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Abstract— This paper proposes a mathematical model of heat
transfer in the cemented hip replacement using the metal-metal im-
plant with no cup. Computational domain consists of three subregions
including a femur region, an implant region and a femoral canal
region. The femoral region is divided into two parts which are the
top and the bottom parts occupied by the cement and the ambient
air. The governing equation is a unsteady heat equation. Heat transfer
by conduction is considered in this study. Finite element formula
for the solution of heat transfer problem is derived. Effect of the
initial temperature of the cement and the implant material on heat
transfer process are investigated. Numerical results show that the
initial temperature has significant effect whereas the implant materials
has less effect.

Keywords— unsteady heat equation, finite element method, ce-
mented hip replacement, mathematical model, femur bone, implant
material.

I. INTRODUCTION

ALot of old people in the world get lost in a movement
and become chronic pain patients because of the

damaged hip joint and the hip arthritis. Many treatments such
as weight loss, walking aids, physical therapy, medications,
activity modification, anti-inflammatory, joint supplements
(glucosamine), hip resurfacing surgery and hip replacement
surgery are used to improve the mobility and release pain.
The hip replacement surgery is often used in severe cases.
There are two techniques of total hip replacement including
the cementing and cementless techniques. Cemented fixation
is attached to the existing bone with hot cement, which acts
as a glue and attaches the artificial joint to the bone. Ice
pack is applied to reduce nuisance and painfulness in the
hip area for 20 minutes. Cementless fixation is attached by
the total hip prosthesis which pushed directly in the femoral
canal and held there by the elastic forced generated in the
bone tissue. The patients frequently choose medical treatment
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by cemented hip replacement because of fast rehabilitation
after surgery. Normally, cemented hip replacement has useful
life for 10 - 15 years after surgery. The quality of the bone
cement interface is important to increase the useful life span
of the cemented hip replacement. Even though the total hip
replacement has been successfully for many years, implant
failure or implant loosening still happens due to the inflection
and the incomplete heat transfer in the bone-cement-prosthesis
process. Many scientists have tried to understand the complex
phenomena involving the cement flow and heat transfer
during the hip replacement surgery using mathematical model
and numerical simulation. [1], [2], [3], [4], [5], [6], [7], [8],
[9], [10], [11], [12], [13], [14], [15].

The stress distribution within the normal and osteoarthritis
femur is investigated through the use of two dimensional plane
stress finite element analysis by Elkholy et al.(2005, [16]).
It is found that at the outer layers of the femur head, there
were regions of extremely low stresses where the bone may
be atrophy and cause a void formation.

Valliappan et al.(1977, [17]) used a three-dimensional finite
element analysis to examine stress of the proximal end of
the human femur. They constructed the model of the cortical
and cancellous regions as isotropic continua with appropriate
bulk elastic properties.

Royi et al.(2005, [18]) studied femur three dimensional
finite-element (FE) analysis based on CT data to compute
both the accurate geometry representation and mechanical
properties assignment. They recommended a structure based
method for the reconstruction of a FE model and the geometry
was represented by smooth surfaces extracted from the CT
data including a separating surface between trabecular regions
and cortical. Their method showed good results, compared to
voxel-based method.

Krauze et al.(2008, [19]) studied stresses and displacement
in femur in a living and a dead phase using numerical
analysis. The influence of different mechanical properties of
bone tissue was presented.

Oquz and Bulent(2007, [20]) proposed parametric modeling
and the effect of body weight load during stumbling on the
behavior of newly designed implants was investigated. They
found that decreasing the stress on the femur and the bone -
cement depend on the factors in the implant design. Therefore,
a suitable implant hip prostheses could be constructed and
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studied with computer modes before implementation to the
patient.

Hansen(2005, [10]) developed the model of the heat
transfer in a general bone - cement - prosthesis system
and founded that the heat transfer and the polymerization
kinetics in the system caused the injury to the bone tissue and
chemical history of the system. The finite element method
was utilized in this model in order to simulate a cross section
of a hip with a femoral stem prosthesis. His results from the
model indicated that an auto accelerating heat production and
a residual monomer concentration were able to cause bone
tissue damage and affected the mechanical properties of the
cement.

