
 

 

 

Keywords—Computer simulation, concrete, reinforcement, 
reliability. 

 
Abstract—Significant improvement of computer technology in 

recent decades brought possibility to exploit fully probabilistic 
methods for reliability evaluation of structural systems and their 
members. One of these methods is SBRA (Simulation-Based 
Reliability Method) using direct Monte Carlo simulation technique. 
Application of this method allows utilize more precise calculation 
models, consistent description of random variables using truncated 
histograms and as well direct quantification of reliability. The 
following paragraphs of this paper describes application of this 
method in design and reliability assessment of high-performance 
reinforced concrete beam. 
 

I. INTRODUCTION 
ODAY'S codes for design of civil engineering 

structures are predominantly based on partial factor design 
method. This method was developed more than a half of 
century ago in time of primitive (from today's viewpoint) 
calculation tools. Limited calculating possibilities of this 
method led to introduction of computational models, which we 
can intercept today as excessively simplified. Reliability of 
structures is influenced by a lot of quantities, which are less or 
more random. Partial factor design method describes these 
random quantities using characteristic values and 
corresponding partial factors. This simplification then leads to 
impossibility to quantify resulting reliability of evaluated 
structure. 

Rapid development of computer technology (especially in 
recent decades) brought possibility to exploit computer 
simulation for fully probabilistic reliability analyses of 
structures - see e.g. [1]-[18]. One of probabilistic methods, 
which has been developed for more than two decades, is 
SBRA (Simulation-Based Reliability Assessment) method - 
see e.g. [4], [5], [7]. This method uses computer simulation 
Monte Carlo for modeling of various processes influenced by 
omnipresent randomness. Versatility of this method allows its 
use for solution of wide spectrum not only technical problems.  
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Usefully this method can be used as well for reliability analysis 
of civil engineering structures. Advantage of this method is 
possibility to directly calculate probability of failure (in 
comparison with partial factor design method, where this 
indicator cannot be calculated). The SBRA method allows 
description of random quantities using histograms, which can 
be acquired e.g. by repeating of various experiments.  

Potential of the SBRA method within design and assessment 
of civil engineering structures is outlined in the following 
chapters. On example of simply supported beam made of high-
performance reinforced concrete is described possible 
approach to fully probabilistic reliability analysis. 

II. SOLVED EXAMPLE - INPUT DATA 
The goal of considered example is design and reliability 

assessment of simply supported beam from the viewpoint of 
possible failure due to pure bending. The beam is considered 
to be of high-performance concrete (see e.g. [19]-[27]). Near 
the bottom surface is provided longitudinal tension bar 
reinforcement. In the first step it is calculated necessary 
number of reinforcing bars. Subsequently it is performed 
reliability assessment of this structural member. 

Cross-section dimensions are considered to be the same 
along the whole length of the beam. The beam has only one 
bay between pin supports at the ends. The beam is loaded by a 
dead load, long-lasting and short-lasting live loads. All these 
loads are uniformly spread along the whole length of the beam. 
Effective length of the beam is considered as constant by 
leff = 6.55 m. Modulus of elasticity of reinforcing steel is 
considered as well as constant by value Es = 200 GPa [21]. 
The following quantities are considered as random variables. 
Their nominal values are: cross-section width bnom = 350 mm, 
cross-section height hnom = 700 mm, diameter of longitudinal 
tension reinforcing bars located near the bottom surface of the 
beam φs1,nom = 18 mm, concrete cover of longitudinal 
reinforcing bars c1,nom = 31 mm, dead load g1,nom = 20 kNm-1,  
long-lasting live load q1,nom = 41 kNm-1, short-lasting live load 
q2,nom = 39 kNm-1. Random nature of considered random 
quantities are represented by histograms shown in Fig. 1-10. 
Random quantities are calculated as multiplication of nominal 
value and random realization obtained from corresponding 
histogram using Monte Carlo method.  
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Fig. 1 Histogram representing cross-section width  bvar [-] 

 

 
Fig. 2 Histogram representing cross-section height  hvar [-] 
 

 
Fig. 3 Histogram of strength of concrete  fc,var [MPa] 

 
Fig. 4 Histogram of strength of concrete in tension  fct,var [MPa] 
 

 
Fig. 5 Histogram of steel yield of reinforcing bars  fy,var [MPa] 
 

 
Fig. 6 Histogram representing dead load  g1,var [-] 
 

 
Fig. 7 Histogram of long-lasting live load q1,var [-] 
 

 
Fig. 8 Histogram of short-lasting live load  q2,var [-] 
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Fig. 9 Histogram of diameter of tension reinforcing bars φs1,var [-] 
 

 
Fig. 10 Histogram of concrete cover c1,var [-] 
 
Calculated statistics for input random variable quantities are 

shown in Fig. 11-20. 

