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Accurate Computation of the Trajectory of the
Spin and Fin-Stabilized Projectiles

Dimitrios N. Gkritzapis, Elias E. Panagiotopoulos

Abstract— The modified projectile linear theory trajectory report
here will prove useful to estimate trajectories of high spin and fin-
stabilized projectiles. The model of the modified linear theory is
compared with a 6-DOF trajectory model. The computational flight
analysis takes into consideration all the aerodynamics variations by
means of the variable aerodynamic coefficients. Static stability, also
called gyroscopic stability, is examined. The developed computational
method gives satisfactory agreement with published experimental data
and computational codes for atmospheric projectile trajectory analysis
with various initial firing flight conditions.

Keywords— Rapid trajectory prediction, Projectile motion,
Modified linear model, Variable aerodynamic coefficients.

I. INTRODUCTION

External ballistics [1] deals with the behavior of a non-
powered projectile in flight. Several forces act the projectile
during this phase including gravity and air resistance.

The pioneering British ballisticians Fowler, Gallop, Lock
and Richmond [2] constructed the first rigid six-degree-of-
freedom projectile exterior ballistic model. Various authors
have extended this projectile model for lateral force impulses
[3]-[4], proposed linear theory in atmospheric flight for dual-
spin projectiles [5]-[6], as well as aerodynamic jump extending
analysis due to lateral impulsives [7] and aerodynamic
asymmetry [8], instability of controlled projectiles in ascending
or descending flight [9]. Costello’s modified linear theory [10]
has also applied recently for rapid trajectory projectile
prediction.

The present work proposes several modifications to full six
degrees of freedom (6-DOF) theory that significantly improve
accuracy of impact point prediction of short and long range
trajectories with variable aerodynamic coefficients of high spin
and fin-stabilized projectiles, while still maintaining low
computation cost for real-time implementation of a smart
weapon control law. For the purposes of the analysis, linear
interpolation has been applied from the tabulated database of
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McCoy’s text [1]. The efficiency of the developed method gives
satisfactory results compared with published data of verified
experiments and computational codes on dynamics model
analysis of short and long-range trajectories of spin and fin-
stabilized projectiles.

The present analysis considers two different types of
representative projectiles. A typical formation of the cartridge
105mm HE M1 projectile is, and is used with various 105mm
howitzers. And the 120 mm Mortar System provides an organic
indirect-fire support capability to the manoeuvre unit
commander. Basic physical and geometrical characteristics data
of the above-mentioned 105 mm HE M1 projectile and the non-
rolling, finned 120 mm HE mortar projectile illustrated briefly
in Table 1.

Characteristics 105 mm 120 mm
Reference diameter, mm 104.8 119.56
Total length, mm 494.7 704.98
Weight, kg 15.00 13.585
Axial moment of inertia, | 2.32-107 233107
kgrm?

Transverse moment of 231107 23110
inertia, kg'm’

Center of gravity from 183.4 422.9
the base, mm

Table 1. Physical and geometrical data of 105 mm and 120mm
projectiles types.

II. TRAJECTORY FLIGHT SIMULATION MODEL

A six degree of freedom rigid-projectile model [11-14] has
been employed in order to predict the "free" nominal
atmospheric trajectory to final target area without any control
practices. The six degrees of freedom flight analysis comprise
the three translation components (X, y, z) describing the position
of the projectile’s center of mass and three Euler angles (¢, 0,
y) describing the orientation of the projectile body with respect
to Fig.1.

Two main coordinate systems are used for the
computational approach of the atmospheric flight motion. The
one is a plane fixed (inertial frame, IF) at the firing site. The
other is a no-roll rotating coordinate system on the projectile
body (no-roll-frame, NRF, ¢ = 0) with the Xyrr axis along the
projectile axis of symmetry and Yygrr, Znrr axes oriented so as
to complete a right hand orthogonal system. The twelve state
variables X, y, z, 9, 0, v, u, v, w, p, q and r are necessary to
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describe position, flight direction and velocity at every point of
the projectile’s atmospheric flight trajectory. Introducing the
components of the acting forces and moments expressed in the
no-roll-frame (~) rotating coordinate system with the
dimensionless arc length s as an independent variable, the
following full equations of motion for six-dimensional flight are
derived:

Yogr

Iy

Xnrr into the page

Figure 1. No-roll (moving) and earth-fixed (inertial) coordinate
systems for the projectile trajectory analysis with the
corresponding orientation definitions (Euler angles).
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III. MODIFIED PROJECTILE LINEAR THEORY

