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Abstract: The hydrodynamic interaction be-
tween a channel confinement and a suspended
body is an important class of hydrodynamic prob-
lems. In this paper, we point out a quantitative
study of the effects of the channel boundaries on
the drag force exerted by the fluid on the particle
surface. As results, we can obtain the drag coef-
ficient as well as the flow in the channel due to
the presence or the motion of the particle. We
consider a channel with a periodic variation in
diameter in which an axisymmetric particle is
translating along its axis. Our numerical reso-
lution is performed using the boundary integral
formulation of Stokes flow which is solved using
a boundary elements method. The numerical re-
sults are presented for the cases of spherical and
ellipsoidal particles. Different geometric effects
like the curvature of the channel, the particle ge-
ometry, and the channel size to particle size ratio
are handled. Using the second law of Newton,
these results enable us to study the existence and
kinds of the mechanisms allowing the transport
of the suspended particle and experienced by the
computed drag force.

Key-Words: Spherical and ellipsoidal particle;
Periodic channel; Confined geometry; Drag
force; Boundary elements method; Singular in-
tegrals.

I. INTRODUCTION

Microfluidic flows past solid particles are en-
countered in many engineering and biological ap-
plications, including motion of blood cells in mi-
crovessels and separation of molecules across bi-
ological and porous membranes, equally the par-
ticle transport in porous media which is of in-
terest in filtration systems. Because of this im-
portant applications, substantial research works

have been devoted to the study of flows past rigid
bodies in one hand, and in another hand the hy-
drodynamic force experienced by the suspended
body. In addition recent works focus on the force
exerted on objects immersed in confined geome-
tries. It is well known that particle-channel inter-
actions as well as particle-fluid interactions have
effects on the particle motion. For a proper de-
scription of a particle behavior in the microfluidic
devices, the particle drag force has to be well un-
derstood. The studies of such a force has grown
out the classical work of Stokes for a translat-
ing rigid sphere in an infinite flow. Practically,
there is many factors affecting on the particle
drag force, as the particle and the channel geom-
etry as good as the particle to channel size ratio:
the channel boundaries have a strong impact on
the particle force. For this special case, this pa-
per propose a numerical computation of the drag
force exerted on an asymmetric particle of arbi-
trary shape suspended in a fluid flow. The flow
occurs in a confined axisymmetric periodic chan-
nel. This formulation would be applied for parti-
cles and channels of arbitrary geometry and size.
The present work was motivated by a micro-
pumping system [16] through periodic microp-
ores channel. Recently [17] showed the role of
the force drag in the existence of the particle
transport. The model in [17] applies only in the
case of fairly small particles. Our study aims at
determining the validity of the latter model de-
pending on the particle size and at presenting a
generalization for arbitrary particle sizes.
In the past, modeling Stokes force on solid parti-
cles suspended in fluid flow was carried out with
different analytical and numerical approaches.
To determine the characteristics of an unconfined
flow around tandem square cylinders in steady
and unsteady periodic laminar flow, the authors
of [20] have investigated the drag force exerted
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on the both cylinders. Using the method of per-
turbations, Brenner has calculated the Stokes re-
sistance of a rigid particle with arbitrary geomet-
ric form suspended in a quasi-static flow, sup-
posed quite at infinity [1], in a shear flow [2],
and in an arbitrary initial field flow [3]. The au-
thors of [4] studied numerically by the Lattice-
Boltzmann method the boundaries effect on the
Stokes force of a sphere, undergoing a uniform
translation motion outside the axis of revolution
of the cylinder. Their numerical results agree
with the experimental results obtained by Ambari
[8], who proved that the force is minimal when
the particle is on the axis of the cylinder and it
increases quickly when the sphere approaches its
boundaries. In addition, Happel and Byrne in [9],
have discussed the force, the torque and the pres-
sure rise generated by the presence or the motion
of a spherical particle or a periodic suspension of
spherical particles in a cylindrical duct. More-
over and despite the fact that ellipsoidal particles
have a large importance, a major part of the liter-
ature has focused only on spherical ones. Blaser
in [6], used the analytical formulas developed by
[4] and [5] to examine the drag force exerted on
small ellipsoidal particles immersed in either a
constant, simple shear, two dimensional straining
or axisymmetric straining flows. Obviously, only
simplified situations are tractable with analytical
results. Other authors has concentrated also on
the computation of the hydrodynamic force ex-
erted on a moving particle. In an extension of
their earlier works motivated by applications in
biomechanics, Chen and Skalak in [25] computed
the force applied on a file of prolate and oblate
spheroidal particles oriented along the axis of a
circular tube.
According to that, for more general configuration
one should investigate numerical approaches to
compute the drag force. The present study deals
with spherical and ellipsoidal particles settling in
an arbitrary channel form, filled with a viscous
fluid flow at a very low Reynolds number, as long
as the size of the particle is comparable to the size
of the duct.
In order to solve problems in fluid-solid in-
teractions, various numerical methods could be
employed. Some authors use the finite ele-
ment method as in [22], the immersed bound-
ary method as in [23] and the boundary integral
equation. This latter exists in several forms ex-
pressing (a) the velocity [13], (b) the traction
[24], and (c) the pressure [13], as an integral on
the boundary surface of the velocity and the trac-