J. Okrajni et al.(2007, [11]) proposed a mathematical model
of the heat flow in surgical cement during implantation.
Their model describes the temperature distribution in the bone
during the surgery treatment.

In this paper, we study heat transfer by conduction on
the full part of the femur bone with inserted implant. Three
different implant materials including alumina, cobalt chrome
and titanium, and three initial cement temperatures of 65 ◦C,
80 ◦C and 100 ◦C are used to investigate their impact on
the heat transfer problem. The rest of the paper is organized
as follows. Section 2 describes mathematical model of the
heat transfer problem in the cemented hip replacement process.
Finite element formula are presented in section 3. Section 4
concerns the numerical example results of the study. Finally,
conclusion is given in section 5.

II. MATHEMATICS MODEL

In this study we focus on heat transfer by conduction in the
cemented hip replacement. Essential region of the cemented
hip replacement as shown in Figure 1 consists of a femur
region, an implant region and a femoral region. On the top
part of femoral region is occupied by the cement and the
bottom part is occupied by the ambient air. The governing
equation to describe the heat transfer problem is the unsteady
heat equation [8]:

ρCp
∂T

∂t
+∇ · (−k∇T ) = 0, in Ω× I (1)

where T is temperature field, ρ is the density, Cp is the heat
capacity at constant pressure, k is the thermal conductivity
and t represents time in second and I = [0, τ ] is the time
interval. Values of model parameters for each region are
presented in Table I.

To completely define the problem, boundary conditions need to
be specified. On the surface of the head of the implant Γhead,
the outer surface of the femur Γfem and the inlet surface of
cement Γcem, Newton boundary condition [21] is applied, i.e.,

−ki
∂T i

∂ni
= hi

∞(T i − T ext), i = 1, 2, 3 (2)

Fig. 1. Four sub domains and boundaries of the femur bone.

where the index i refers to the ith region where i = 1, 2 and
3 for the femur surface (Γfem), the head of implant surface
(Γhead) and the cement surface (Γcem). Ti andhi

∞ denote an
unknown surface temperature and heat transfer coefficient
for each material, respectively. ni denotes the outward unit
normal to Γi.

On the interfaces between any two regions, we impose the
continuity of the heat flux across the contact surface, i.e.,

ki
∂T i

∂ni
− kj

∂T j

∂nj
= 0. (3)

In summary, heat transfer process after the cemented hip
replacement is governed by the parabolic partial differential
equation (1) with boundary value problems (BVP) (2, 3) and
initial condition (I.C.) which is the parabolic boundary values
problems (BVP).

Parabolic BVP : Find T ∈ Ω × I such that the parabolic
partial differential equation (1) with boundary conditions (2)
and (3) and initial condition (I.C.) are satisfied.

ρCp
∂T

∂t
+∇ · (−k∇T ) = 0,Ω× I

Subject to B.C.

−ki
∂T i

∂ni
= hi

∞(T i − T ext), i = 1, 2, 3,

ki
∂T i

∂ni
− kj

∂T j

∂nj
= 0.
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TABLE I
THE EXPERIMENT PARAMETERS USED IN THE NUMERICAL SIMULATION OF ARTIFICIAL DOMAIN OF THE FEMUR BONE, AMBIENT AIR, CEMENT,

ALUMINA, COBALT IMPLANT, CHROME IMPLANT AND TITANIUM IMPLANT.

Parameters Femur Ambient air Cement Co-Cr Imp Al Imp Ti Imp Units

Density (ρ) 1000 1.8677 1100 8300 3980 4400 kg/m3

Thermal conductivity (k) 0.26 0.0398 0.17 13 30.4 6.7 W/(m ·K)

Heat capacity (Cp) 1260 1557.75 1460 420 800 530 J/(kg ·K)

Initial condition,

T (x, 0) = T̂ (0) in, Ω

where I = [0, τ ].