The projectile dynamics trajectory model consists of twelve
highly first order ordinary differential equations, which are
solved simultaneously by resorting to numerical integration
using a 4th order Runge-Kutta method. In these equations to
develop the modified projectile linear theory equations, the
following sets of simplifications are employed: velocity
i replaced by the total velocity ¥ because the side velocities
vand W are small. The aerodynamic angles of attack o and
sideslip B are small for the main part of the atmospheric
trajectory a ~w/V,B =~V /V, also the yaw angle y is small
so sin(y )=y, cos(y )=1, and the projectile is geometrically
symmetrical Ixy = Iyz = Ixz = 0, Iyy = Izz and aerodynamically

symmetric. The wind velocity component u,, parallel to the

projectile station line is negligible in comparison to the total
velocity. The Magnus force components are small in
comparison with the weight and aerodynamic force components
and so they are treat as negligible. With the afore-mentioned
assumptions, the expressions of the distance from the center of
mass to the standard aerodynamic and Magnus centers of
pressure are simplified. With the aforementioned assumptions,
the above expressions results in:
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The equations 4, 5, 6 and 10 remain invariable.

Modified linear trajectory model runs at faster time with
variable aerodynamic coefficients than the corresponding full 6-
DOF analysis. On the other hand 6-DOF gives results of high
accuracy trajectory prediction.

IV. ATMOSPHERIC MODEL

Atmospheric properties of air, like density p, are being
calculated based on a standard atmosphere from the
International Civil Aviation Organization (ICAO).

V. INITIAL SPIN RATE ESTIMATION

In order to have a statically stable flight for spin-stabilized
projectile trajectory motion, the initial spin rate P, prediction

at the gun muzzle in the firing site us important. According to
McCoy definitions, the following form is used:
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p0=27Z'V0/77D (rad /s) 22)

where V, is the initial firing velocity (m/s), 7 the rifling twist

rate at the gun muzzle (calibers per turn), and D the reference
diameter of the projectile type (m). Typical values of rifling
twist 7 are 1/18 calibers per turn for 105mm projectile. The

120 mm mortar projectile has uncanted fins, and do not roll or
spin at any point along the trajectory.

VI. STATIC OR GYROSCOPIC STABILITY

Any spinning object will have gyroscopic properties. In spin-
stabilized projectile, the center of pressure, the point at which
the resultant air force is applied, is located in front of the center
of gravity. Hence, as the projectile leaves the muzzle it
experiences an overturning movement caused by air force
acting about the center of mass. It must be kept in mind that the
forces are attempting to raise the projectile’s axis of rotation.

In Fig. 2, two cases of static stability are demonstrated: in the
top figure, CP lies behind the CG so that a clockwise (restoring)
moment is produced. This case tends to reduce the yaw angle
and return the body to its trajectory, therefore statically stable.
Conversely, the lower figure, with CP ahead of CG, produces
an anti-clockwise (overturning) moment, which increases a
further and is therefore statically unstable. It also possible to
have a neutral case in which CP and CG are coincident whereby
no moment is produced.

There is clearly an important correspondence in the distance
between the center of pressure and the center of gravity and the
center of the round. This distance is called the static margin. By
definition, it is positive for positive static stability, zero for
neutral stability and negative for negative stability.

Figure 2. Static stability/instability conditions.

Firstly, we shall consider the case of a shell-like projectile in
flight. This is initially flying at zero yaw incidence along its
flight trajectory and is then struck by the gust of wind (figure 3)
so that the nose is deflected upwards, producing a yaw angle
(« ). The response of the projectile to this disturbed yaw angle
determines its stability characteristics. In particular, the initial
response, determines whether it is statically stable or unstable.



INTERNATIONAL JOURNAL OF MATHEMATICS AND COMPUTERS IN SIMULATION

—
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Figure 3. Gust Producing Yaw Angle on Projectile in Flight.

If the initial response is to move the nose back towards zero
yaw (i.e. reducing the yaw angle) then it is statically stable. If
the yaw angle initially increases as a response then it is
statically unstable while if the disturbed yaw angle is retained
the shell is neutral. It is therefore clear that it is the direction or
sign of the resulting yawing moment generated that defines the
static stability. This depends upon the aerodynamic force
produced on the body due to the yaw angle and, in particular,
upon the normal force (i.e. the aerodynamic force component
perpendicular to the body axis) and the position at which it acts
along the body’s axis.

