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conduction equation in an infinite cylinder
under local heating and associated thermal
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Abstract—The theory of thermal stresses based on the time-
fractional heat conduction equation with the Caputo derivative is
used to investigate axisymmetric thermal stresses in an infinite
cylinder under local heating of its surface. The representation of
stresses in terms of the displacement potential and the biharmonic
Love function is employed. The solution is obtained using the
integral transform technique (the Laplace transform with respect to
time, the exponential Fourier transform with respect to the axial
coordinate and the finite Hankel transform with respect to the radial
coordinate).
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Investigation of different physical phenomena in media with
complex internal structure has led to considering differential
equations with derivatives of fractional order. Numerical
applications of the fractional calculus to problems of
mechanics can be found in the literature: fractional relaxation-
oscillation [1], rheology [2]-[4], creep [5], hereditary
mechanics of solids [6], [7], the Brownian motion [8], stress
and strain localization in solids [9], the fractional dynamical
systems [10] (see also [11]-[16] and references therein). The
time-fractional derivatives describe time nonlocality (the
memory effects), the space-fractional derivatives represent
space nonlocality (the long-range interaction).

The first theory of thermal stresses based on a fractional
heat conduction equation with the time-fractional derivative of
the order 0 <« <2 was proposed in [17]. Later on fractional
thermoelasticity was generalized to take into account also
space-fractional derivatives in the heat conduction equation
[18]-[20]. Theories of thermal stresses based on the time-
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fractional [21]-[23] and space-time fractional telegraph
equation [24]-[26] were also proposed.

In this paper, we consider the axisymmetric thermoelasticity
problem for a long cylinder subjected to local heating at the
boundary surface. Heat conduction is described by the time-
fractional equation with the Caputo derivative of the order
O<a<2.The solution is obtained using the Laplace

transform with respect to time t, the exponential Fourier
transform with respect to the axial coordinate z, and the finite
Hankel transform with respect to the radial coordinate r. The

representation of the stress tensor components in terms of the
displacement potential ® and the biharmonic Love function
YV is employed. Earlier the solutions to the time-fractional
heat conduction equation in a cylinder were analyzed in [27]
and [28]. Radial heat conduction in a cylinder and associated
thermal stresses were studied in [29].

Il. STATEMENT OF THE PROBLEM

A quasi-static uncoupled theory of thermal stresses based on
the time-fractional heat conduction equation is governed by the
following system of equations:
the equilibrium equation in terms of displacements

AU+ (4 + u)V(V-u)= pKVT, 1)
the stress-strain-temperature relation

o=2ue+(Atre— KT, @)
and the heat conduction equation

aT—aAT, O<a<2, (3)

a

where U is the displacement vector, o is the stress tensor, €
denotes the linear strain tensor
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e:%(Vu+uV), (4)

A and u are Lamé constants, K = A+ 2/3 is the modulus
of dilatation, £ is the thermal coefficient of volumetric

expansion, a is the thermal diffusivity coefficient, |1 stands
for the unit tensor, V is the gradient operator, and A denotes
the Laplace operator.

In the heat conduction equation (3), we use the Caputo
fractional derivative [12], [30], [31]

d“ft)_ 1 It(t_r)n_a_l d“f(f)dT
dt*  T(n-a)lo de” )
n-l<a<n,

where F(a) is the gamma function.

Just as in the classical theory of thermal stresses [32] and
[33], we can use the representation of the stress tensor ¢ in

terms of the displacement potential @ and the Galerkin
vector G
6 =2,(VVD - 1aD), (6)

6@ =24[(vIA-VV)V-G+(1+Vv)A(VG+GV)]. (7)

Here v is the Poisson ratio.
The part of stresses due to the displacement potential
describes the influence of the temperature field

_1+v B,

AD=mT, m= :
1-v 3

(8)

the stresses expressed in terms of the biharmonic Galerkin
vector

AAG =0 9)

allow us to satisfy the prescribed boundary conditions for the
components of the total stress tensor ¢ = o +6?.