tion. This method is based on the viscous hy-
drodynamic potential theory introduced by La-
dyzhenskaya starting from the Greens theorem
results. The boundary integral method is partic-
ularly suited to solve Stokes flows with complex
geometries.
Over the last three decades, the method was
widely developed and matured. For instance,
Kohr in [7] gave a boundary integral formulation
to calculate the perturbation of an infinite inci-
dent flow in the presence of a solid sphere and
a viscous drop, Jeffrey et al. [8], applied such
formulation to compute the disturbance velocity
field of a Poiseuille flow due to the presence of a
sphere. Recently, a numerical-analytical for the
boundary elements method is reported in [19] for
elliptic problems and aiming at reducing the com-
putation time. In order to compute the Stokes
flow, in a quiescent fluid-filled tube of an arbi-
trary geometry, and due to the presence or motion
of a rigid particle, Pozrikidis in [12] has evalu-
ated the force and torque exerted on the particle.
His numerical studies were accomplished using
the boundary integral formulation.
In the rest of the paper we are going to introduce
a formulation of the boundary integral equation
describing the problem, then a special treatment
for singular integral will be examined, and finally
we present some numerical results.

II. MODELLING AND NUMERICAL
RESOLUTION

A. Problem Presentation

We consider an incompressible viscous flow
through a confining axisymmetric tube past a
solid axisymmetric particle. One tube is consti-
tuted with some interconnected identical pores
with periodic variation in diameter as shown in
figure 1. We are interested notably in such pores
because they represent some kinds of realistic
porous media [16].
The channel has a sinusoidal variation in radius,

such as:

r(z) =
rmin

2
[σ + 1 + (σ − 1) cos(2πz/L)] (1)

where L is the pore length, σ the ratio rmax/rmin
called curvature of the pore. Note that σ ≥ 1 and
σ = 1 corresponds to a uniform cylindrical tube.
In this study, we deal with an incompressible
quasi-static flow induced by a pressure gradient,
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Figure 1: Sketch of the problem: a particle
moves in the periodic pore series along the axis.
The pore profile is given by the equation (1).

periodically pumped back and forth. Indeed, con-
sidering the following characteristic values: the
pore length L which is about 10µm, the mean ve-
locity Um =L/T , where T is the pumping period
ranging from 10−4 s to 10−2, then the Reynolds
number of a fluid as water is small. Therefore, it
is a creeping flow described by the Stokes equa-
tion and the continuity equation. Moreover, be-
cause the fluid is viscous, we consider the no-
slip boundary condition. In the following, we
work with dimensionless variables. The lengths
are scaled by the pore length L, the time by
the pumping frequency T and the pressure by
the pressure difference [p] imposed by the pump-
ing. Thereby, the Stokes equations describing the
problem are:

− ~∇p+
[p]T

η
∆~u = 0 (2)

~∇.~u = 0 (3)

For more simplicity, the dimensionless coeffi-
cient [p]T

η
is considered equal to one. We note that

one could compute the drag for any desired val-
ues of [p], T , and η just by multiplying the dimen-
sionless drag by the latter coefficient. Due to the
motion linearity, to compute the drag force, we
calculate firstly the velocity and pressure fields
(u0, p0) without particle and secondly, the pertur-
bation (ud, pd) due to a single particle. As in [16],
we consider a large number of pores, so that the
incident velocity flow u0 can be assumed peri-
odic. Then, if the pressure [p] is given between
the inlet and the outlet of the pore, there is a
unique solution of the following problem:

− ~∇p0 + ∆ ~u0 = 0 (4)

~∇. ~u0 = 0 (5)

The boundary conditions are given by the non-
slip condition on the lateral surface SL of the
channel, and the periodicity between the two
ends,

