
 

 

Abstract— This paper introduces a wave-based approach for 
system identification of high-rise building structures with a pair of 
seismic recordings, which can be used to evaluate structural integrity 
and detect damage in post-earthquake structural condition 
assessment.  The fundamental of the approach is based on wave 
features of generalized impulse and frequency response functions 
(GIRF and GFRF), i.e., wave responses at one structural location to 
an impulsive motion at another reference location in time and 
frequency domains respectively.  With a pair of seismic recordings at 
the two locations, GFRF is obtainable as Fourier spectral ratio of the 
two recordings, and GIRF is then found with the inverse Fourier 
transformation of GFRF.  With an appropriate continuous model for 
the structure, a closed-form solution of GFRF, and subsequent GIRF, 
can also be found in terms of wave transmission and reflection 
coefficients, which are related to structural physical properties above 
the impulse location.  Matching the two sets of GFRF and/or GIRF 
from recordings and the model helps identify structural parameters 
such as wave velocity or shear modulus.  

For illustration, this study examines ten-story Millikan Library in 
Pasadena, California with recordings of Yorba Linda earthquake of 
September 3, 2002.  The building is modeled as piecewise continuous 
layers, with which GFRF is derived as function of such building 
parameters as impedance, cross-sectional area, and damping.  GIRF 
can then be found in closed form for some special cases and 
numerically in general.  Not only does this study reveal the influential 
factors of building parameters in wave features of GIRF and GRFR.  
It also shows some system-identification results, which are consistent 
with other vibration- and wave-based results.  Finally, this paper 
discusses the effectiveness of the proposed model in system 
identification.   
 

Keywords— Wave-based approach, Seismic responses of 
buildings, Wave propagation in structures. 

1 INTRODUCTION 
For performance-based structural design, vibration 

control, and damage diagnosis of high-rise structures such as 
ten-story Millikan Library in Fig. 1, response analysis and 
system identification are fundamental and typically carried out 
with a discrete, multi-degree-of-freedom (MDOF) model. As 
far as one-dimensional (1D) horizontal motion is concerned 
for example, the ten-story building can be modeled as a 10-
DOF system with each floor mass and inter-story stiffness 
(i.e., physical parameters) calculable based on design 
configuration and materials, which can be calibrated in terms 
of identified vibratory features (i.e., modal frequencies, 
damping and shapes – a function of physical parameters) 
through Fourier spectral analysis of 11-set recordings of 
Yorba Linda earthquake of September 3, 2002 in Fig. 2.  
Subsequently, seismic demand such as structural peak 
acceleration to a scenario earthquake is predictable, which is 
useful for seismic design/retrofit and vibration control. 
Similarly, change of some physical parameters or higher-order 
modal parameters are identifiable with 11-set recordings of a 

new earthquake, which is detection and quantification of local, 
minor damage in post-earthquake structural condition 
evaluation.   

 
Fig. 1  Vertical cross section of the 10-story Millikan Library, 

Pasadena, California. 
 
Furthermore, implementing damage mechanism such as 

material hysteresis, plastic hinge, and crack into the linear 10-
DOF model would make the modeling rigorous in simulating 
nonlinear vibratory features, thus enhancing credibility in 
forward predicting analysis and inverse system identification, 
among many other broad-based applications.  

 
Fig. 2  Seismic acceleration recordings of Yorb Linda earthquake in 

the north-south direction at different floors (indicated as 0-10), where 
floor levels 0 and 10 correspond to B and R respectively in Fig. 1. 

 
 While the aforementioned vibration-based (or discrete-

modeling-based) approach is overwhelmingly used in 
structural engineering, it has theoretical drawback – implicit 
assumption of synchronous motion at different heights – 
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which distorts time-space characterization of seismic motion 
in buildings.  For illustration, seismic responses obtained with 
the 10-DOF model will never show authentic floor-to-floor 
propagation features of high-frequency, dominant-energy 
waves, observed prominently in the 10-12.5s time window in 
Fig. 2.  In other words, the vibration-based approach captures 
major motion features as function of time and distorts floor-to-
floor motion relationship or wave features.  Note that modal 
shapes essentially characterize floor-to-floor motion 
relationship of modified seismic responses with re-aligned 
time, thus not the true wave features.  The wave-propagation 
features are even clearly exposed in the floor-to-floor time 
shift of the first peak motion in 0-0.2s time window in Fig. 3, 
which depicts pure structural acceleration responses at 
selected floors to a band-limit impulsive acceleration at 
basement (floor 0), extracted from recordings in Fig. 2 with 
the use of seismic interferometry or SI [1] by removing 
influences of seismic input and soil-structure interaction.  For 
convenience, the pure response is referred here to as wave-
based or generalized impulse response function or GIRF (to be 
elaborated).   

