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Abstract—In the present paper main equations of three-
dimensiona theory of micropolar elasticity, energetic relations and
general variation equation are introduced. Assumptions are accepted
which have asymptotic justification and on the basis of these
assumptions general applied theory of micropolar thin shells is
constructed. Equation of energetic balance and genera variation
equation are constructed for micropolar elastic thin shells, theorems
of uniqueness, existence, Betty’s and other energetic theorems are
proved.
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|. INTRODUCTION

ICROPOLAR theory of elagticity is one of the basic

mathematical models for studying elastic bodies with

internal structure. On importance of micropolar theory
of elagticity is spoken in Yu. N. Rabatnov’s monograph [1].
Variation principles, universally recognized in the classical
theory of elasticity and structural mechanics [2]-[4], are
essential also in the micropolar theory of elasticity [5],
particularly, in the applied theories of micropolar elastic thin
bars, plates and shells.

In the present paper energy balance equation, functional
and general variation equation of micropolar elastic isotropic
thin shells (bars, plates) with free fields of displacements and
rotations are obtained, corresponding energetic theorems are
proved.

1. THE ENERGY BALANCE EQUATION, FUNCTIONAL AND
VARIATION EQUATION OF THREE-DIMENSIONAL MICROPOLAR
THEORY OF ELASTICITY

A shell of constant thickness 2h is considered as a three-
dimensional elastic isotropic body. Tensor equations of the
static problem of asymmetric (micropolar, momental) theory
of elagticity with free fields of displacements and rotations are
the followings[3],[5]:

Equilibrium equations:

V.o™=0, V u™+e"s  =0. (1)
Elasticity relations:
Om = (,u + a)ymn + (’u - a)7nm + A7 4Snms
3 2
Hmn = (7+8) mn +(7_5)an+ﬂ7(kk5nm'
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Geometrical relations:
Y = ViV _exmna)kv X = Vm@n- (©)
Here o™, 1™ are contravariant components of the force
and moment stresses tensor; Y. Km &€ covariant
components of the deformation and bending-torsion tensors;
V" are contravariant components of the displacement vector;
n

w" are contravariant components of the free rotation;
A e, B,y,e ae the physical constants of micropolar
material of the shell; indices m,n,k takevalues1, 2, 3.

It should be noted that when « =0, equations of the
classical theory of elagticity will be separated from the
equations (1)-(3).

WEe'Il bring the shell to three orthogonal system of
coordinates ay (Hi=A@Q+as/R), Hy=1i=12),
accepted in the shell theory [6], and we'll pass to physical
components for the above mentioned tensors and vectors, but
with the same notations.

On the front surfaces of the shell boundary conditions of
the first boundary-value problem are accepted, which can be
written down as follows:

O30 =E P, Hgn =M, ON ag=zh. (4)
Onthe surface ¥ =%, UX, of the shell boundary conditions of
the mixed boundary-value problem are accepted

Ornm = p:- HonNm = m; on X, (5)
V,=V,, o,=0, on Z,,
where p,,m, are the components of external forces and

momentson X,; V,, ; arethe components of displacements
and freerotationon %, .

Multiplying equilibrium equations (D) on
ViH H doydeydas, VoH Hdogdasdas, ViH i Hdegda,das,
@ H,H,do,do,day, @,HH,denda,des, wsHH,dayda,das,
summarizing them and taking the integral by the shell volume,

after some transformations with the help of formulas (2), (3),
following equation of energetic balance will be obtained [5]:

j j JQVVHlHZdaldazdag, - A, 6)
S -h

where
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1
W= 5(0'11711 +02Y00 + 03Y33 1 019/12 + O01Y21 1 013013 +

+023Y3t OVttt Moo X oo + HazX3s t+

(7)

T X2 T szt HalXsr t HosXo3 + Haa X3,

1 h
A= > _[ das_[ (U glvl to gzvz + 0 S3V3 + ﬂgla’l + ,nga’z +
-h
h
-h
+ /1101601 + ﬂfzwz + /J103503 )H oda, + (8)

+ ”(Ofvl +0pVo + GgVa + My @y + My, + ”gws)'HH dada, +
pit

+ ”(Ua_vl T Vo + BV + Mo + My, + ”E%)"lH dadas, .
<

Here W is the potential energy of deformation of the shell,
enclosed in a unit of volume; Aisthe work of external surface
forces and moments; Sis the region, |=I,Ul,is the shell

middle surface contour.