Classical exterior ballistics [1] defines the gyroscopic stability
factor S ¢ in the following generalized form:
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VII. COMPUTATIONAL SIMULATION

The flight dynamic models of 105 mm HE M1 and 120 mm
HE mortar projectile types involves the solution of the set of the
twelve first order ordinary differentials for two trajectories with
variable aerodynamic coefficients, first the full 6DOF and
second with simplifications for the modified trajectory, Eqs (4-
6, 10, 13-20), which are solved simultaneously by resorting to

The six-degree-o-freedom and the Modified linear model
numerical trajectories were computed by using a time step size

of 1.Ox107s , corresponding to dimensionless arc length 70D,

measured in calibers of travel. Initial flight conditions for both
dynamic flight simulation models are illustrated in Table 2 for
the examined test cases.

VIII. RESULTS AND DISCUSSION

The flight path of 6DOF trajectory motion [1] with variable
aerodynamic coefficients of the 105 mm projectile with initial
firing velocity of 494 m/sec, rifling twist rate 1 turn in 18
calibers (1/18), at 15°, 30° and 45°, are indicated in Fig. 2. The
calculated impact points of the above no-wind trajectories with
the proposed variable aerodynamic coefficients are compared
with accurate estimations of modified linear trajectory analysis
and provide quite good prediction of the entirely of the
atmospheric flight motion for the same initial flight conditions.

6DOF-Modified Linear with

3500 Variable Aerodynamic Coefficients

3000

N
$ o] fo TSN
% 1000 // \J

/
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Figure 2. Trajectories of 105 mm projectile at pitch
angles of 15, 30 and 45 degrees for 6DOF and
Modified linear models.
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both methods with no big differences in low launch angle but in
high pitch angles. At 15, 30 and 45 degrees pitch angle we
calculate cross ranges of 40 m, 134 m and 276 m, respectively,
using the 6-DOF theory. For the same initial conditions the
modified theory provides values 38 m, 120 m, and 250 m,
respectively. Figure 4 shows that the two methods diagrams in
velocity to range, at the 15, 30 and 45 degrees initial pitch
angles has no differences. Also the figure 5 shows that the
trajectories analysis for the three pitch angles are the same for
the 105 mm spin stabilized projectile with variable aerodynamic
coefficients.
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Figure 4. Velocity versus range of 105 mm projectile
for low and high pitch angles in two trajectories
models.

40

20

=
N 6DOF-Modified Linear with
‘\ Variable Aerodynamic Coefficients
\<\

pitch angle, deg

20 5
15
30°
-40 N

-60

T T
0 2000 4000 6000 8000 10000 12000

range, m

Figure 5. Pitch angles versus range of 105 mm
projectile for Modified Linear and 6DOF models

The strong characteristics alterations of the total angle of attack
influence the distributions of the most basic projectile trajectory
phenomena taken into account constant aerodynamic
coefficients during the completely atmospheric flight motion.
Its effects are indicated in Fig. 6 for the 105 mm M1 projectile
type fired from a 1/18 twist cannon with a muzzle velocity of
494 m/s at quadrant elevation angles of 45 and 70 degrees,
respectively.

After the damping of the initial transient motion, at apogee, the
stability factor for 45 degrees has increased from 3.1 at muzzle
to 23 and then decreased to value of 8 at final impact point, as
presented in Fig. 7. The corresponding flight behavior at 70
degrees initial pitch angle shows that the transient motion
damps out quickly and the yaw of repose grows nearly 14
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degrees at apogee, where the gyroscopic static stability factor
has increased from 3.1 to 121 and then decreased to value of
almost 6.6 at the impact area. Also in the circles Z; and Z,,
there are two small angles, which interrupt the straight lines
(crooked lines), because of the aerodynamic Magnus effect
coefficient, and clearly varies with anything, which affects static
margin. Therefore, any variations in the positions of either CP
or CG will directly affect the value of Coy. The position of CP
will certainly vary during flight if the projectile passes through
the transonic flow regime, due to complicated shock and
expansion fan movements. In particular, it rises abruptly as the
inverse Coy term is highly reduced. This therefore means that
S, reduces under transonic conditions.