 
Fig. 3  GIRFs at selected floors with respect to band-limited 

impulsive basement acceleration. 
 
Distorting the aforementioned wave features would 

falsely predict, likely underestimate, the maximum inter-story 
drift, a key index of seismic demand for structural design.  
This is due to the fact that time-delay peak waves at two 
neighboring stories would have the drift calculated as 
difference between one peak amplitude and one non-peak 
value, which is typically larger than the difference between 
two peak values without time-delay effect.  Similarly, this 
time-delay feature would also affect the efficacy of vibration 
control, if actuators installed in different floors are operated 
with a central feedback-control device.    

More important, understanding and utilizing the wave 
features could create an alternative wave-based (or 
continuous-modeling-based) approach for system 
identification of high-rise buildings, which can be used to 
improve greatly the efficiency of post-earthquake structural 
condition assessment, in comparison with traditional, 
vibration-based approach. 

As well known, effectiveness of vibration-based system 
identification in general, and recognition of local physical 
parameters in particular, relies on a large number of 
recordings exemplified as 11-set recordings for Millikan 
Library, which is neither common nor practical for most 

structures currently or in the near future.  In contrast, wave-
based approach requires only a few of recordings.  Take the 
building again as an example.  For three available recordings 
at basement, the 4th and 7th floors, pure structural responses or 
GIRFs at the 4th and 7th floors are obtainable, as shown in Fig. 
3.  Then, the 1st peak-to-peak wave traveling time from the 4th 
to 7th floor is measurable, which is directly related to wave 
velocity of the building segment.  Similarly, the corresponding 
peak-amplitude reduction is associated with the segment 
damping.  Both identified velocity and damping can then be 
related to local physical parameters such as shear modulus and 
hysteretic damping if the building segment is modeled as a 
uniform shear-beam.   
 Indeed, recent studies also show advantages of wave-
based approach over vibration-based one in some seismic 
response analysis and damage diagnosis of buildings.  In 
particular, recognizing deficiency of discrete modeling in 
addressing seismic drift demand for buildings, Iwan in 1996 
proposed to use 1D uniform shear-beam model for buildings 
and obtained seismic drift spectrum for design [2].  Inspired by 
Iwan’s study and also from research in other disciplines, Safak 
in 1999 introduced 1D continuous modeling for structure-soil 
system with impulsive seismic excitation in bedrock [3].  With 
the model, he solved for wave responses with time-domain 
analysis methodology, compared them with MDOF structural 
modeling with ground excitation, and revealed wave 
propagation features and influences of soil-structure 
interaction in seismic structural responses, among others.  
Independently, Todorovska et al. in 2001 modeled 2D 
anisotropic wave propagation for a real seven-story building 
[4].  While developed over the past decade for exploration 
seismology, ultrasound and hazard studies, SI was first 
employed by Snieder et al. in 2006 to extract pure structural 
responses from seismic recordings, as shown in Fig. 3 [1],[5].  
This SI methodology was not only used well for explaining 
wave phenomena in buildings, but also easily for system 
identification with a 1D uniform shear-beam model.  
Following Snieder’s work, Kohler et al. in 2007 studied 
seismic propagating waves in 3D steel, moment-frame 
building and verified with ETABS finite-element modeling 
[6].  Recently, SI was further applied for damage detection 
based on 1D wave traveling times [7] and for seismic response 
analysis with continuous-discrete building models [8],[9], 
among others.   

Building upon the aforementioned advances and others in 
relevant journals and proceedings such as a series of 
conferences in Structural Health Monitoring, e.g., Chang in 
2009 [10] and Strong Motion Instrumentation Program (e.g., 
SMIP09 Seminar in 2009), this study proposes one-
dimensional piecewise continuous modeling for wave 
propagation in building structures and examines its 
effectiveness in system identification.   