III. FINITE ELEMENT FORMULATION

To solve the BVP numerically by the finite element method,
we multiply equation (1) by a weighting function v(x), then
set the total weighted residual error to zero, i.e,

∫
Ω

vρCp
∂T

∂t
dΩ−

∫
Ω

v∇ · (k∇T )dΩ = 0. (4)

Using the symmetry of ∇ · (vk∇T ) , we have

v∇ · (k∇T ) = ∇ · (vk∇T )− k∇T · ∇v. (5)

Substituting equation (5) into (4) and using the divergence
theorem, we obtain

∫
Ω

vρCp
∂T

∂t
dΩ+

∫
Ω

k∇T · ∇vdΩ =

∫
∂Ω

vk
∂T

∂n
ds. (6)

Imposing the boundary condition into equation (6) yields

∫
Ω

vρCp
∂T

∂t
dΩ +

∫
Ω

k∇T · ∇vdΩ+

∫
∂Ω

vh∞Tds

=

∫
∂Ω

vh∞Textds.

Therefore, the variational statement for the BVP can be stated
as follows:

Find T = T (x, t) ∈ H1(Ω) such that for every t ∈ I

(Tt, v) + a(T, v) = L(v) ∀v ∈ H1
0 (Ω), (7)

T (x, 0) = T̂ (x)

where

(·, ·) represents the inner product,

(Tt, v) =

∫
Ω

vρCp
∂T

∂t
dΩ,

a(T, v) =

∫
Ω

k∇T · ∇vdΩ+

∫
∂Ω

vh∞Tds,

L(v) =

∫
∂Ω

vh∞Textds.

Let H1
h(Ω) be a finite dimensional subspace of H1

with basis functions {ϕ1, ϕ2, . . . , ϕn}. Then, the variational
problem is approximated by:

Find Th(x, t) ∈ H1
h such that Th(x, 0) = T̂ (x) and

(
∂Th

∂t
, vh) + a(Th, vh) = L(vh), ∀vh ∈ H1

h.

In the usual way, we introduce a discretization of Ω as a union
of elements Ωe, i.e, Ω −→ ∪E

e=1Ωe and approximate T (x, t)
at t by.

T =
N∑
j=1

ϕjTj , v =
N∑
j=1

ϕjvj . (8)

From (7) and (8) and by using the usual finite element
formulation, we obtain the system of ordinary differential
equations

MṪ+AT = F, (9)
T (0) = T̂ ,
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where

M = (mij), with mij = (ϕi, ϕj) =
E∑

e=1

∫
Ωe

ϕiϕjdΩ

A = (aij), with aij = a(ϕi, ϕj)

=

E∑
e=1

∫
Ωe

k∇ϕi · ∇ϕjdΩ

+
E∑

e=1

∫
∂Ωe

ϕih∞Tds,

F = (fi), with fi = L(ϕi).

To solve the system (9), we use forward difference tech-
niques

dT

dt
(t) =

T (t+∆tr)− T (t)

∆t
,

with O(∆t) accuracy.
The system (9) then becomes

MTr+1 = (M−∆trA)Tr +∆trFr, (10)

where
n∑

r=1

∆tr = τ

Hence, starting with T0 at r = 0, we can generate a sequence
of solutions T0, T1, . . . , T τ corresponding to t1, t2, . . . , tτ .

IV. NUMERICAL RESULTS

Fig. 2. Geometry of the right artificial femur bone with implant.

The example under consideration is a right artificial femur
bone with the length of 50 cm. The implant has a length
of 15 cm. PMMA cement is assumed to be in between the
implant and the femur bone and covers the top 17 cm of the
femoral canal. Moreover, ice pack covering the leg is used to
increase the temperature gradient needed for the decreasing

of heat. Three dimensional model of the right artificial femur
was constructed based on real domain using a set of CT scan
data and Mimics software. The artificial domain as shown in
Figure 1 consists of four parts including femur region (Ωfem),
the implant region (Ωimp), the cement region (Ωcem) and the
ambient region (Ωair). The implant is assumed to be fixed
inside femoral canal and is surrounded with cement. Figure 2
shows the complete geometry of the right artificial femur bone
with implant.