The equation (6), as the energy balance equation, can be
interpreted as Clapeyron theorem for micropolar body.

If force and moment stresses in formula (7) are replaced
with deformations and bending-torsions, using physical
relations (2), following formula will be obtained for elastic
potential:

1
w :E{Zﬂ(hzl +7/222 +7§3)+ /1(711 70t 733)2 +

+(y+a)(7/122 +7221+7123 +7’§1 +7’223 +7§2)+
+2u- a)(7/12721 Trelat 723732)"‘
2 2 2 2
+ 27(}(11 tX2t Zss)+ ﬂ(le +Xnt )(33) +
(y+elih+ 2ot o+ ot ot )+
+ 2(7’ - 5)(7(12)(21 + XXzt X23X32 )}
Analogically, the elastic potential can be expressed through
force and moment stresses, using feedback physical relations.
As we'll see [7], the elastic potential (9) is a positively
definite quadratic form. Thus, as in the classical theory [§],
unigueness theorem [5], existence theorem, Ritz and Galyorkin
variation principles are available in the micropolar theory.
Formulas of Green type also take place in the micropolar
theory:

oW oW oW
o v M = J

Oru ’ 07 o011 X3

If we use feedback physical relations in formula (7), we'll
obtain the elastic potential as a positively definite quadratic
function, expressed through the components of force and
moment stresses. Then it will be easy also to obtain formulas
of Castigliano type [5]
oW

(9)

oW

o1 = v O32 v Hzp =

oW
Oty ,

_ oW
Opizp

Y11= ey 7 X11 o X32

ooy
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It should be noted that Betti’s reciprocity theorem also true
in the micropolar theory of elasticity [5]:

[[ ey + azvs + 035 + i f + ms o+ mg @ HyH dayder, +

&

+ [ lorvy+ v+ Vg + myf + mih + mgt HyHpdandar +
/)

h
Oyyr Oy [\RVZ 0 0 0
+ J‘dasj (0'21V1 +02V; +03V3 + L@ + Lppo; + /123503)"1d0‘1 +
-h
h

Oy Oyyr Oyy/r 0 0 0
+ IdaSJ<Gllvl + 01V +013Va + 110 + @5 + ﬂlsws)'l day =

ly

P

“h
1+ -+ 4 1+ r+ 1+
=_”(Q1 Vi+03 Vo +03 Ve +mMy o) + My 0, + My ‘03)'
S+

+ [l v+ 0 Vo + 05 Vom0 + g e, + - 3)
2

h

+ jdasﬁo'lzgvl + 0N + TN + oy + i, + ,Ulzga’s)"ldal +
-h

h

+ [ s [ (o1 + 01V, + 0 + i + g, + o H ol
-h

Both in the classical theory of elasticity and micropolar
theory of elasticity variation principles are called to replace the
task of integration of boundary-value problem (1)-(5) with the
task of determination of extremum of corresponding
functional.

Now we'll formulate general variation principle of the
three-dimensional boundary-value problem of micropolar
theory of elasticity with free fields of displacements and
rotations and we'll show that al relations and boundary
conditions (1)-(5) are the consequences of corresponding
variation equation.