~u0 = 0 on SL

~u0(r, 0) = ~u0(r, 1) (6)

The perturbed flow (~ud, pd) due to the particle is
governed by the equations (4) and (5) with the
boundary conditions:

~ud = 0 on SL,∀z ∈ [0, L]

~ud(r, 0) = ud(r, L) = 0, ∀r (7)
~ud = up − u0 on Sp

Because of the symmetry about the longitudinal
axis of the channel, the cylindrical coordinates
are chosen for the numerical description.
Owing to the fact of linearity, the associated
drag force, ~F , acting on the particle may be
decomposed into two parts,

~F = ~F1 + ~F2 (8)

where ~F1 is the contribution of the initial and non
disturbed flow and ~F2 is due to the effect of the
perturbed flow. The first term may be written as
following:

~F1 =
∫
Sp

¯̄σ.~n dS (9)

where ¯̄σ denotes the stress tensor exerting on the
surface of the particle and ~n is the unit normal
vector pointing out of the fluid:

¯̄σ = −p¯̄I + (~∇u+ ~∇uT ) (10)

Using the Green formula and since the incident
fluid is at equilibrium, one can show that the force
~F1 vanishes. In contrast, the second component
~F2 does not vanish. This latter would be also
written as a sum of two contributions again be-
cause of linearity argument. The first one em-
phasizes the influence of the particle motion in
the fluid, and the second one reveals the effect of
the incident flow. In other words, the perturbed
problem will be solved as the sum of two prob-
lems with different boundary conditions on the
particle surface. Firstly we take ud = up (moving
particle in a fluid at rest), and secondly ud = -u0
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(steady particle in a moving fluid). This decom-
position allows us to write ~F2 as following:

~F2 = −γ(z) (up − Ueq(z))~ez (11)

where z designates the position of the particle
center, and the γ(z) represents the coefficient of
the drag force exerted on the particle. The both
coefficients γ(z) and Ueq(z) can be computed
after the solution for the boundary traction ~t and
simultaneously the velocity ~u have been found.
We note that the formulation (11) generalizes the
classical expression of the Stokes force which is
justified in the case of the non confined flows for
particles whose radius is quite small compared
to that of the duct.

B. Boundary integral representation

The primary objective of the present work is to
compute the both coefficients γ(z) and Ueq(z)
appearing in the formula (11).The starting point,
is to find the incident flow through the channel
without the presence of the particle, given by
(u0, p0) while the second point is to compute the
disturbance field defined by (ud, pd). These both
arise as solutions of the Stokes equations and ver-
ify the boundary conditions (6) and (7). In order
to simplify notations in which follows, we omit
the upper-script. Recalling that the flow occurs at
small Reynolds number, then the incident veloc-
ity field as well as the disturbance velocity field
may be described with the integral representation
of the Stokes flow:

uk(~x) =
∫
∂Ω
ti(y)Uk

i (~x, ~y)− ui(~y)T ki (~x, ~y) (12)

where ~t and ~u represent the traction and veloc-
ity vectors respectively. Having ~t = ¯̄σ.~n together
with Eq. (A.), we can express the cylindrical
components (tr, tz) of ~t in function of the pres-
sure and the velocity gradient tr

tz

 =


(
− p+ 2∂rur

)
nr +

(
∂zur + ∂ruz

)
nz

(
∂zur + ∂ruz

)
nr +

(
− p+ 2∂zuz

)
nz


(13)

T ki and Uk
i designate respectively the stress and

velocity tensors associated to the elementary so-
lution called Stokeslet and are given by:

Uk
i (~x, ~y) =

1

8π|~y − ~x|
[δik +

(yi − xi)(yk − xk)
|~y − ~x|3

](14)

T ki (~x, ~y) = − 3

4π

(yi − xi)(yj − xj)(yk − xk)
|~y − ~x|5

.nj(~y)(15)

where δik is the Kronecker’s delta. Physically,
Uk
i (~x, ~y) and T ki (~x, ~y) are respectively the ith ve-

locity and traction components at the point ~y
due to a point force of unit strength located at
the point ~x pointing in the kth direction. More
detailed informations on boundary integral for-
mulation for Stokes flow and its associated ele-
mentary solution can be found in [13, 14]. We
note that the terms of Uk

i and T ki are singular as
|~y − ~x|−1 and |~y − ~x|−2 respectively. The equa-
tion (12) can be properly used for ~x inside the
pore domain and not on the boundaries. A reg-
ularized form of equation (12), which involves
only weak singular integrals may be found in
[13, 14] and is therefore valid for all ~x located
on the boundaries:∫
∂Ω

(ui(~y)− ui(~x))Ti
k(~x, ~y)− ti(~y)Ui

k(~x, ~y) dSy(16)

The numerical procedure to compute γ(z) and
Ueq(z) involves the following steps:

1. Problem without the particle: it is supposed
to be periodic, thus the pressure difference,
[p], is constant between the two ends of the
pore.