2 WAVE PROPAGATION WITH PIECEWISE CONTINUOUS 
BUILDING MODEL 

In this study, a high-rise building is modeled as piecewise 
layered media shown in Fig. 4, each of which is characterized 

with shear wave speed ))sgn(1(/ ωγρ iGv +=  where G, ρ 
and γ are respectively equivalent shear modulus, mass density, 
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and hysteretic damping ratio for the layer with cross-sectional 
area A and height h, i is imaginary unit, and sgn(ω) is the sign 
of frequency ω. 

 
Fig. 4  A piecewise-continuous model for an N-layer building 

subjected to seismic motion below z0. 
 

Wave motion of shear displacement u(z,t) in the jth layer is 
governed by 
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where superscript – indicates the negative side of the height zj.   
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one can solve Eqs. (1) and (2) for wave representation in 
frequency domain (ω) at z and wave-state relationship at zl and 
zm as 
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where displacement Uz consists of up-going and down-going 
waves denoted with superscripts u and d respectively, and 
transmission and reflection coefficients Tml and Rlm (Tlm and 
Rml) relate the outgoing waves Um

u and Ul
d to input waves Ul

u 

and Um
d for building segment bounded with (zl,zm), as seen in 

Fig. 5.   

 Fig 5a,b  Transmission and refection coefficients Tml 
and Rlm (Fig. 5a, 

left) or Tlm 
and Rml (Fig. 5b, right) relate the out-going wave Um

u 
(left) or Ul

d (right) and input waves Um
d and Ul

u in building segment 
bounded by (zl,zm) or (l,m) 

 
For the jth layer bounded with (zj-1,zj

-) and jth boundary with (zj
-
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For the free building top, ρN+1=vN+1=AN+1=0 or 0=
NIr , 

which degenerates Eq. (7) to 2=−NNT  and 1=−NNR , 

meaning that up-going wave u
NU − is transmitted to the top 

with doubled amplitude and also reflected to down-going 

wave d
NU − without changing the motion direction.  

 At the building lower end z0 (or generally at referenced 
location zr which could be selected as z0), no segments below 
level z0 are clearly specified in the model, yielding 0

1
=Ir .  

One can then find 000 =−T
 
and 100 −=−R , suggesting down-

going wave dU 0  is completely reflected to the up-going wave
uU 0  with the change of motion direction.  While this feature 

will not be used in subsequent response calculation, it can help 
interpret wave phenomena at lower end z0 with a fixed 
boundary.     For a composite building segment bounded with (zl,zn), or 
simply (l,n), with intermediate location zm (zl<zm<zn) such as 
(zj-1,zj) with zj

-, repeat use of Eq. (5) for (l,m) and (m,n) will 
lead to the representation of transmission and reflection 
coefficients in (l,n) in terms of those in two sub-segments in 
(l,m) and (m,n) as 
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 The above composition rule can be applied reversely for 
(n,l) and also repeatedly to find all the transmission and 
reflection coefficients between any two locations.  
 With the aforementioned coefficients R and T, wave 
response at z (or zR=z-zr) can then be related to those at 
referenced level zr as    

∫=

+−

+
==

∞

∞−
ω

π

ω

ω deDtd

RRR

TR

U

U
D

ti
RrRr

NrNRrR

RrNR

z

z
Rr

r

R

2
1

)(

)1)(1(

)1(
)(

  

(9a,b) 

 Equation (9a) indicates that DRr is dependent only upon R 
and T above zr which are function of building properties in 
frequency domain.  Wave response representation in general, 
and displacement response at z to an input displacement at zr 
in particular, is then found as  
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which has the same mathematical form as traditional vibration 
response representation (e.g., Duhamel’s or convolution 
integral) in frequency domain with DRr as frequency response 
function and in time domain with dRr as impulse response 
function.  Because of the wave features with current 
continuous modeling, DRr and dRr are referred to respectively 
as wave-based or generalized frequency response function 
(GFRF) and generalized impulse response function (GIRF).  