Following functional is studied:

Iy

h
1 oV, 1 oH 1 0H
M Hl 80!1 Hle aaz Hl 5(23
ol (L 1 M 1 oMy ]
2 2 H2 60{2 H1H2 80!1 ! H2 8063 3
Vs
T 033 733—5 +
3

+0x| Vo1~

=N 2 Thy |4
|:7/12 (Hl 5(11 H1H2 aaz ! 3j:|

Lo 1 oahy, ),
Hzaaz H1H2 (30(1
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+031| 731 Py wy ||+
3

1 oH, 1 oH,
+ — @y +———w5 | |+
H.H, da, H; 0as

1 dw, 1 oH, 1 oH,
THp| X2 —| 17 + O+ 0

H1H2 aal H2 aag

. (Low, 1 o ],
#12_112 Hl 50{1 H1H2 aaz @1

vl (Loe 1 oM, ],
IUZ:I._ZZJ- H2 60{2 H1H2 5061 2

| 1 6wy 1 0H, o,
THB 3| T2 T Ao G| [t X |t
| H, Oas O0a,

N [ 0wy 1 OHp I,
Haz| X23 H, oa, H, das 2

ow
+ ,U32{132 - j}}>H1H 2daydaydag -

3

- ”[va1 + 0V + 3V + My @ + My, + mga’s]'ag:h
S+

-H;H,deo dea, +

+ H[val +0Vo + 03V + My o) + My, + m?:ws]'%:m
<

+h
0 0 0 0 0 0
+ Idas_[(o'zlvl +0V) + 033V + L5101 + iy, + ,Uzsa’s)'
“h I
-H;dey +
+h

+ Ida3J‘[0'21(\/1 —V10)+ 0226/2 —V20)+ 0'23(\/3 _V30)+
hoou

0
+ #21(0’1 — )+

+ Uy \Wy — 503)“‘ ﬂzs(ws - wé) )JHldal +
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+h
0 0 0 0 0 0
+ _[das_[ (011V1 +0pVy + O13Vs + oy + 0, + ﬂlsa’s)'
-h

+h
+ Ida?,“an(vl —V10)+ 012(\/2 —V20)+ 013(\/3 —V30)+
-h

+ ﬂn(a’l - a’10)+ Hi2 (0)2 - a)g)+ /U13(w3 - w??)]H 2day,
where the integral is taken along the whole volume of the
shell; surface integrals are taken on front surfaces

S*,S (a3 = +h) of the shell and on = , where external forces-

moments and displacements-rotations are given, Wis the
density of potentia energy of deformation ((7) or (9));
guantities with superscript 0 are the external forces and
moments, given on some part of the shell side surface or
displacements and rotations, given on the other part of the
shell side surface; |, =1;Ul{, |, =15Ul; are corresponding
parts of the shell middle surface contour. We call functional
(20) full functional of three-dimensional micropolar theory of
elasticity. Variation equation (8 = 0)can be obtained on the

basis of this full functional, from where all main equations
((1)-(3)) and boundary conditions ((4), (5)) of micropolar
theory are obtained.

I11. MATHEMATICAL MODEL OF MICROPOLAR ELASTIC THIN
SHELLS WITH FREE FIELDS OF DISPLACEMENTS AND ROTATIONS

Taking into consideration the qualitative results of the
asymptotic solution of the system of equations (1) - (3) with
above mentioned boundary conditions (4), (5) and on the basis
of asymptotic integration process of this problem [9], [10] the
following rather general assumptions (hypotheses) are put in
the basis of the proposed theory of micropolar elastic thin
shellswith free fields of displacements and rotations:

1. During the deformation initialy straight and normal to
the middle surface fibers rotate freely in space at an angle asa
whole rigid body, without changing their length and without
remaining perpendicular to the deformed middle surface.

The formulated hypothesis is mathematically written as
follows: tangential displacements and normal free rotation are
changed by alinear law along the shell thickness:

Vi =y (01110‘2)+ azy (0‘1'052)'
W3 = Q3(al,a2)+ agl(al,az).