• Computation of the velocity profile
and the traction at the inlet and on
the lateral surface of the channel using
equation (16).
• Computation of the velocity field us-

ing equation (12) inside the channel in
order to have the incident flow on the
particle surface.

2. Assume that far from the particle (in partic-
ular at the both ends of the channel) the flow
is not disturbed.

3. Assume on one side the boundary condition
of the disturbance flow ud = up and compute
γ(z) and on another side that ud =−u0 and
compute Ueq(z) using (16).

A standard method of computing the unknowns
appearing above requires a discretization of the
channel surfaces: Σe, Σs S

L and the particle sur-
face Sp into boundary elements, as well as a dis-
cretization of the unknowns into nodal values.
Then enforcing the integral representation at col-
location points leads to a linear system of equa-
tions.
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C. Numerical implementation

In order to implement the resolution of the first
numerical procedure given above the traction
vector on Σs, ~ts, is expressed in function of the
traction on Σe, ~te, as following, tsr(r, z)

tsz(r, z)

 =

 −ter(r, z)

−tez(r, z) + [p]


According to these assumptions, the analytical

form of tez as a function of the pressure is also
constant at z = 0. Since the pressure is only de-
fined up an arbitrary constant then without loss
of generality we set tez=0. Nevertheless we prove
that the radial velocity is equal to zero on the two
ends, thereby the unknowns that we should com-
pute at the first step are uez, t

e
r, t

L
z , and tLr where

tLz and tLr are respectively the cylindrical compo-
nents of the traction vector on SL.
Next, we discretize the two ends of the channel
into 2×N1 boundary elements: Σe = ∪ e=N1

e=1 Ee,
Σs = ∪ e=N1

e=1 Ee and its lateral surface into N2

boundary elements: SL = ∪ e=N2
e=1 Ee, and we

write the boundary integral equation (12) as a
sum of elementary integrals. Since the problem
is 3D axisymmetric, our boundary elements are
curved and defined by two nodes. Then we ap-
proximate the unknown vectors on the bound-
ary, it gets the formalism of the finite elements
method and leads to calculate the unknowns at
the so called interpolation points. For conve-
nience, we choose the points of geometric dis-
cretization for interpolation. For each point, Nk

of these points, we associate an interpolation
function Mk(y), then we write an approximation
of order 1 of the unknowns as:

ui(y) = Mk(y)ui(y
k) +Mk+1(y)ui(y

k+1)

if y ∈ [yk, yk+1] (17)

where ui(yk), for k=1,..,Ne + 1, are the Ne + 1
nodal values that we are going to compute.
Finally, a collocation method is introduced in or-
der to build the discretized problem. The stability
of the collocation method is improved in [21]. It
consists on forcing the equation (12) to be veri-
fied at the set of collocation points, ~x, resulting a
linear system of form AX = B. It is necessary
to have at least equations as much as unknowns,
so the simplest case is to choose the interpola-
tion points as points of collocation from which
the square linear system appearing below will be

derived:
Ee Ee El El
Le Le Ll Ll
Ee Ee El El
Le Le Ll Ll

 .

ter
uez
tLz
tLr

 = [p]
(
Bp

)

where:

• Ee is a N1 ×N1 end surfaces influence ma-
trix, El is aN1×N2 inlet surface-lateral sur-
face influence matrix, Le is a lateral surface-
end surfaces influence matrix, and Ll is lat-
eral surface self influence matrix.

• The second term of the left hand side of the
system corresponds to the unknown vector
holding the cylindrical components of the
velocity and traction fields on the one end
and the lateral surface of the channel. It is a
2×N1+2×N2-dimensional vector.

• The term of the right hand side, Bp, is a 2×
N1+2 × N2-dimensional vector. It reveals
integrals over the outlet surface multiplied
by the pressure difference [p].