 
Fig. 11 Statistics for cross-section width bvar [-] 

 
Fig. 12 Statistics for cross-section height  hvar [-] 

 
Fig. 13 Statistics for strength of concrete fc,var [MPa] 

 
Fig. 14 Statistics for strength of concrete in tension  fct,var [MPa] 

 
Fig. 15 Statistics for steel yield of reinforcing bars  fy,var [Pa] 

 
Fig. 16 Statistics for dead load  g1,var [-] 
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Fig. 17 Statistics for long-lasting live load q1,var [-] 

 
Fig. 18 Statistics for short-lasting live load  q2,var [-] 

 
Fig. 19 Statistics for diameter of tension reinforcing bars φs1,var [m] 

 
Fig. 20 Statistics for concrete cover c1,var [m] 

III. SOLVED EXAMPLE - CALCULATION 

A. Design of Reinforcement 
Calculation is performed for critical cross-section 

considered in the mid-span of the beam. Total uniformly 
distributed load acting on the beam is calculated as a sum of 
individual load components: 

 
2111 qqgf ++=  (1) 

 
Bending effect in the mid-span cross-section of the beam is 

calculated using equation: 
 

2
18

1
effE lfM ⋅=  (2) 

 
Vertical distance of the center of gravity of longitudinal 

tension reinforcement to the tensioned edge of the concrete 
cross-section: 

 
111 5.0 scd φ⋅+=  (3) 

 
Vertical distance of the center of gravity of longitudinal 

tension reinforcement to the compressed edge of the concrete 
cross-section: 

 
1dhd −=  (4) 

 
Total required cross-section area of tension reinforcement to 

resist bending moment due to load: 
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Cross-section area of single reinforcing bar of tension 

reinforcement: 
 

4
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Required number of reinforcing bars of tension 

reinforcement: 

gles

reqs
reqs A

A
n

sin,1

,1
,1 =  (7) 

 

B. Reliability Assessment 
Clear distance between longitudinal reinforcing bars: 
 

1
2

1

111
1 −

⋅−⋅−
=

s

ss
s n

ncba φ  (8) 

 
Minimum clear distance between longitudinal reinforcing 

bars (requirement in [21]): 
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)20;5;2.1max( max,1min,1 mmmmda gss ⋅⋅+⋅= φ  (9) 

 
Reliability criterion - minimum clear distance between 

longitudinal reinforcing bars: 
 

min,11min,1 ssas aaRF −=  (10) 

 
Axial distance of longitudinal reinforcing bars: 
 

111 ssas φ+=  (11) 
 

Average width of tensioned part of the concrete cross-
section: 

 
bbt =  (12) 

 
Minimum total cross-section area of longitudinal tension 

reinforcement (requirement based on [21]): 
 

)0013.0;285459.0max(min,1 db
f

dbfA t
y

tct
s ⋅⋅
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Total cross-section area of longitudinal tension 

reinforcement: 
 

4

2
1

11
s

ss nA φπ ⋅
⋅=  (14) 

 
Reliability criterion - minimum cross-section area of 

longitudinal tension reinforcement: 
 

min,11min,1 ssAs AARF −=  (15) 

 
Maximum cross-section area of longitudinal reinforcement 

(requirement in [21]): 
 

hbAs ⋅⋅= 04.0max,  (16) 

 
Reliability criterion - maximum cross-section area of 

longitudinal reinforcement: 
 

1max,1max,1 ssAs AARF −=  (17) 

 
Factor for concrete strength in compression (based on [21]): 
- if fc ≤ 50 MPa, then: 
 

1=η  (18a) 
 

- otherwise: 
 

)
200
58(1 MPafc ⋅−−=η  (18b) 

 
Factor for effective height of compressed part of the 

concrete cross-section (based on [21]): 
- if fc ≤ 50 MPa, then:  
 

8.0=λ  (19a) 
 

- otherwise 
 

)
400
58(8.0 MPafc ⋅−−=λ  (19b) 

 
Distance of neutral axis to the compressed edge of the 

concrete cross-section: 
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Relative strain of steel reinforcement corresponding to steel 

yield: 
 

s

y
y E

f
=ε  (21) 

 
Limit relative strain of compressed concrete (based on 

[21]): 
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Limit ratio xbal,1 /d :  
 

ycu

cu
bal εε

ε
ξ

+
=
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 (23) 

 
Maximum distance of neutral axis to the compressed edge 

of the concrete cross-section: 
 

dx balbal ⋅= 1,1, ξ  (24) 

 
Reliability criterion - location of neutral axis: 
 

xxRF balx −= 1,  (25) 
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Lever arm of internal forces (vertical distance of the center 
of gravity of longitudinal tension reinforcement to the center 
of gravity of compressed part of the concrete cross-section): 

 
xdz ⋅−= 5.01  (26) 

 
Force in longitudinal tension reinforcement corresponding 

to the steel yield: 
 

yss fAF ⋅= 11,  (27) 

 
Bending resistance of the cross-section: 
 

11 zFM sR ⋅=  (28) 
 

Reliability criterion - assessment of safety in bending: 
 

ERM MMRF −=  (29) 
 

Equations (9), (13), (16), (18) and (19) were considered 
according to requirements defined in EN 1992-1-1 (see [21]). 
Equations (13), (18) and (19) were against EN 1992-1-1 [21] 
modified with regard to possible application within 
probabilistic calculation. In equation (22) there were used 
functions, which were considered this way: 

sign (x) = -1 for x < 0 , = 1 for x > 0 , = 0 for x = 0; 
pos (x) = 1 for x > 0, = 0 for x ≤ 0; 
neg (x) = 1 for x < 0, = 0 for x ≥ 0; 
zero (x) = 1 pro x = 0, = 0 pro x ≠ 0;  

IV. SOLVED EXAMPLE - OUTPUTS 
Resulting histograms of calculated random quantities 

obtained from computer simulation Monte Carlo are shown in 
Fig. 21-35. Computer simulation was performed for simulation 
steps equal to 106. Calculation was performed using 
probabilistic modules [28] running under commercial software 
Matlab (see e.g. [29]-[32]). 