Normal displacement and tangential rotations do not
depend on coordinate o;.

Va=Way,a,), @ =Q(en,a,) i =12 (12)

It should be noted that from the point of view of
displacements the accepted hypothesis, in essence, is
Timoshenkao's kinematic hypothesis in the classical theory of
elagtic shells [4]. Here hypothesis (11), (12) in full we shall
cal Timoshenko's generalized kinematic hypothesis in the
micropolar theory of shells.

2. In the generalized Hook’s law (2) for y;;, force stress

oxCan  be neglected in relation to the force

(11)
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stresses o;; . Analogically, in the generalized Hook' s law (2) for
Zis,moment stresses 5 can be neglected in relation to
ﬂi3(i = L2).

3. During the determination of the deformations, bending-
torsions, force and moment stresses, first for the force stresses
o5 and moment stress yi5; WE'l take:

0 0
o5 =05(a,@5),  pi33 = pilon, ) (13)

After determination of the above mentioned quantities,

values of &, and 55 will be finally defined by the addition

to the corresponding values (13) summed up, obtained by
integration of the first two and the sixth equilibrium equations
of (1), for which the condition will be required, that quantities,
averaged along the shell thickness, are equal to zero.

4. Quant|t|$ can be neglected in relation to 1.

During the construction of theory of micropolar elastic thin
shells with the help of the assumptions 1-4 transverse shears
and related deformations are compl etely taken into account.

On the basis of Timoshenko's kinematic hypothesis ((11),
(12)) following formulas for components of deformations and
bending-torsions will be obtained from relations (3):

Vi = Ti(eg,0p) + asKii (g, @),

7ii =T (0‘1!052)+053Kij (ar.@z), (14)
7i3:Fi3(0‘1!052)’ V3i :FSi(al’aZ)l 733 =0.
Xi = Kii(al’az)' Xij = Kijj (al!a2)'
Zis = Kialon, @)+ adislay, ), (15)
X33 = K33(0‘1:0‘2)v X3 =0,
where
1 oy 1 o
iT A T A ,+—.
A Oa;  AA 0a; R
1 0u 1 oA -
ij _8___Aa_ |—(—1)193’
A oa;  AA Oa;
_ 1oy 1 oA
! A aai AA] an WJ,
10y 1 0
ij = - il//l _(_ )Jl' (16)
A Oa;  AA da
F|3— ‘9"|+(_l)ij' Vi ( 1)IQ]’
__low u
' Ada R’
_loy 1 0A L Qs
" Ada AAOa; ' R
o
P il N A o, (17)
A Oai  AA; Oaj
100, O 1 o
Kiz = -5 lisT o
A oa; R A oa;

Further, on the basis of generalized Hook’s law (2),
equilibrium equations (1) and accepted hypotheses, following
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formulas for components of force and moment stresses will be
obtained:

Oiji 25(1—‘”—1-1/1—‘ )+a31 (K +VK )
oij =|(u+a)ry +(:u_a)rjij+a3lxu+a)Kij +(u-a)K; |
oig=(u+a)hz+(u-a)ry,

03 —03

Op=— " 5 Zh(q3 +Q3)

(18)

1 OAj 1 1 oA !
+t— Jl———O'IJ )
AA oa; AA; oa
0
_MBy) | 2B ey =L,
B+2y B+2y B+2y
Hij =(7+5)Kij +(7/_8)Kji!
B+y ° B
_ _ i ,
(3,3+27/)ﬂ33 (3ﬂ+27)(ﬂ11 /122)
Ha = m Zm (m +m)
0 0
0 1 a[Azlulsj a[Aiﬂzs]
ﬂ33:ﬂ33(a1!a2)+a3 - + +

A’.AZ aal 60(2

2 p2
(ot o4
1 1
1 a[AZﬂBJ a(Al/JZSJ (1 1 j

- + c12—0
AR, oa, oa, 12—021
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0O 0 ©0 1 1 1
Here oii,oij, i3, 0ii,0ij, 1j3 are constant and linear by

ag parts of force stresses oy, 0y; and moment stresses 5 .