According to the channel geometry, there is a cor-
ner connecting Σe and SL and supporting two
nodal values, each one attached to the regular
portion of the surface and adjacent to the geo-
metric singularity. In this case we add to the final
linear system an equation involving the continu-
ity of the traction vector across the corner:

ti.nj = tj.ni (18)

Once the above system has been solved, we can
compute the velocity of the incident flow over the
particle surface using (12). Therefore, we could
be able to compute the drag on the particle sur-
face. Its numerical implementation will be per-
formed in the same way as we have explained
above. The particle surface is discretized into N3

boundary elements, then the unknown traction is
a 2×N3-dimensional vector.
Figure 3 presents an example of the computa-
tion of the traction field on the lateral surface
of the channel due to the incident flow, also the
perturbed traction caused by the motion of the
sphere. Even though the problem without the par-
ticle is periodic, note that the traction is not pe-
riodic. In fact, it is due to the presence of the
decreasing pressure term in the expression (13)
of the traction.

INTERNATIONAL JOURNAL OF MECHANICS Volume 9, 2015

ISSN: 1998-4448 264



Figure 2: Discretization of the surfaces of the
channel and the particle. The two ends of the
channel are discretized with N1 = 30 elements,
the lateral surface with N2 = 150 elements. The
particle surface is discretized with N3 = 15 ele-
ments. The elements are straight with two nodes
each one. The stress and velocity components
on the channel boundaries are approximated with
functions of order 1. The traction components on
the particle surface are approximated with con-
stant functions.
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Figure 3: Graph of the (z-component) of
the stress vector (left hand side) and the (r-
component) (right hand side) on the lateral sur-
face of the channel without the particle (solid
line) and with the presence of the particle (dotted
line). This result corresponds to a particle local-
ized in the middle of the channel.

Equation (16) involving the traction and the
velocity fields on the channel and particle sur-
faces, allows us to compute the velocity of the
flow through the channel past the particle. Our
numerical results are consistent with the asymp-
totic case of the Poiseuille’s flow in a cylindrical
duct (σ = 1). The results concerning the drag
and the equivalent velocity are pointed out in the
section IV..
One have to note that the elements of the influ-
ence matrices are elementary integrals, among
which there exist regular integrals, when ~x is not
in [yk, yk+1], and singular ones, when ~x belongs
to [yk, yk+1]. Regular integrals are computed us-
ing the gauss quadrature formulas. Otherwise, a
specific method is introduced in the next section
III..

III. SINGULAR INTEGRALS TREATMENT

An elementary integral is singular when ~x be-
longs to the boundary element of integration. In
the past, a plethora of works have been done to
treat the singular integrals. We choose the ap-
proach developed by Guiggiani et al.[15] which
has the advantage to be quite generic. The use of
the regularized equation of (12), given in [13, 14]
allows us to deal only with weak singular inte-
grals.
The technique to calculate the weak singular in-
tegrals is based on the introduction of a polar
system coordinates, (ρ,α), centered at the singu-
lar point, or the collocation point. Note that the
cylindrical coordinates (r, θ, z) do not match the
polar coordinates tangent to the pore surface. Us-
ing the Taylor expansion, we can show that the
square of the distance d between two collocation
points and the integration point can be written as
following:

d2(z, θ) = ρ2(z, θ) + o(ρ2(z, θ)) (19)

where ρ(z, θ) is:

ρ(z, θ) =
√

(1 +H(zc)2)(z − zc))2 + (r(zc)θ)2

(20)
The function r(z) appearing in (20) designates
the pore radius,H its derivate. (z,θ) are the cylin-
drical coordinates of the integration point, and
(zc,θ=0) are those of the collocation point. The
equation (20) helps us to perform the following
change of variables :

(1 +H(zc)
2)(z − zc) = ρ cosα (21)

(r(zc)θ) = ρ sinα (22)
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The main idea of this method is to isolate the sin-
gular kernel of Uk

i tensor and expresses it with
the new variables ρ and α, it is a kind of Laurent
series:

Ui
k(z, θ) =

f(α)

ρ(z, θ)
+ b1(z, θ) (23)

where b1(z, θ) is a bounded function. Then, the
second term of the right hand side of (23) can
be computed using a classical gauss quadrature
formula. For the first term, the weak singularity is
removed using a polar change variables involving
ρ and α.