3 SYSTEM IDENTIFICATION OF MILLIKAN LIBRARY WITH A 
PAIR OF RECORDINGS 

For illustration, this study shows parametric identification 
of the Millikan Library with the use of piecewise continuous 
model and a pair of seismic recordings after the Yorba Linda 
earthquake of September 3, 2002.    

3.1 Wave and Vibration Features with Two-Layer Model 
 To show the wave-based approach for system 
identification different from vibration-based one, one can first 
examine a simple, two-layer model, which leads Eq. (9a) to 
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where τz is the flight time for waves traveling from referenced 
z0 to response location z, and 
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 The GIRF can be found by substituting GFRF of Eqs. 
(11a,b) into Eq. (9b), where the integration can be obtained in 
closed form with the method of residues for some special 
cases and numerically for general cases.  Below are presented 
some special cases, which could help understand the 
characteristics of wave propagation in buildings and 
subsequently aid in system identification for general cases. 
 The denominator of Eqs. (11a,b), a function of the real 
variable ω, is treated as a function of variable y, which has an 
infinite number of poles yj (j=1,2,..) in the upper half complex 
plane, namely 
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For γ1= γ2 and τ1= τ2, it can be found that    
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 The closed-form solution of GIRF with Eq. (9b) for rI1=1, 

which could be, but not necessarily, the uniform or one-layer 

model, can be found as 
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which is consistent with those obtained in uniform shear-beam 
model [1],[8],[9]. 
 Equation (15) indicates that GIRF consists of infinite 
number of motion modes, each of which has exponentially 
decaying damping factor, modal shape with cosine factor, and 
sinusoidal motion with modal frequency ωj.  This is 
essentially the traditional vibration perspective for seismic 
motion in buildings, in which the fundamental modal 
frequency ω1 (similar to higher-order modal frequencies) is 
interpreted as vibration feature of building’s periodic 
horizontal motion.  Since ω1 corresponds to the fundamental 
period T1=4τ, it can also be viewed as four times of the wave 
traveling time through the building height, i.e., wave 
interpretation.   
 To further clarify the wave propagation features, one can 
look at the model-based GIRFs at two locations.  With the 
Millikan Library as an example, one can model it as one soft-
thin layer (h2=1.22 m) over a rigid-thick layer (h1=46.98 m) 
with rI1=0.04, v1=345.18 m/s, v2=10.32 m/s, and γ1=γ2=0.03.  
The selection of the two-layer parameters is not only based on 
structural configuration as shown in Fig. 1, i.e., the top thin 
roof portion is much less rigid than those for each and every 
story consisting of the floor and its half columns above and 
below, the latter of which can be unified approximately as one 
uniform thick layer.  It also plays a major role in simulating 
non-negligible seismic waves at second modal frequency 
identified from seismic recordings, to be elaborated later.  Fig. 
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6 shows model-based GIRFs of acceleration at the 4th and 7th 
floors to an impulsive acceleration at basement (d40 and d70), 
from which wave propagation with damping-related amplitude 
attenuation is clearly observed.   

 
Fig 6  GIRFs at the 4th and 7th floors with respect to impulsive 
basement acceleration obtained based on Eqs. (10)-(12) with 

rI1=0.04, v1=345.18 m/s, v2=10.32 m/s, h1=46.98 m, h2=1.22 m, and 
γ1=γ2=0.03. 

 
 In particular, the first peak of d40 is rooted from the 
impulse at the basement (level 0), which is propagated to the 
first peak of d70 with reduced amplitude.  That first peak at the 
7th floor is further propagated to the building top and then 
reflected to travel downward to the 7th and subsequently 4th 
floors, and generates the second peaks with further reduced 
amplitudes.   The second peak at the 4th floor continues the 
downward propagation to the basement.  Since the motion 
disappears at basement at t≠0 (due to impulse feature at 
basement which is proved as a fixed boundary), a negative, 
same-amplitude peak, balancing the positive one at the 
basement, is generated and propagated upward.  That negative 
peak is propagated to the 4th and then 7th floors with 
sequentially-reduced amplitude (shown as the third, negative 
peaks in d40 and d70), and continues with previous wave 
propagation pattern.  As time goes on, wave response at the 7th 
floor (similar to the 4th floor) is then dominated by vibration 
character of a resonance for the whole building, which has 
fundamental period equal to 4τ, or four times of the wave 
traveling time through the building height.  It is verified 
theoretically and numerically that the peak-to-peak time elapse 
(or simply flight time) between the two locations (or at one 
location with implicit other for free top) is the wave travelling 
time.  It is also noted that wave reflection and transmission at 
connection of layers 1 and 2 do affect the wave amplitude 
reduction and flight time, which will be discussed later.   
 In short, the above shows wave and vibration features in 
GIRF and GFRF, also confirming the aforementioned 
clarification in terming the GIRF/GFRF, i.e., wave-based or 
generalized version of traditional IRF and FRF with discrete 
MDOF modeling.   