— Present Analysis Pitch Angle 45 deg
—— Present Analysis Pitch Angle 70 deg

N
o

=
2

angle of attack, deg
o

Figure 6. Comparative total angle of attack on the
range of 105 mm projectile at 45 and 70 degrees.
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Figure 7. Comparative static stability variation at high
and low quadrant angles for 105 mm projectile

The mortar projectile of 120 mm diameter is also examined
for its atmospheric variable flight trajectories predictions in at
pitch angles of 15°, 45°, and 65° with initial firing velocity of
318 m/s, and initial yaw angle 3°. The impact points of the
6DOF trajectories are compared with an accurately flight path
prediction with the modified trajectory as presented in Fig. 8.
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Figure 8. Flight paths of 120 mm projectile at pitch
angles of 15, 45 and 65 degrees for 6DOF and
Modified linear models.
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Figure 9. Cross range versus downrange distance of
120 mm projectile for Modified linear and 6DOF
models

Figure 9 shows the cross range flight path of 120 mm
projectile downrange distance for both methods with no big
differences in low launch angle but in high angles. At 15, 45
and 65 degrees pitch angle for 6DOF with have the values of
the cross range, 226 m, 400 m and 315 m, respectively. For the
same initial conditions the modified theory has the values 226
m, 385 m, and 295 m, respectively.

Figure 10 shows that the two methods diagrams in velocity
to range, at the 15, 45 and 65 degrees initial pitch angles has no
differences. Also the figure 11 shows that the trajectories
analysis for the three pitch angles is the same for the 120 mm
mortar projectile with variable aerodynamic coefficients. The
gyroscopic stability factor for the 120 mm projectile is zero
because it is not spin in downrange distance.

A comparison of the times for the spin and fin stabilized
projectiles showed the modified linear theory model computed
the trajectory nearly twice as fast as the 6-DOF.
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Figure 10. Velocity versus
projectile for low and high
trajectories models.
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Figure 11. Pitch angles versus range of 120 mm
projectile for Modified Linear and 6DOF models.

IX. CONCLUSION

Modified linear trajectory model was shown to provide
reasonable impact predictions at short and long-range
trajectories of high and low spin and fin-stabilized projectiles.
Moreover, the Modified model showed some differences at
cross range deflections, especially at high pitch angles.
However, the comparison between 6-DOF and Modified
trajectory model provided quite good results with the variable
aerodynamic coefficients in whole flight path leading to low
computation time suitable for rapid trajectory prediction.
Criteria and analysis of gyroscopic stability are also examined.

This technique can be further coupled to a tracking control
system for current and future control actions applied to fin and
spin-stabilized projectiles for minimizing the estimated error to
target impact area. The computational results of the proposed
synthesized analysis are in good agreement compared with
other technical data and recognized exterior atmospheric
projectile flight computational models.
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ALIST OF SYMBOLS
Cy = axial force aerodynamic coefficient
Cy = normal force aecrodynamic coefficient
Ciar = magnus force aerodynamic coefficient
Crp = roll damping moment aerodynamic coefficient
Crp = pitch damping moment aerodynamic coefficient

Coum = overturning moment aerodynamic coefficient

Chrvtarr = magnus moment aerodynamic coefficient
Cyvur = magnus force aerodynamic coefficient
m = projectile mass, kg
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D = projectile reference diameter, m
S = dimensionless arc length
7 D?
S” ef = 4
14 = total aerodynamic velocity, m/s
u,v,w = projectile velocity components expressed in the
no-roll-frame, m/s
u,,, v, W,= wind velocity components in no-roll-body-
frame, m/s
P.q,7 = projectile roll, pitch and yaw rates in the
moving frame, respectively, rad/s
g = gravity acceleration, m/s’
I = projectile inertia matrix
Ixx = projectile axial moment of inertia, kg-m®
Iyy = projectile transverse moment of inertia about
y-axis through the center of mass, kg-m®
Ixx Iyy,Izz = diagonal components of the inertia matrix
Ixy, Iyz Ixz = off-diagonal components of the inertia matrix
Legem = distance from the center of mass (CG) to the
Magnus center of pressure (CM) along
the station line, m
Lcgep = distance from the center of mass (CG) to the
aerodynamic center of pressure (CP) along the
station line, m
K y2 = non-dimensional transverse moment of inertia
GREEK SYMBOLS
o, f = aerodynamic angles of attack and sideslip, deg
n = rifling twist rate of the machine gun,
calibers/turn
p = density of air, kg/m’
X, ¥,z = projectile position coordinates in the inertial
frame, m
0,0,y = projectile roll, pitch and yaw angles,
respectively, deg
K, K, = dimensional coefficients, m p D® /8m and = p
D® /16lyy, respectively
SUBSCRIPTS
o = initial values at the firing site
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