value mapping when E is a smooth
Banach space. There exists a unique element w € E* such
that w = Jx where z € E. This substitution for (7) give

Gy, Jx) = |lylI> — 2(y, Jz) + [|=[I* + 20f (y).  (8)
It is obvious from the definition of G that

for all x,y,z € F.

Next, we consider the second generalized f-projection
operator in Banach spaces.

Definition 1: (Li et al. [12]). Let E be a real smooth
Banach space and C be a nonempty closed convex subset of
E. We say that Hé : E — 2¢ is generalized f-projection
operator if

Héx ={ueC:Gu,Jr)

inf E.
yuech(y7 Jx)}, Vx €

Lemma 4: (Deimling [18]). Let E be a Banach space and
f+ E — RU{+4o0o} be a lower semicontinuous convex
functional. Then there exist z* € E* and a € R such that

flz) > (z,2") + o, Yz € E.

Lemma 5: (Li et al. [12]). Let E be a reflexive smooth
Banach space and C' be a nonempty closed convex subset of
E. The following statements hold:

1) Héx is nonempty closed convex subset of C' for all
Tz el
2) forallz e F, z € Hé:v if and only if
(B—y, Jo—J2)+pf(y)—pf(2) = 0, Vy € C; (10)
3) if E is strictly convex, then Hé is single valued

mapping.
Lemma 6: (Li et al. [12]). Let E be a reflexive smooth

Banach space and C' be a nonempty closed convex subset of
E and let x € E, & € IT},z. Then

Remark 3: Let I/ be a uniformly convex and uniformly
smooth Banach space and f(z) = 0 for all + € E. Then
Lemma 6 reduces to the property of the generalized projection
operator considered by Alber [6].

Lemma 7: (Lietal. [12]). Let E be a Banach space and f :
E — RU{+o0} be a proper, convex and lower semicontinuous
mapping with convex domain D(f). If {x,} is a sequence in
D(f) such that 2, = & € D(f) and lim, o G(2n, Jy) =
G(z, Jy), then lim, . ||zn| = ||Z]|-

An operator 7' is said to be closed if for any sequence
{z,} C C with z,, — x and Tz, — y, then Tx = y.
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An operator T' C E x E* is said to be monotone if (x —
y,x* —y*) > 0 whenever (z,2*), (y,y*) € T. We denote the
set {x € E:0 € Tz} by T710. A monotone T is said to be
maximal if its graph G(T') = {(z,y) : y € Tz} is not properly
contained in the graph of any other monotone operator. If T'
is maximal monotone, then the solution set 7710 is closed
and convex. Let E be a reflexive, strictly convex and smooth
Banach space, it is knows that 7" is a maximal monotone if and
only if R(J+rT) = E* for all r > 0. Define the resolvent of
T by J. = (J+rT)~1J for all r > 0. J, is a single-valued
mapping from E to D(T). Also, T7*(0) = F(J,) for all
r > 0, where F'(J,) is the set of all fixed points of J,.. Define,
for r > 0, the Yosida approximation of T by T, = (J—JJ,)/r.
We know that T,.x € T'(J,x) forall r >0 and z € E.

Lemma 8: (Kohsaka and Takahashi [13]). Let E be a
smooth, strictly convex and reflexive Banach space, let C be a
nonempty closed convex subset of E and let 7' C E'x E* be a
monotone operator satisfying D(T) € C C J =} (N,~oR(J +
rT)). Letr > 0, let J,. and T, be the resolvent and the Yosida
approximation of 7T, respectively. Then the following hold:

i éu, Jrz) + o(Jrx,x) < ¢(u,x), Vo € C,u € T~10;
Gi) (Joz,Tyz) € T,Vz € C.

Lemma 9: Let E be a smooth, strictly convex and reflexive
Banach space, let 7' C E x E* be a monotone operator with
T710+#0, and let J, = (J +rT)~1J for each r > 0. Then

G(p, JJ,x) + ¢(Jox,x) < G(p,Jz), Vo € E,p € T0.

Proof. Letr > 0, p € T7'0, and = € E. By the monotonicity
of T" and (9), we have

Gp,Jz) = Gp,JJpz)+ ¢(Jrx, ) +2(p — Jyox, JJx — Jx)
= G(p,JJ.x) + ¢(Jpz,x) + 2r{p — Jox,— T, 7)
> Gp, JJ.x) + o(Jrz, ).

The proof is complete.