Fig. 3. The finite element mesh ambient air and the top part of computational
domain.

The computational domain as shown in Figure 3 is separable
in space into 86,493 tetrahedral elements and 126,809 degrees
of freedom. Values of model parameters used in the simulation
collected from the literature [5], [22], [23], [24], [25], [26] are
shown in Table I and Table II. In the numerical simulation,
the initial temperatures of femur bone, bone tissue, ambient
air, cement and implant were set to be 37 ◦C, 38 ◦C, 35 ◦C,
100 ◦C and 23 ◦C, respectively.

TABLE II
VALUES OF HEAT TRANSFER COEFFICIENTS FOR EACH MATERIALS, h∞ ,

W/(m2K) [26].

Cement Ambient

Metal stem 1,000 - 10,000 50 - 100

Femur bone 100 - 1,000 500 - 10,000

INTERNATIONAL JOURNAL OF MECHANICS

Issue 3, Volume 5, 2011 205



Fig. 4. Temperature distribution on a vertical cross section along the axial
artificial domain with the cobalt chrome implant at 360 sec. with initial cement
temperature of 100 ◦C.

In this study, we focused on the temperature distribution
during cooling in the cemented hip replacement process. All
temperature values in the computation regions have been com-
puted. The heat transfer from the cement through the implant
and from the cement through the bone layers have been
investigated. Figure 4 represents the temperature distribution
on a vertical cross section along the axial femur bone with
cobalt chrome implant at t = 360 sec where high rate of heat
transfer is presented. It is founded that in the cement region,
temperature between at the bottom of the implant and above
the cement plug is about 37 ◦C. In the top part of the cement
region, maximum temperature is 62 ◦C. This show that the
high temperature region is presented only in the upper region
of the femur.

Figure 5 shows the temperature distribution on three differ-
ent horizontal cross sections on the top 17 cm of the computa-
tional domain. The results indicate that the heat is generated by
the hardening of the cement. Heat from the cement transfers to
the implant, thereby increases the temperature. This show up
by the red color of the whole region in the middle frame.
The bottom frame shows that after all the heat has been
generated by the hardening of the cement, heat is then lost
by the implant first. Heat lost by the cement is lower. That
causes the temperature of the cement to be higher than the
temperature of the implant seen in the bottom frame.

The middle set of the frame is the temperature distribution at
middle of the implant. The top frame here we see the implant
appear at the blue color in the middle of the harder cement.
The middle frame shows the equilibrium temperature when the
temperature of the cement is equilibrium with the implant. In
the last frame, we see that the implant is not cool down as fast
as the implant in the previous bottom from at the beginning of
the implant. The cause of this is that there is no way for the
heat to be lost by the implant without the heat passing through

the bone. The last frame, there is no implant area presented
and only the cement and bone are presented. The cooling is
therefore uniform and the temperature is more or less constant.

To investigate the effect of implant material on heat transfer
process, three types of implant materials including Alumina,
Cobalt Chrome and Titanium are used in the simulation. The
results show that temperature profile at point P2 on the middle
part of implant obtained from the model with different implant
material are very different whereas there is small difference
in temperature profile at the point P1 on the top part of the
implant and the point P3 on the cement plug as shown in
Figure 6. The effect of initial cement temperature on the
heat transfer from cement to the bone is investigated for three
different implant materials. It is noted that the implant cement
temperature has significantly effect. Higher initial temperature
gives high rate of the heat transfer from cement to the bone
as shown in Figure 7.

V. CONCLUSION

A mathematical model of heat transfer in the cement hip
replacement has been developed to study heat transfer by
conduction in the femur bone. Numerical simulation is carried
out to investigate the effect of the initial temperature of the
cement and the implant material on heat transfer process. It
is noted that the initial temperature has significant effect on
the heat transfer from the cement in the femoral canal to the
surrounding bone. The effect of implant material used in the
model is also investigated. The result show that it has less
effect on the heat transfer process.
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