In order to bring three-dimensional problem of the
micropolar theory of elasticity to two-dimensional one, which
has been aready done for displacements, deformations,
bending-torsions, force and moment stresses, instead of the
components of the tensors of force and moment stresses,
statically equivalent to them integral characteristics-forces

Tin S, Nig; Ny,  moments My, Hyj, Ljj, Ly, Lis, Lgg and

hypermoments A;; are introduced, which are expressed as
follows with the help of assumption 4:

h
T = J.Giidasv Sj = _[Uijdasa Niz = J.O-inaB'
-h -h -h

h h
Ny = Ig3ida3! M; = J.a30iida3a Hjj = IO‘BO-ijdaSv
“h h “h

h
L = _[:uiidO‘B , Ly = jﬂijdasv (19)
“h “h

h
Log = Iﬂ33da3 v Lig= J‘Msdas » Aig = ja3ﬂ|3da3
-h
The basic system of equatlons of micropolar elastic thin
shells with free fields of displacements and rotations will be
expressed as follows:
Equilibrium equations

A oo, AA e T A, da,
1 OA
+A1AJ- 60! ( SJ) (ql +q| )a
a1 , w)e 2
A oo AA a1 TA G,
1 o L
+AA 6A (H *Hy ) Na :_h(i —Gi )
Tu, T 1 [0(ANG), o(ANg)|_ ., -
Rl + R2 AI.A2|: 80!1 + 6a2 =03 +0s, (20)
1 oL 1 GA]-( ) 1 oL
—_— +__
A oa;  AA; Og; i Aj Oa;
+Lai(Lji +Lij)+ﬁ+
AA; 0a; R
+(_1)1(Nj3_N3j):—("f+mi_),
i+ﬁ_ 1 {G(Azl-l:a)Jra(Ale:a)}_
R R AA| J oa, (21)
(S~ S) = (m§ +m3),
Ls Al1AZ {8('220213) . 5(2\1;\223)} ~(Hyp—Hay)= h(ms* i mg)
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Elasticity relations:
2Eh [

Tii Y3 Lii +VIj; ] S =2hl(:u+a)rij +(#—a)rjijv

2Eh3

ii 12 [Kn +VK]] ]’

h3
Hj [(:L‘+a)Kij +(ﬂ—a)Kp]’ (22)
Ni3:Zh(ﬂ+a)ri3+2h(ﬂ_a)r3i'

= 2h(u+ )y +2h(u—a)ls,
L =2h 4}/(ﬂ+7/)l(“ + zﬂ/ﬂ Ki |+ ﬂ L33,
B+2y B+2y V| p+2y

Lij =2hly+g (}/—E)KjiJ,
L = Zh[(ﬂ“‘Z?’ )z+ﬁ(1c11+/c22)], (23)

dye 2n3[ 4ye
Lis= Zh{ A Ki3:|! Az :—{—7 |i3:|-
y+e 3 |y+e

Geometric relations (16), (17) should be added to the
equilibrium equations (20), (21) and elastiicity relations (22),
(23).

“Softened” boundary conditions are introduced on the
boundary contour I' of the middle surface of the shell,
considering that this contour matches with the coordinate line
a, =const .