III. MAIN RESULTS

Theorem 1: Let C be a nonempty closed convex subset of
a uniformly convex and uniformly smooth Banach space FE.
Let T C E x E* be a maximal monotone operator satisfying
D(T) c C and let J,, = (J +r,T)~1J for all r, > 0. Let
f:+ E — R be a convex and lower semicontinuous function
with C' C int(D(f)). Assume that T~10 # (), for arbitrary
point 21 € C; with C; = C, generate a sequences {z,} by

yn = J HanJz, + (1 — ap)JJ,, z,),
Cny1 ={2€Ch:G(z,Jyn) < G(z,Jz,)},

Tpt1 = Hé

)

n+1xl

where {a, } is a sequence in [0, 1] and {r,} is a sequence in
(0,00). If liminf,, o (l — a,) > 0 and lim, e = 00,
then {z,,} converges strongly to H%,loxl.

Proof. We first show that C,, ;1 is closed and convex for each
n > 1. Clearly C; = C'is closed and convex. Suppose that C,

is closed and convex for each n € N. Since for any z € C,,,
we know that G(z, Jy,) < G(z, Jx,) is equivalent to

2<Zv Jxp — ']yn> < ||-73n||2 - ||yn||2
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Therefore, C),41 is closed and convex. This implies that
I}, | @1 is well defined.

Next, we will show by induction that T-'0 C C,, for
all n € N. It is obvious that T-10 CC;=C. Suppose that
T-'0 C C, for some n € N. Let ¢ € T~10, put v,, = J,., T,
for all n > 1 and by lemma 9, we have

G(q, Jyn) G(q,andJx, + (1 — an)Juy,)

lgl1* = 2{gq, anJzp + (1 = o) Jvy)
+am Tz + (1 — an)Jon|® + 2pf(q)
HCIHQ - 2an<q7 J$n> - 2(1 - an)<‘17 Jvn)

Fan [Tz |? + (1 = an) || Jva|1? + 2pf(q)
= G(q, Jl'n) (1 _an)G((L J'Un)
= anG(q, Jzn) + (1 — an)G(q, J Jr, T0)
< G(Qv an) (1 - an) (Qa an)
= G(q,J:cn)
(12)

So, p € Cpyq. That is T7'0 € C,,1. Consequently,
T='0 c C,, for all n € N. This implies that {x,} is well
defined. Since f : E — R is convex and lower semicontinuous
mapping, from Lemma 4, we known that there exist z* € E*
and a € R such that

f(z) > (z, ")+ o,V € E.
For z,, € F, it follows that
Gan, Jo1) = |znl® = 2(zn, J21) + |21]% + 20 (20)

> lwnll? = 2(zn, Jz1) + 21?4+ 2020, 2*)
+2pa

= lznll® = 2(zn, Jo1 — pa*) + 21|
+2pa

> lzall? = 2llzn Il Jz1 — pz*[| + 21|
+2pa

= (lzal = 121 = pa*|)? + [Jz1]®
—[|Jz1 — pa*||* + 2pa.

(13)

For each ¢ € T'0 c C,, and z,, = Hénxl, by the definition
of C,, it follows from (13) that

G(Qa ']'rl)
> G(xnijl)
> (llnll = 121 = pa* () + [l |?
—||Jz1 — pz*||* + 2pa.

This implies that {z,} is bounded and so are {y,} and
{G(zn, Ja1)}

By the fact that =, = Hénﬂxl € Cpy1 C C,, and
Ty = Hénwh it follows by Lemma 6, we get

0 < ([lonts = zal)?
< P(@n+1,2n) (14)
< G(xn—i-ly Jxl) - G(l‘n, le)
This implies that {G(x,,Jz1)} is nondecreasing. So,

lim,, o0 G(2p, Jx1) exist.

For any m > n, x,, = Hénxl, Ty = Hémxl eC, CcC,
and from (14), we have

¢(.’Em,$n) é G(xma Jxl) - G(xn7 Jxl)

Taking m,n — oo, we have ¢(z,,z,) — 0. From Lemma
1 we get that ||z, — x| — 0. Hence, {z,} is a Cauchy
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sequence. Since E is a Banach space and C,, is closed and
convex, we can assume that there exists p € C' such that x,, —
p € C as x, — oo. In particular, since lim,,_, o, G(xy, Jx1)
exist from (14), we also have