I1l. TEMPERATURE FIELD IN A LONG CYLINDER

Consider the axisymmetric time-fractional heat conduction
equation in a long cylinder

o°T 0T 10T o°T
e Aottt
ot or? ror gz (10)

0<r<R, —w<z<ow, O<t<ow, 0<a<2,
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under zero initial conditions

t=0: T=0, O<a<?, (11)

t=0: gzo, l<a<2, (12)
ot

and the Dirichlet boundary condition corresponding to the
local heating of a surface r =R

Ty, |z| <,

r=R: T= (13)
0, |z| >1.

The zero condition at infinity

lim, ., T(r,z,t)=0 (14)

is also assumed.

The integral transform technique will be used to solve (10)-
(14). Recall that the Caputo fractional derivative for its
Laplace transform rule requires the knowledge of the initial
value of a function and its integer derivatives of order
k=12,...,n-1:

df(t) S ik g ()
L ——2b=s%Lif(t)j— Y s*“fY(0"),
e SRR S L R
n-l<a<n,
where S is the transform variable.

Application of the Laplace transform with respect to time to
(10)-(13) gives

2T * * 2T %
s“T*:aaT +18T +8T , (16)
or> r or  oz°
To/s,  |7<I,
r=R: T*= ()
0, |z|>|,

where the asterisk denotes the Laplace transform.
The exponential Fourier transform with respect to the axial
coordinate z leads to the following equation:

~ 2T % T * ~
s“‘T*:::{a 7 1a —HZTJ,

_— 18
or: r or (18)

and the boundary condition
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\/_T ~2Tysin(ln)
sy

where the tilde denotes the Fourier transform, and 7 is the

transform variable.
Next, we use the finite Hankel transform [34]

(19)

H{f(r)} = f(g)=]0f ) o(ré )rdr, (20)
als 2% Jo(rfk)
GRSV RCEE MC S

where the hat marks the Hankel transform, J, (r) is the Bessel
function of the order n, R, are the positive roots of the

zeroth order Bessel function

Jo(Rfk):O' (22)
and
d?f(r) 1df(r)]_ .-
H{ ar? +r ar [~ Sk f(fk) 23)
+R§kJ1(R§)f(R)-
From (18), (19) and (23) we get
.? *(E,,m,8)= \/_jET sin(ln) £,3,(R&, )
V4 n (24)
N 1
s[s” +a(&¢ +n°)]
or
= \/ERTO sin(ln) £,3,(R&,)
T*&.,n,9)=
(‘fk n ) \/; 77(§k2+772)
(25)
y 1_ Safl
s s“+a(§k2+772)'
The inverse Laplace transform results in
= V2RT, sin(ly) &,9,(R&,)
T, n,t)=
o)== = ) (26)
X{l_Ea[ a( K+ ) ]}
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where E, (z) is the Mittag-Leffler function in one parameter
a having the series representation

0 n

Z
Ea(Z)—ém, (Z>0, ZEC, (27)
and the following formula [12], [30], [31]
i G (28)
s“ +b
has been used.
Inversion of the finite Hankel transform gives
= 42Ty & & 3,(r)
T(rpt) =230 k=il
\/;R k=1 (‘fk2+77 ) 1(R ) (29)
S R
and finally
< &)
T(r, z,t) Z Jolr
I k=1 (é: +7 ) ‘]l(Rék) (30)
x {1— E, [— a(ék2 +7° )t"‘ ]}sin(l n)cos(zn)dn.
It should be emphasized that the relation [34]
2 < o(ré) J,(rB)
= (1)
DN NN RN 7y
for 3 =in can be rewritten as
2 < r(:k ) lo (”7)
- = ’ (32)
Rz(ék +n ) (Ré:k) |0(R77)

k=1

where In(r) is the modified Bessel function of order n.
Hence (30) takes the form

T

— |

/A

w lo(rn) sin(ln)cos(zn)d77

R RN

Jo(r&)
(é:k +7n ) J1(RE)

(33)

o, o - i;
ke Sin(ln)COS(Zn)dn.

x E, [— a(§k2 + ”
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At the boundary surfacer =R, the first integral in (33)
satisfies the boundary condition (13), whereas the second one
equals zero.