* *
Sz =Sz Or Uy =uy,

* *
Ty =Ty1 Or Uy =uy,

Ny = Njg or w=w', (24)
My =My; OF Kyy =Kgy,  Hyp=Hy, OF Ky =Ko,
Ly = Ly OF yq = K35, Lyp = Ly, OF Ko = KIZ '
Lys = Lis OF Ki3= K3, Agg=Als OF |z =133 (25)

The system of equations (20)-(23), (16), (17) of micropolar
elagtic thin shells with free fields of displacements and
rotations is a system of differential equations of 18" order with
9 boundary conditions (24), (25) on each contour of the
middle surface of the shell. It is a system of 52 equations for
52 unknown functions: u;,w,y;,Q;,Q3,,%,T; +Sj, Nig, Ny,

Mu'HiJ'L||7L|j1L33vLi3!Ai3vF Iy 1—‘|3'1—‘3|’K Kij » ki

i ij iy PNij o iy
Kij'Ki31|i3-

Transverse shears and related deformations are completely
taken into account in the model (20)-(23), (16), (17), (24), (25)
of micropolar elastic thin shells with free fields of
displacements and rotations.

If we put =0 in the model (20)-(23), (16), (17), (24),
(25), then system of equations and boundary conditions of
Timoshenko's classical theory of elastic shells will be
separated [4] (with some difference related to the static
hypothesis 3).
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IV. ENERGY BALANCE EQUATION, THEOREM OF BETTY'S
TYPE, FUNCTIONAL AND VARIATION EQUATION OF MICROPLAR
ELASTIC THIN SHELLS WITH FREE FIELDS OF DISPLACEMENTS
AND ROTATIONS.

On the basis of the above accepted hypotheses we'll passto
two-dimensional continuum in the energetic relation (6) and in

the main functional (10), making integration by a5from —h

to +h. Asaresult we abtain;
1. Energy balance eguation in the averaged form:

J.J-WOAlAZdaldaz = A, (26)
S

where

1
Wo = E(Tllrll + Tl + Spolip + Syl'ay + MysKyy + MKy, +

+HppKyp + Hp Koy + Nyglig + NIy + Nogl'ps + Ngol'sp +
+LyaKyg + LopKgp + LagKag + Lygkys + Logkay +
+ LysKiz + LogKos + Aggliz + Agalog )
or on the basis of (22), (23)
2Eh

W:
0 2<1v

2Eh®

+M(Ki + K222 + 2vK11K22)+ [Zh(y + oz)(l“lz2 +1"221 )+

+ 2(,u - a)F12F21]+

2 el K b2 sk i

+ Zh[(,u + oz)(l“lz3 + 1“321 + 1“223 + 1“322 )+ 2 —a\Tyals + F23F32)J+

¥ Zh[(ﬂ +27)k2 +K2 +K2 4 2B(kkiap + Kugkg + Kook )] ¥

+ Zh[(y + g)(kfz + k221 )+

(r2 r2 +2vF11F22)

4 2h® 4
(7 5)k12k21]+2h Ad (le k223)+77%(|123+|223)>-

Ayisthe work of external forces and moments:

1

5 J-(Sglul +H 31‘//1 +T202U2 +M 32'//2 + N33W+ Lglgl +

ly

#1950, + 150, + A%y JAda, +

A

0 0 0 0 0 0
+ I(Tllul +Mpw; + Spup + Hpw, + Njgw+ Ly Qg +
P

+195,0, + |_2393 + /\0231)A2da2 +

mql +o b+ o5 - a5 o +

+(Q2 +Q2)~‘2+(Q2 —QE)“‘//z +
+ (a8 + g Jor (md o +(mg o+ mg oo, + (m§ o+ mg g +
+ (mg +mg )mJAiAzdaldaz}.

On the basis of energetic balance equation [8], uniqueness
theorem, existence theorem and other energetic theorems can

(28)
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be proved in the theory of micropolar elastic thin shells, also
Ritz and Bubnov-Galyorkins variation methods can be
justified for solution of the boundary-value problem (20)-(23),
(16), (17), (24), (25).