3.2 Parametric Identification with Two-layer Model  
 For system identification, recording-based GFRF/GIRF is 
required.  One can first calculate the recording-based GFRF as   
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where U~  is the recording in frequency domain, superscript 
asterisk indicates the complex conjugate, and ε is a positive 
small number, implying the added white noise.  The white 
noise is used primarily to avoid unstable calculation of GFRF 

at some frequencies near the notches in the spectrum 
2

0
~U , as 

suggested in Snieder and Safak [1].  As ε approaches zero, 

0
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~
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U
D j

j ⇒ω  , which is Fourier spectral ratio or the 

definition of GRFR in Eq. (9a).  Note that the tilde over 
quantities D and U is used to distinguish the recording-based 
quantities from those based on modeling or Eqs. (9a) and 
(11a,b).   
 For a pair of recordings available at basement and floor 7, 
the GFRF of 70

~D  with ε=5% of total power spectrum of 
basement motion can be found in Fig. 7.  In principal, all the 
frequencies corresponding to the spectral peaks in Fig. 7 can 
be regarded as modal frequencies and then used for system 
identification.  For simplicity in practice and also for 
illustration with the use of a two-layer model, parametric 
identification is carried out here based on two modal 
frequencies identified from Fig. 7 as ω1=10.62 rad/s and 
ω2=14.21 rad/s. 

 
Fig. 7  Comparison of GFRF amplitudes at the 4th and 7th floors with 

respect to impulsive basement acceleration obtained from seismic 
recordings and model (Eq. (11a)). 

 
 With the use of Eqs. (14), the following two parameters 
are found 

21

12

21

)(
,

2

ωω

ωωπ
β

ωω

π
τ

+

−
=

+
=

      

(17) 

which yields τ=0.253 s and β=0.454 rad, and subsequently 
rI1=0.053, v1=361.85 m/s, v2=19.18 m/s, h1=45.77 m, h2=2.43 
m with Eqs. (12) and (14).  These identified parameters are 
quite close to the aforementioned, pre-selected ones based on 
structural configuration for Fig. 6.  This partially confirms the 
appropriateness of the identification approach.   
 It should also be noted that the aforementioned 
identification is under special condition, i.e., γ1= γ2 and τ1= τ2.  
In general, parameters rI1, v1, v2, h1 and h2, together with γ1 and 
γ2, can be found by minimizing mean squared error of the 
model-based GFRF from recording-based GFRF in certain 
frequency range (say 5-22 rad/s), among many other 
identification algorithms.  While it is doable, this study instead 
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presents the comparison of model-based GFRFs with the 
aforementioned, pre-selected parameters with recording-based 
ones, aiming to show the influences of some parameters in 
GFRF and GIRF.  Fig. 7 and 8a,b show respectively the 
comparison of recording-based GFRF and GIRF at the 4th and 
7th floors with respect to band-limited (ε=5%) impulsive 
motion at basement against model-based counterparts with 
respect to pure (ε=0%)  impulsive motion at basement.   

 
Fig 8a  Comparison of GIRF at the 7th floors with respect to basement 

acceleration motion obtained from seismic recordings and model 
(Eqs. (9b) and (11a)). 

 

 
Fig. 8b  Comparison of GIRF at the 4th floor with respect to basement 

acceleration motion obtained from seismic recordings and model 
(Eqs. (9b) and (11a)). 

 
 These three figures indicate that the two-layer model is 
able to capture the fundamental wave and vibration features 
shown in the recordings, exemplified as the first and second 
modal frequencies in Fig. 7, and proximity of first couples of 
wave arrival times and well-matched resonant vibration 
features in Figs. 8a,b.  The major difference in spectral 
amplitudes at the first modal frequency in Fig. 7 and in wave 
amplitude and arrival time in the 0-0.5 s time window in Figs. 
8a,b can be minimized with appropriate system-identification 
algorithm for identifying layer parameters and ε.   