IV. THERMAL STRESSES IN A LONG CYLINDER
Equation (8) in the cylindrical coordinates takes the form
0°d 10D 0°D
+——
or: ror  oz?

=mT, (34)

or, after applying the Fourier and finite Hankel transforms,

L m =
O=— , (35)
& +n’
which gives
sm z ré.) (36)
= LRE)
where
aCLLY @
Rz
Py ==k 41— E, k +77 (38)
Sk
(é:k +7n )

The components of the tensor o™ are expressed as [32]

1) 62D
oy =24|—5 —AD |, (39)

| or

0 _, laﬂ_m} 40
Ogg = <H N , (40)

022, T pp
GZZ - ﬂ_azz - ’ (41)

2

0 _p, 9 ¢ 42

T =M ore (42

or in the Fourier transform domain
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sm( 1)

Grl’
(43)
i 3,(r& )+ rn®3o(ré)
k=1 r3;(RE,) ’
50 _ouc sin(l77)
n
(44)
o, Balre)—rled +n* Bolrey)
k=1 r; (R ) ’
=) __o Csin(ln) < P, é:k o(ré) 15
e T |<Z::1 3(RE) “
&9 = —2uiCsin(l n)i: (FEZ:‘E")) (46)

To satisfy the boundary conditions for the total stress tensor,
we should consider the stress tensor &2 expressed in terms
of the Love function [35]:

2

) 9,0 [,ag Y 47
GI’I’ /J az (V arz H ( )

(2) _o 0 AW — 18_‘1’) 48
Goe =My ( ror “9)

(2) _ 2 2 2 _ VAW — 6_‘1’ 49
O H pe ( V) 522 ) (49)

2

@ 2,9 (1-y)aw -2 ¥ 50
The biharmonic Love function

02 ‘~I’ 1 8‘{’ 8 v 0 51)

or? r or az2

can be obtained as a particular case of the Galerkin vector
having only the z-component G = (0,0, LI’).
The solution of (51) in the Fourier transform domain

o2y

(52)
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Fig. 1 the distance-dependence of a nondimensional

temperature (z=0,x =0.5, | =1)

finite at r =0 has the form [34]

3]

= An)1o(rn)+B(n)rnly(rn) (53)
with A(77) and B(r7) being the integration coefficients.
From (47) —(50) and (53) we get
9 = 20i{n® Ao (1)~ () * 1,(rp)]
+0°Bn)[L-20) () e, ()l
555 = 2ui[(L=2v)n°B(n)l,(rn)

Ogg =
+n2Al)r 1y (r)l,

(54)

(55)

&2 =2ui{n® Ao (rn)

+ 7738(77)[2(2 —v)ly(rn)+ ”7'1(”7)]}’

&2 =2ul{n*Ain)1,(rn)

+n°Bn)2@-v)1,(rn)+ rrto (rm)])

(56)
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Fig. 2 the distance-dependence of the nondimensional stress
component &, (z=0,x=0.5,1=1)

The surface of a cylinder is traction free. Hence

r=R: a§§)+a§f)=0, (58)
r=R: o-g)+0'£22)=0, (59)
what allows us to determine the integration constants
iCsin
Alr)= iCsinlln) ¢ Z SkPx
n D(77) (60)

x {[RZ;;2 +2(1- v)]ll(Rn)+ 2(1- v)RnIO(Rn)},

B(r)=- ICLn(In)RU'o(Rﬂ) ifkpk, (61)
D(7 L

where

D(n)=[R?n? + 20— V)12 (Rn)-R*p%1Z(Ry).  (62)