2. Formulas of Green type:

W, W, W,
Tu=—— Sp= v Wi = )
MW, MW
H12:_, ) 11:_,...
oKy, 0kqq

3. Betty's theorem is true in the theory of micropolar
elagtic thin shells:

In order to prove this theorem we'll multiply equation (20),
on u;, (20), —on us, (20); —on w, (20),—on 7, (20)s —on
w5, (21); —on Q4 (21), —on Q,,(21); —on Qg, (21),—on
1. Further we'll summarize these equations and we'll integrate
them in region (S) of the shell middle surface. After some
transformations, we'll obtain:

- j(szlui +TpUs + NoggW + Hopprg + Moy + Ly + Ly Q5 +
Il

+ LagQy + Az )Aday + I(Tllui +SppUs + NygW' + Mg +

|2

+ Hypp o+ L1aQf + Lo Q5 + Ly5Q5 +A131')A2da2 -

—_[ (TuaTf1 + ool 5 + SoTiz + Syl + Nyalis +
(s)

+ NagiI'gy + Nogl'og + Napl'gp +

+My;Kpp + MK + HipKpp + Hp Koy + Lk + Lok, +

+ LyoKyp + Ltk + Lygkis + Loskas +

+A13|i3 +A23|l23 + Lsskés)AlAQdaldaz =

j q1+q1 q2+q2)«"z+(q§+q§W+

+ h(ql —0 )//1 + h(Qz —qi)//é +

g+ (mg -+ mg oy + (mg -+ g g + g — g )
-A A daydas,.

On the basis of elagticity relations (22), (23) we'll obtain
following relation:

TialTy + Tl 9 + Sl + Syl + Nygls + Ny Iy +
+ N3y + Ngpl'gp + Mg Kyy + Mg, Ko, + HppKp, +
+H 5 Koy + LygKia + LogKdy + LygKyp + Lykyy +
+LagKyg + Logkog + Agsliz + Agglog + Lagkas =

2Eh
(F11F11 + Fzzrzz)

(30)

2Ehv
t— (F22F11+F11F22)+2h(y+a)(F12F12+F21F21+

+Tyals + Tpalgg + Ty + Tl ) +
+ 2h(ﬂ - a)(Fle“l’z + o050 + Tgyl + Tiglgy + Tgplog +1515, ) +
2Eh® 2Eh3y

+ KK + KupK KooK + Ky K
m( 11711 2 22) m( 2R 7 Rn 22)
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2h® , :
+ T(ﬂ + a)(K12K12 + K21K21)+
2h® , ,
+T(ﬂ _aXKZlKlZ + K12K21)+
+ Zh(ﬂ +2y )(kllkl’l +Kookgp + k33ké3)+
+ Zhﬂ(kllkéz +KggKy + KygKgs +KpoKgg +
+ KooKy + k33k11)+ 2h(7’ +é )(k12k],.2 + kzlkél)Jr
+ 2h(7 —& )(kzlkl'z + klzkél)

+2h 478

(31)

k13 kl3 Zh k23 k23

2h 4dye 2h® 4y

I 13 +—
13l +
3 y+¢

|23 23+

Taking into consideration the symmetry of relation (31),
Betty’s theorem will be obtained from (30) for the general
theory of micropolar elastic thin shells:

I [.[0'22 da3]u2 [‘[021 da3]ul {jdzs da3]W +
I [\~h h
0 0 0
+ Iazza3da3 w5+ I621a3da3 w1+ J-y21da3 Q1+
-h -h -h
ho , ho '
+ Iﬂzzda3 Q3 + Iﬂzada3 Q3+
+ I,u23 das} Ada; + HIO‘H da3]ul Ljo-lz daS]u2+

-h

+ _'.0'13 dagJW + {.[0'11 asda3}//l {jcnz a3da3}//2 +

-h -h -h

ho ho
+ _[#11 dag Q) + Iﬂlz dag Q) +
-h -h

o o
+ Iﬂls das]Q's J{j#w O‘Sdas}']Azdaz +
”[ 1+Q1)11+(Q2 +Q2)12+(CI3 +CI3)"/+h( Ch)//
+h(q2 )// (ml +ml)Q (m2+m2)§22+