Jim @(2pq1,20) = 0. (15)
It follow from Lemma 1 that

lim ||xn+1 — 2] = 0. (16)

n—oo

Since J is uniformly norm-to-norm continuous on bounded
subsets of E, we obtain that

lim ||Jzp41 — Jzp] = 0. 17)
n—oo
From definition of C), 17 and z,41 = Hénﬂxl, we have
G(xn+17 Jyn) S G(xn+1a an)
Therefore, we obtain that
[Zng1l1? = 2(@ni1, Jyn) + lynll? + 20 (2n11)
< ||=Tn—t-1||2 = 2(Tpy1, JTn) + ||$71H2 +2pf(Tny1)
then
[€ntal® = 2(@ns1, Jyn) + lynll®
< ||1'7L+1H2 — 2Ty, JTh) + Han2
S0,
¢(‘rn+17yn) < ¢(xn+1axn)'
From Lemma 1 and (15), it follows that
Jim [zn41 = yal =0, (18)
and )
Jim [ Jznga = Jya| = 0. (19)

From (12), we have

G(Qv Jvn) > (G(Q7 Jyn) - anG<Qa an))

n

and from Lemma 9, we observe that

¢(vn, ) = (I, Tn,Tn)
S G( aan> - G(qa JJT,,an)
= G(q,Jz,) — G(q, Juy,)
< Glg, Jen) — 725 (G(g, Jyn) — anG(g, Jn)
= 7 1a (G(qw]wn) - G(q, Jyn))
= o (zall® = llynll? = 2(g, J2n — Jyn))
< Uzl = lynll?) + 20(a, Tz — Jyn)])
< ~((Nznll = Nyl Uzl + 1)
|| 1Tz = Jynl)

< o Ulzall =yl (lznll + lyall)

+2[|gll| Tz — Tyall)-

(20)

Applied from (18), (19) and lim inf,, (1
lim ¢(vy,,z,) =0.

n—oo

—ay) > 0, we get

@1
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From Lemma 1, we get
lim |lv, — z,| = 0.
n—oo

(22)

Since J is uniformly norm-to-norm continuous, we have

lim ||Jz, — Jv,|| =0. (23)
Noticing the condition 7,, > 0, it follows that
hm —||an—JvnH =0. (24)
Therefore,
lim ||T;, 2| = lim %HJJ:,L — JJy, Ty
= lim =||Ja, — Ju,|| = 0.
For (w,w*) € T, from the monotonicity of T', we have (w —
Up,w* — T, x,) > 0 for all n > 0. Letting n — oo, we get
(w — p,w*) > 0. From the max1mahty of T, we have p €

T-10. Finally, we show that p = H oZ1- S1nce F' is closed
and convex set from Lemma 5, we have H 1921 18 single

value, denote by v. From x, = H r1and v € F c C,, we
also have

G(zp, Jr1) < G(v, Jx1),Yn > 1.

By definition of G and f, we know that, for each given x,
G(y, Jx) is convex and lower semicontinuous with respect to
Y. So

G(p, Jx1)
< liminf G(zy,, Jx1)
< limsup G(zp, Jx1)
< G(v,Jx1).

11 and p € T710, we can conclude
_10%1 and Zn — pasn — oo. This completes

From definition of H

thatv =p = H
the proof.

Taking f(y) = 0 for all y € E, we have G(y, Jx)
¢(y,z) and Héx = Ilgz. From Theorem 1 we obtain the
following corollary.

Corollary 1: Let C' be a nonempty closed convex subset
of a uniformly convex and uniformly smooth Banach space E.
Let T'C E x E* be a maximal monotone operator satisfying
D(T) c C and let J,, = (J +r,T)"1J for all r, > 0.
Assume that 770 # (). For arbitrary point z; € C; with
Cy = C, generate a sequences {z,} by

Yn = J HanJz, + (1 — ap)JJ., x,),
Cn—i—l = {Z eCy, ¢(Z7Jyn) < ¢(Z, J-Tn)}a
I HC

(26)

n+1

where {a,,} is a sequence in [0, 1] and {r,} is a sequence in
(0,00). If liminf, .o (1 — a;,) > 0 and lim, . 1, = 00,
then {x,,} converges strongly to II;—1px1.
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IV. APPLICATIONS
A. Convex minimization problem

In this section, we study the problem for finding a min-
imizer of a proper lower semicontinuous convex function in
Banach spaces.

A proper function F' : E — (—o0, 00] is said to be convex
if
Flaz+ (1 - a)y) < aF(z) + (1 - a)F(y),

for all z,y € E and a € (0,1).

27)

The function F' is said to be lower semicontinuous if the set
{r € E: F(z) <r}isclosed in E for all r € R. For a proper
lower semicontinuous convex function F' : E — (—o0, o0], the
subdifferential OF of F is defined by

OF(z) ={a* € " : F(x) + (y — x,2") < F(y), Yy € E},

for all z € E. It is easy to see that 0 € 9F(u) if and only
if F(u) = mingegF (z). Rockafellar [20] proved that the
subdifferential mapping OF C E x E* of F is a maximal
monotone operator.