The final expressions for the stress tensor components have
the following form:
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Fig. 3 the distance-dependence of the nondimensional stress  Fig. 4 the distance-dependence of the nondimensional stress

component &,, (z=0,x=0.5, | =1) component &, (2=0.75,x =0.5, | =1)
where
1 g
0 anteeraen)] " "
o | SkSly) & dalréy ) +rn™dolréy
x> P - d
kz=1 { D(n) 31 (R&) } § S(r)=[R?n? + 20— )|, (Rn)1y(rn)
. . o2
o0 =C1I w sm(InZ(?:]os(zn)ZPk Rr®1o(Ry)lo(rn) -
“ (64) + [Rr2773 4 2(1—V)R77]|0(R77)|1(r77)
[fku(ﬂ) fk\]l(r‘fk)_r(gkz+772)~]o(r§k)}d
x + n s
D(r) 5L(RE) ~[R?rn® + 20V (e (R)
oy =C1Ijo sin(l77)cos(z7) U()=(~2v)Rrn1o(Rn)lo(rn)
(65) [R n +21 v] (Rn)ll(rn) (69)

c V(77) ézk\]o(rfk)
x» &P, — d
kzzl: {D(U) UJl(Rfk)} ! — 2= v)Raly(R)I4(rn),

o, = Clj._isin(l n)sin(zn)

< W) Ji(rg)
Xé(’gkp{Dn T ,(RE,)

(66) [R v V] (Ralr) (70)
}dn ~Rr?14(Ry)13(rn) = 2Ry 1o (R o (r ),
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2 2
W(n)=[R?n? + 2-v)] 11 (Rm)1, (1)
(71)
2
—Rry?1o(Rn)lo(rn).
In the particular case of classical thermoelasticity (o =1), the
Mittag-Leffler function
E, (- agt)=exp(- ac2t), (72)
and the obtained solution coincides with that presented in [32].
Two other particular cases, with a =2 (the ballistic heat
conduction described by the wave equation for temperature)

and with & =0 (the localized heat conduction described by
the Helmholtz equation for temperature), are obtained when

E, (— agit?® )z cos(\/ggk t) (73)
and
Eo-ag?)= ﬁ (74)

respectively.

V. NUMERICAL CALCULATIONS

The results of numerical calculations are shown in Figs. 1-4.
To evaluate the Mittag-Leffler function, we have applied the
algorithm suggested in [36]. The following nondimensional
quantities

- T _ 1 _r
T:T_’ |J:2—G|J’ r=—,
0 JZUII R
(75)
_ 1z = Jat!?
=2, =2, k=T
R R

have been introduced. In computations we have assumed
v=0.25.Temperature T and the stress components

O, Ogy »and o, are even functions in z; in calculations
we have taken z=0. The stress component o, is an odd
function in z; calculations were carries out for Z =0.75.

VI.

In the case 0<a <1, the time-fractional heat conduction
equation interpolates the elliptic Helmholtz equation and the
classical heat conduction equation. Because the fractional heat
conduction equation in the case 1<« <2 interpolates the
standard heat conduction equation (& =1) and the wave
equation (a =2), the proposed theory interpolates the
classical theory of thermal stresses and thermoelasticity

CONCLUSION
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without energy dissipation introduced by Green and Naghdi
[37]. In the case of the wave equation (& =2), temperature

T (Fig. 1) and the stress component o ,, (Fig. 3) have jumps

at the wave front corresponding to T =1-x with
0 <k <1.The curves for & approaching 2 approximate this

jump. It should be emphasized that the response of the time-
fractional heat conduction equation with 1<g<2 to a
localized disturbance spreads infinitely fast [38] and [39]. On
the other hand, the fundamental solution to the time-fractional
heat conduction equation possesses a maximum that disperses
with a finite speed similar to the behavior of the fundamental
solution to the wave equation [38] and [39]. Fractional
thermoelasticity offers considerable possibilities for better
describing thermal stresses in porous materials, fractals,
random and disordered media, and other solids with
complicated internal structure. In the framework of fractional
thermoelasticity, several problems for various geometries were
solved in [40]-[46].
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