IV. NUMERICAL RESULTS

In this section, we present the results of the nu-
merical simulations aiming at showing the walls
effects: lateral and radial effects, on the drag
force experienced by a spherical and ellipsoidal
particles. Also, in the case of an ellipsoidal par-
ticle, it points out the influence of the aspect ra-
tio, which is exploited as the orientation of the
particle, in two cases: when its bigger axis is
(a) along, and (b) perpendicular to the axis of
the tube. We demonstrate that the drag force in-
creases with the confinement of the flow. In or-
der to have analogy with the Stokes force, the
drag force is written as a sum of two contribu-
tions, as we already mentioned in equation (11),
i .e. the drag coefficient γ(z) and the equivalent
velocity field Ueq(z). In the following, firstly, a
comparison with analytical formulas of the drag
force is investigated in the case of a spherical par-
ticle suspended in a cylindrical duct. Secondly,
the drag coefficient on a spherical particle in a
channel with a periodic changing in diameter is
analyzed. The effects of the particle radius to the
channel radius ratio as well as the sphere radius
to the channel length ratio are carried out. Fi-
nally, we examine the influence of the aspect ra-
tio of an ellipsoidal particle on the drag. For this
purpose, let Rp1 and Rp2 be the radii of the par-
ticle along the r-axis, and the z-axis respectively,
then let us introduce the following geometric pa-
rameters: ε=Rp1/rmin, ψ=Rp2/L and κ=Rp1/Rp2 ,
where κ is equal to one in the case of a sphere
and treat the variation of the drag coefficient ac-
cording to these geometric parameters.

A. Case of a spherical particle

a. Comparative study: numerical vs analytical results

In order to highlight the relevance of the numer-
ical approach even in the simplest case, i .e the
drag exerted on a spherical particle suspended
in a Poiseuille’s flow, we compare our numeri-
cal results with the analytical expansions of the
coefficient γ as a function of ε appearing in [9].
According to this latter reference, if ε is small
enough, then γ and Ueq verify:

γ/γ0 =
1

1− 2.105ε+ 2.087ε3
, (24)

Ueq/U
0
axis =

1− 2/3ε2

1− 2.105ε+ 2.087ε3
, (25)

where γ0 is the Stokes drag which exerts a fluid
in motion supposed to be uniform at infinity on a
spherical particle, and U0

axis is the incident Stokes
flow along the cylinder axis. As expected, the nu-
merical computation agrees with the expression
for small ratios ε. In particular, the Stokes drag
increases when the pore wall is closer, i .e, for
a fixed cylinder radius, the drag force increases
with the particle radius. These series expansions
remain as a good approximation for a quite large
ε (ε ≤ 0.2). Even so, for ε between 0.2 and 0.35
the computed drag is much more smaller than the
one given by the previous expression, however
when ε exceeds the value 0.35 the analytical drag
starts to decrease. In addition, as presented in
figure 4, our approach demonstrates that the drag
is always an increasing function whatever the
value of ε, in contrast to the analytical one given
in [9].
In the following, we consider a channel with the
sinusoidal radius variations given by Eq. (1).
The studied profiles are displayed in figure 5.

b. Channel geometry and particle size effects

In this section, the minimal radius rmin is fixed
while three different mean curvatures of the pore
are considered. The drag γ and the equivalent
velocity profiles Ueq depend on the z position
of the particle. The figures 6 and 7 display
these variations for two values of ε: ε = 0.35
and ε = 0.7. The maxima of γ and Ueq are
reached at the bottle-neck of the channel while
the minima of these quantities correspond to
the largest radius of the pore. These results are
in the same vein as for the cylindrical channel:
a narrower channel leads to a larger drag. A
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Figure 4: Comparison between numerical results
represented by the solid line and analytical results
represented by the dotted line. This study was
performed for a cylinder of radius Rc = 0.14 and
ε ranging from 0.005 to 0.7.
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Figure 5: Pore profiles for rmin = 0.14 and three
different mean curvatures σ = 1.5, 2.5 and 3.28.
The circles correspond to the particles with ε=
0.35 and ε= 0.7.
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Figure 6: Spatial variation of the drag γ(z) and
the equivalent velocity field Ueq(z) of a spherical
particle with ε= 0.35 and ψ= 0.05. The three
different pore profiles of figure 5 are considered.
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Figure 7: Spatial variation of the drag γ(z) and
the equivalent velocity field Ueq(z) of a spheri-
cal particle with ε= 0.7 and ψ= 0.1. The three
different pore profiles of figure 5 are considered.
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Figure 8: Spatial variation of the drag γ(z) and
the equivalent velocity field Ueq(z) of a particle
with ψ= 0.25 and ψ= 0.1. The pore profile cor-
responds to σ= 3.28. ε= 1.4 and κ = 1.