 

 
Fig. 21 Histogram of bending moment ME [Nm] 
 

 
Fig. 22 Histogram of effective height d [m] 
 

 
Fig. 23 Histogram of total required cross-section area As1,req [m2] 
 

 
Fig. 24 Histogram of cross-section area of one bar As1,single [m2] 
 

 
Fig. 25 Histogram of required reinforcing bars ns1,req [-] 
 

INTERNATIONAL JOURNAL OF MECHANICS Volume 8, 2014

ISSN: 1998-4448 106



 

 

 
Fig. 26 Histogram RFas1,min [m] 

 
Fig. 27 Histogram of reliability function RFAs1,min [m2] 
 

 
Fig. 28 Histogram of reliability function RFAs1,max [m2] 
 

 
Fig. 29 Histogram of depth of neutral axis x [m] 
 

 
Fig. 30 Histogram of limiting depth of neutral axis  xbal,1 [m] 
 

 
Fig. 31 Histogram of reliability function RFx [m] 
 

 
Fig. 32 Histogram of lever arm of internal forces z1 [m] 
 

 
Fig. 33 Histogram of force in tension reinforcment  Fs1 [N] 
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Fig. 34 Histogram of bending resistance MR [Nm] 
 

 
Fig. 35 Histogram of reliability function RFM [Nm] 
 
Statistical parameters obtained from computer simulation 

are shown in Fig. 36-50.  

 
Fig. 36 Statistics for load effect ME [Nm] 

 

Fig. 37 Statistics for effective height d [m] 
 

 
Fig. 38 Statistics for As1,req [m2] 

 
Fig. 39 Statistics for As1,single [m2] 

 
Fig. 40 Statistics for ns1,req [-] 
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Fig. 41 Statistics for reliability function RFas1,min [m] 

 
Fig. 42 Statistics for reliability function RFAs1,min [m2] 

 
Fig. 43 Statistics for reliability function RFAs1,max [m2] 

 
Fig. 44 Statistics for depth of neutral axis x [m] 

 
Fig. 45 Statistics for limiting depth of netural axis xbal,1 [m] 

 
Fig. 46 Statistics for reliability function RFx [m] 

 
Fig. 47 Statistics for lever arm z1 [m] 

 
Fig. 48 Statistics for strength in tension reinforcement Fs1 [N] 
 

 
Fig. 49 Statistics for bending reistatnce MR [Nm] 
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Fig. 50 Statistics for reliability function RFM [Nm] 

V. SOLVED EXAMPLE - COMMENTS OF RESULTS 
Design of necessary reinforcing bars was based on statistics 

shown in Fig. 40. From this Fig. it is evident that for 
probability 0.99993 the ns1,req equals approx. 5.947. Thus for 
further reliability assessment ns1 was considered equal to six 
reinforcing bars. 

From Fig. 26-28 it is clear that minimum numbers of these 
functions are positive numbers. Due to this we can say, that 
these criterions are 100% fulfilled. From the last row of Fig. 
46 it is evident, that for argument equal zero (zero quantile) 
probability (of failure) equals as well to zero. Reliability 
assessment of the critical cross-section of the beam in pure 
bending can be based on Fig. 50. From the last row it is clear 
that probability of failure (for quantile = 0 ) is equal 5.5·10-5. 
If this probability of failure is less than design probability, we 
can consider critical cross-section as reliable (from the 
viewpoint of assumed limit state). Design probability should 
be available in corresponding design code or given by relevant 
authority.  

VI. CONCLUSION 
Almost all what surround us exhibit non-negligible marks of 

randomness. It is as well the case of civil engineering 
structures. Significant advancement in computer technology 
bring us possibility of utilization of new progressive 
computing methods for design and assessment of these 
structures. One of these progressive methods is SBRA method, 
which potential was briefly outlined in previous chapters. 
Advantage of this method is possibility of description of 
random quantities using general histograms, which can be 
acquired e.g. from various experiments. Perpetual grow of 
power of computer technology opens new possibilities for 
Monte Carlo simulations in still more and more demanding 
problems. Application of Monte Carlo simulation in reliability 
analysis allows direct calculation of probability of failure. 
Knowledge of this significant indicator can be used further e.g. 
in management of risk. Reinforced and prestressed concrete 
structures represent composite structures, which real behaviour 
is quite complicated. Fully probabilistic methods open way for 
more precise design and assessment of these structures. More 

information about development of the SBRA method is 
available on the web page [33] devoted to this method. 
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