3.3 Influences of Multi-layer Model in Parametric 
Identification 

 While some fundamental characteristics of wave-based 
system identification are shown with the two-layer model, 
increased number of layers in the model would be in principle 
more appropriate in realistically capturing the physical multi-
story structure of the building.  To see the influence of multi-
layer model in system identification, one can alternatively 
examine the difference of GFRF and GIRF with two-layer and 

11-layer models.  Based on the structural configuration in Fig. 
1, the building can be modeled as 11 layers, with the top 11th 
layer being the same as the 2nd layer in the 2-layer model, and 
with the first ten layers having same flight time as the first 
layer in the 2-layer model.   Due to the story-to-story 
proximity in structure in Fig. 1, the flight time for the first 10 
layers is assumed to be equally shared with each of ten layers 
in 11-layer model.  The minor difference in story height in Fig. 
1 then leads to slightly-different velocity in each layer and 
rIj≈1 for j=1-10.  This yields  

101,0,1 −=≈≈≈≈ −−−− jforRRTT
jjjjjjjj

 

and 

101,, , −=≈≈ mlforRRTTT mnlnmnlmln  with the aid of 
Eqs. (7) and (8), and subsequently leads to the Ts and Rs in the 
first ten layers in 11-layer model similar to those with first 
layer in 2-layer model.  With those Ts and Rs, GFRF with the 
11-layer model obtained from Eq. (9a) with N=11 is 
essentially similar to Eqs. (11a,b) with two-layer model.   
 Figure 9 shows that both 2-layer and 11-layer models with 
Table 1 are consistent to each other in GFRF, in addition to 
capturing the two modal frequencies.   

 
Fig. 9  Comparison of GFRF amplitudes at the 4th and 7th floors with 

respect to impulsive basement acceleration obtained with uniform 
(one-layer), two-layer and eleven-layer models from seismic 

recordings and models. 
 

Table 1  Identified shear wave speeds and damping and their comparison with 
results from others, which are associated with uniform, one-layer model with a 
pair of Yorb Linda earthquake recordings at basement and the 8th floor [9] and 
with 11-set recordings of the same earthquake shown in Fig. 2 [1], and Table 

11.1.1 in Chopra [11] with Lytle and San Fan Fernando earthquake recordings 
respectively. 

 

 
 

 On the other hand, wave and vibration features in GFRF 
and GIRF with uniform one-layer model is qualitatively 
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different from those in 2- or 11-layer model, for the former 
cannot capture the motions with the second modal frequency, 
as shown in Fig. 9.   The difference can also be seen in Fig. 10, 
although it is not as qualitatively clear as in Fig. 9.  

 
Fig. 10  Comparison of GIRFs at the 4th and 7th floor with 

respect to impulsive basement acceleration obtained with one- and 
two-layer models. 

 
 In summary, the presented analysis suggests that two-
layer model is effective in system identification for buildings 
structures like Millikan Library in general, and in improved 
accuracy in capturing higher-order wave motions in particular.  
The increased number of layers in the modeling is not 
essentially helpful in capturing fundamental wave features.  It 
could nevertheless be useful in system identification with non-
uniform structure in height.      

4 CONCLUSION 
This study proposes piecewise continuous modeling for 

seismic wave motion in high-rise structures.  It first derives 
the generalized impulse and frequency response functions 
(GIRF and GFRF) which are fundamentally important in 
constructing response to the motion input to a system, not the 
traditional force input.  The features of GIRF and GFRF as 
well as seismic responses are also examined in detail, 
revealing not only well-observed vibration features of building 
structures, but also some perspective of seismic wave 
behaviors of structures which traditional vibration-based 
approach does not show clearly.  The proposed model can then 
be used for system identification of building structures, 
exemplified with Millikan Library with two-layer model.  
Results show the proposed approach is efficient. 

While this study focuses on system identification, it can 
be easily extended for damage diagnosis in post-earthquake 
conditional assessment for a pair of available recordings of an 
earthquake, which is the subject of future study.   
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