similar result arises for the equivalent velocity
Ueq, it can be interpreted as a consequence of the
fluid incompressibility assumption.
On one hand, we note that for a fixed particle
radius, the relative variation of the drag increases
in contrary to that of Ueq. In particular, let us note
that the drag magnitude is constant and maximal
for σ = 1 which corresponds to the case of a
cylinder. For instance, for ε= 0.7 the drag on a
particle suspended in a cylinder is equal to 25.17,
this value is greater than the maximal values
presented in figure 7.
On the other hand, if we compare for a same
pore geometry the equivalent velocity for two
different particle radii, i .e two different values of
ε, we conclude that the relative variation of the
velocity is slightly smaller for larger particles.
This result is expected since this velocity field
corresponds to a kind of a mean effect of the
fluid velocity field over the particle domain.
Concerning the particle drag, its value increases
dramatically with the particle radius: there is a
ratio about 3 or 4 between two drags of particle
of different sizes with the same pore geometry.

c. Lateral size effect

Now, we are going to examine the influence
of the pore length on the drag exerted on the
sphere, thereby we consider a sphere whose ra-
dius is equal to the quarter of the channel length
(ψ=0.25), while in the previous section the radii

were about a twentieth (ψ=0.05) and a tenth
(ψ=0.1) of this latter. The other geometric pa-
rameters, σ, ε, and κ are always the same. If
we examine the figure 8, thus we see that the
drag force and the equivalent velocity for ψ=0.25
are almost three times larger than those computed
where ψ=0.1.

B. Case of an ellipsoidal particle

In this final subsection, we adress the force ex-
erted on an ellipsoidal particle, i .e that the ge-
ometric parameter κ is different from 1. One
should note that if κ is less than one then we
say that the ellipsoidal is along the channel axis,
otherwise it is perpendicular to the channel axis.
Here we present the two quantities γ and Ueq for
κ=0.5 and κ=2. Indeed, this simulation was moti-
vated by the theory discussed in [6], demonstrat-
ing that the force exerted by the fluid varies with
the orientation of the ellipsoid against the direc-
tion of the flow. We readily deduce that when
the particle is perpendicular to the channel direc-
tion the intensity of the drag as well as its relative
variation are much greater than when the bigger
axis of the particle is oriented along the chan-
nel axis. As regards the equivalent velocity, it
is slightly changed. Moreover, simulations show
that if Rp1 changes then the drag varies signifi-
cantly, while the drag is only slightly changing
with the variation ofRp2. Indeed, for a fixedRp2,
we obtained a ratio which is about 2 for doubling
Rp1. In contrast for fixed Rp1 and doubling Rp2

the drag coefficient γ(z) slightly changes. Fur-
thermore, the equivalent velocity does not have
a significant modification. That shows again the
significant effect of the wall as in the case of the
spherical particle.

C. Discussion

We discuss the results in the framework of the
study of transport particle in a micropump ex-
amined in [17]. The authors point out the exis-
tence of transport mechanisms for certain param-
eter ranges. In order to compare our results, let
us introduce the relative variation of a quantity
Q, called contrast:

cQ =
Qmax −Qmin

Qmax +Qmin

. (26)

This contrast ranges from zero (when Q is con-
stant) to 1 (when Qmin = 0). In the model
proposed [17], the drag is assumed constant and
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Figure 9: Spatial variation of the drag γ(z) and
the equivalent velocity field Ueq(z) of a particle
corresponding to κ= 2, ε= 0.7, ψ= 0.05, as well
as of a particle corresponding to κ= 0.5, ε= 0.35,
ψ= 0.1.

only the equivalent velocity varies. Thereby, they
show that the particle transport may arise for a ve-
locity contrast cUeq about 0.6. According to fig-
ures 6 and 7 the contrasts cγ and cUeq increases
with the curvature σ. If we compare for a same
pore geometry the equivalent velocity for two dif-
ferent values of ε, then the contrast cUeq decreases
for larger particles. This result is expected since
this velocity field corresponds to a kind of a mean
effect of the fluid velocity field over the particle
domain. Concerning the particle drag, its value
increases dramatically with the particle radius:
there is a ratio about 3 or 4 between two drags
of particle of different sizes with the same pore
geometry. We found that for a small particle
ε = 0.35, the velocity contrast varies from 0.3
to 0.66 approximatively when the pore curvature
varies from 1.5 to 3.28. The drag contrast is not
negligible but small about 0.1 and remains infe-
rior to 0.18. Then, the assumption of [17] could
be realized for σ about 3. If the particle size is
larger (ε = 0.7), the velocity contrast is slightly
lower: its maximal value is still 0.6 for σ = 3.28.
However, the drag contrast is about 0.3 and then
its spatial variations are no more negligible. In
addition, we find that results obtained for an el-
lipsoidal particle are not suitable to the transport
conditions treated by [17]. Indeed, for κ = 2
and κ = 0.5 the contrast velocity was about 0.65
which could match with the transport condition,
contrary to drag contrast which is equal to 0.28
for κ = 0.5 and 0.54 for κ = 2. Similar re-
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Figure 10: Pore profiles r(z) and the correspond-
ing variations of equivalent velocity field Ueq(z)
and the drag γ(z).
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Figure 11: Particle position during 1000 periods
of pumping integrated using the Eq. (27) and the
drag coefficient γ(z) and velocity field Ueq com-
puted in Fig. 10.