Lemma 10: ( Takahashi [21]) Let F be a Banach spaces,
let F' — (—o0, 0] be a proper lower semicontinuous convex
function and let g FE — R be a continuous convex
function.Then

O(F +g)(z) = OF (z) + 9g(x), (29)

forall z € E.

Theorem 2: Let C be a nonempty closed convex subset
of a uniformly convex and uniformly smooth Banach space
E. Let F — (—o0,00] be a proper lower semicontinuous
convex function and let f : £ — R be a convex and lower
semicontinuous function with C' C int(D(f)). Assume that
(OF)~*0 # (), for arbitrary point x; € C; with C; = C,
generate a sequences {x, } by

Zn = argminueEF( )+ 27, ||u||2 <u J:I:n>

yn =J ! (anJx, + (1 — Oln)Jzn) 30
o1 = {2 € Co 2 Gz, Jy) < Gloy Ju)}, OO

Tnt+1 = Hé T

n+1

where {o,} is a sequence in [0,1] and {r,} C (0,00). If
liminf, (1 — ap) > 0 and lim,_,. r, = oo, then {z,}
converges strongly to H{aF)—loxl'

Proof. We known that (OF)~10 is a maximal monotone
operator. For w € E and r > 0, let J. be the resolvent of
(OF), we have

Jw € J(Jrw) 4+ r(0OF)(Jyw).
Hence
€ (0F)(J,w)

that is

1 1 1,1
+;J(er)—;Jw—8(F—|—§||.H —;Jw)(er)

1 1
Lw:wwm%ﬂﬂw+*wwfﬂwmﬂ

Since z,, = J;., x,, for all n=1,2,3,.... By Theorem 1, {z,}

converges strongly to H(ap) 107
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B. Variational inequality problem

Let E be a real Banach space and let C' be a nonempty
closed and convex subset of £ and A : C' — E* be an operator.
The variational inequality problem for an operator A is to find
x € C such that

<y_xaA'ra>ZOa vyec
The set of solution of 31 is denote by VI(A,C).

€19}

Let A be a monotone mapping of C' into £* which is said
to be hemicontinuous if for all z, y € C, the mapping & of [0, 1]
into E*, defined by h(t) = A(tx+(1—t)y), is continuous with
respect to the weak* topology of E*. We define by N¢(v) the
normal cone for C at a point v € C, that is,

Ne(w)={z* € E": (y —v,2™) <0, YyeC}. (32

Lemma 11: (Rockafellar [19]). Let C be a nonempty,
closed convex subset of a Banach space E and A a monotone,
hemicontinuous operator of C' into E*. Let T' C E x E* be
an operator defined as follows:

| Av+ N¢g(v), veC,
Y= 0, otherwise.

Then T is maximal monotone and 7710 = VI(A, C).

T (33)

Theorem 3: Let C' be a nonempty closed and convex
subset of a uniformly convex and uniformly smooth Banach
space E. Let A : C — E* be a single-value, monotone and
hemicontinuous operator and let f : ' — R be a convex and
lower semicontinuous function with C' C int(D(f)). Assume
that VI(A, C) # 0. For arbitrary point z; € C; with C; = C,
generate a sequences {x, } by

zn = VI(A+ (= Jx,),0),

Yn = J HapJz, + (1 —an)dz,),

Cry1 ={2€Cyh:G(z,Jyn) < G(z,Jzn)},
Tyl = Hénﬂxl, n=123,..,

(34)

where {a,} is a sequence in [0,1] and {r,} C (0,00). If
liminf, (1 — @) > 0 and lim,_,o r,, = oo, then {z,}
converges strongly to H{, 1,0yt

Proof. For w € E and r > 0, by Theorem 11, we have
Jw € J(Jyw) + rT(Jyw).
Hence

CA(w) + %(Jw — J(Jaw)) € Ne(Juw).

It follows that (y — Jyw, A(Jyw) + 1 (J(Jw) — Jw)) > 0, for
all y € C. Thatis J,w = VI(A+ L(J — Jw), C). Since z,
Jr, xy for all n = 1,2,3, ..., by Theorem 1, {x,} converges
strongly to H{/I(A’C)xl.

V. CONCLUSION

In this paper, we extend and improve the iterative scheme
for resolvents of maximal monotone operators from using the
generalized projection to using the generalized f-projection.
We apply this result to the convex minimization and variational
inequality problems in Banach spaces.
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