+ (m3 +mg )Qs + h(”h -mg )’ ]AlAZdaldaz =

to o h o
:'|.|:[IO"22 d0(3JU2 +[IO"21 da3Jul+[J.o-'23 da3]w'+

I | \-h -h ~h

o o
[.[0' 2 a3da3}//2 +[Io- 21 asda3]l//l + {J‘,u ” dc)zg)JQ1 +

-h -h
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(32)

h o h o h
{J‘o"ll dag u1+[J-o"1z dagJuz +[Io"13 da3JW+

-h -h

0 o
! ’
+ Io- nazdas yq + Io- 12 azdas v, +
-h

"o
+ jy’m a3da3}]A2da2 +
H[ R TR R TH A o
(Q1 -0 )J’l h(q,z+ '’y )/’2 + (mfr +my )Ql +

+ (m’2+ ey 0, (7 + my o, + hlmg™ - m A Ayderdar,.

4. Expression for the averaged functional:

3 1 ou 1 0A w
lg= 'L'[<WO - {Tﬂ[rﬂ —( A aall + AR, 7, U, +§H +

10y, 1 0A
+M“P““{EEMi A, 0y ﬂ+

A, day | A, Oy

a3 e
(3 ag i

sl (AR

el (2w )

+ Ny [Tay — (1 — 9, )]+ Nl{rn—[%%—% ZH

+ Nap[Tap — (7, + )]+ N23|:I“23 _(é%_%_glj}
O Py |
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| 100, 1 oA, O B
+ Lo| Koy — (Az 5 f— AR B Q, + le + Lagg(kgg — 1)+
+ L32 [:1 6892 :;\2 jA'l 1J:|+
(04 o
1 2 (33)
Lk (L%_L%%J}
Ay, ooy,  AA, Oay

100; Q
+ L13|:k13 (Az ?:_Jj}+
1

~ [[legruy + o by, + a5u, + a3ty + gfwe mioy +
S

+myQ,+ My Qg + mghz)AlAzdaldaz +
+ [ (eus - o+ apu, — cphy, + g we mi, +
S

+ M Qo+ My Q5 — mghz)AlAzdaldaz +
+ _[(531111 +T202U2 +H gll//l +M gz‘/’z + N33W+ Lglgl +

,
i

+ L%ZQ 5+ ngﬁs + Aozsz)Aldal +
+ J.[SZl(ul - UE)JF H 21(‘//1 - ‘//10)+ Tzz(uz - Ug)*‘

I
+M 22(‘//2 —‘//g)Jr Nza(W—Wo)+ Lzl(Ql _Qf)JF
Ly, - 02)+ Ligls - Q)+ Agli - 1° Ada, +
+ J.(Tlgul + M101‘//1 + Slozuz + H102‘//2 + N103WJr Lglgl +

f
I2

+ LlZQ2 +L0 13Q3 + A131)A2da2

+ I [Tll(ul —Ug )+ Mll(‘//l -y )+ S_LZ(UZ - Ug)+ H12(‘//2 _,/,g)+

I3
+ Nyg(w—wp )+ Lll(Ql —Qf)+ Ly (92 _Qg)+

+ L13(§23 - Qg)+ A13(1 - zo)]AQdaz.
If we make the variation of |, by the al unknown

functional arguments, we'll obtain main eguations and
boundary conditions ((20)-(23), (16), (17), (24), (25)) of
micropolar elastic thin shells with free fields of displacements
and rotations from the equation ol = 0.

It should be noted that the above formulated variation
problem corresponds the genera variation principle of
micropolar elastic thin shells. Hence, extreme principles of
Lagrange and Kadtilianos type of micropolar elastic thin
shells will be also obtained as private cases. Methods of their
approximate solution can be used for each variation equation
(particularly, Ritz and Galyorkins methods), which will
reduce the boundary-value problem of the theory of
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micropolar elastic thin shells to the solution of system of
algebraic equations.
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