sults are obtained in the case of a spherical par-
ticle with radius equal to the quarter of the pore
length.

V. APPLICATION TO PARTICLE
TRANSPORT

After have discussed the variation of the drag ex-
erted on the particle in the previous section, in
the present section we focus on the dynamic of
the particle especially the existence of the parti-
cle transport. According to Eq. (11) and assum-
ing that a slow sinusoidal pumping is applied, the
motion of a particle of massm is governed by the
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nonlinear differential equation:

mz̈ = −γ(z) [ż − Ueq(z) sin(2πt)] (27)

This equation differs from the model in [17] only
by the spatial variation of γ however the equation
(27) may be applied for any particle size contrary
to the model in [17]. Because they showed that
the transport solutions are consequence of the
spatial and temporal shift symmetry and of non-
linear processes, it is expected that same mecha-
nisms lead to a particle transport. For instance,
we choose an asymmetric pore profile as dis-
played in figure 10 in order to have a similar ve-
locity field to the one presented in [17]. Never-
theless, figure 10 shows that the drag force is no
longer constant. For this particular value we find
out a net drift to the negative value of z as ap-
pearing in figure 11. The drift velocity is small
about−0.065 and intermittent: epochs of chaotic
bounded dynamics alternated with fast transport
to the following pores. The bifurcation scenario
leading to such a transport was identified in [17]
as, first, a route to chaos of the period-one solu-
tions via a period doubling cascade. The result-
ing dynamics is chaotic but the strange attractor
is bounded. Then by slightly varying the param-
eter, the strange bounded attractors merge via a
crisis leading to the intermittent transport. Fi-
nally by varying the parameter, we can find a pe-
riodic transport which appears via a synchroniza-
tion phenomenon as described in [26].
An analogous bifurcation analysis can be per-
formed to find the different scenarios, but the
first results show that we may expect at least the
same transport solutions as found in ratchet liter-
ature. Note that a spatial variation of the inertia
is known as an inertia ratchet. Here, we have a
combination of a flow ratchet (due to the varia-
tion of the velocity field Ueq(z)) with the inertia
ratchet.

VI. CONCLUSION

The numerical simulations reported in this paper,
based on the boundary elements method, have
enabled us to perform a quantitative estimation
of the drag force on a spherical and ellipsoidal
particles of arbitrary size in a viscous confined
flow inside a periodic channel. We started by
demonstrating that even in the case of a cylin-
drical duct, analytical approximations cannot
estimate properly the drag force for particle
radius larger than one-fifth of the duct radius.

Thus, numerical computation of the drag force is
needed. Then, we show that the drag force can
be characterized by two quantities: the friction
coefficient γ(z) and the equivalent velocity
field Ueq(z). Both quantities depend on the
lateral (z − axis) position of the particle. We
study them for different pore shapes defined
by the curvature. We focus especially on their
spatial variations called contrast, in order to
compare with the model of particle transport
used in [17]. We show that this latter model
of this latter applies only for small enough
particles. In the case of a spherical particle, we
show how γ(z) increases with the confinement:
Nevertheless, the knowledge of γ and Ueq
allows to get a non-linear equation of second
order to describe the particle motion as in [17].
Thereby, similar system dynamical tools may
be employed in order to find and understand the
transport mechanisms of a particle in a periodic
micropore channel. One should note, that the
direct numerical simulation of such a problem
was performed by [18]. However, this method
increases dramatically the CPU cost comparing
to our present approach. Such criterion would
become crucial when long time simulation is
required. That is particularly the case of the
simulation of the intermittent slow transport we
have presented.
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