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Abstract – In the present paper, we consider the prob-
lem on a low-velocity transverse impact of a viscoelastic
sphere upon an elastic Kirchhoff-Love plate in a viscoelas-
tic medium, the viscoelastic features of which are described
by the fractional derivative Kelvin-Voigt model. Within the
contact domain the contact force is defined by the gener-
alized Hertzian contact. The Green function for the target
was constructed, what allows us to obtain the integral equa-
tion for the contact force and local indentation using the al-
gebra of Rabotnov’s fractional operators. An approximate
analytical solution has been found.
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I. INTRODUCTION

Nowadays fractional calculus is widely used in differ-
ent fields of science and technology, including various dy-
namic problems of mechanics of solids and structures [1].

Usually in the papers relating to the dynamic response
of such viscoelastic bodies as beams, plates and mem-
branes the utilization of the Kelvin-Voigt model with frac-
tional derivatives is carried out [2]-[6]. As this takes place,
it is supposed that Poisson’s ratio is time-independent dur-
ing the process of deformation and as a preassigned opera-
tor it is selected Young’s operator Ẽ defined by

Ẽ = E1

(
1 + τγ1σ1

Dγ
)
, (1)

where E1 is relaxed elastic modulus, τσ1 is the retardation
time, γ1 (0 < γ1 ≤ 1) is the fractional parameter, Dγ1 is
the Riemann-Liouville fractional derivative [1]

Dγ1x(t) =
d

dt

∫ t

0

x(t′)dt′

Γ(1− γ1)(t− t′)γ1
, (2)
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Γ(1−γ1) is the Gamma function, x(t) is an arbitrary func-
tion, and when its Poisson’s operator ν̃ is considered as the
time-independent value, then this case coincides with the
case of the dynamic behaviour of elastic bodies in a vis-
coelastic medium.

However as experimental data have shown [7, 8], Pois-
son’s ratio is always an operator ν̃, and only the bulk
extension-compression operator K̃ may be expressed as
the time-independent value, which for the most viscoelastic
materials weakly varies during deformation.

On the other hand, as it is shown in [9], the viscoelas-
tic model (1) with a constant bulk extension-compression
operator is completely inapplicable for description of the
dynamic response of viscoelastic bodies, and the Kelvin-
Voigt model itself is only acceptable for the description of
the dynamic behaviour of elastic bodies in a viscoelastic
medium.

It has been recently shown for viscoelastic beams [10]
and plates [11] that when operator Ẽ is defined by Eq.
(1) and the Poisson’s operator ν̃ is considered as the time-
independent value, then this case coincides with the case
of the dynamic behaviour of elastic bodies in a viscoelastic
medium.

Thus, the authors of such papers as [2]–[6], con-
sciously or not, replace one problem with another, namely:
a problem of the dynamic response of viscoelastic bodies
in a conventional medium with a problem of dynamic re-
sponse of elastic bodies in a viscoelastic medium.

In the present paper, we generalize the approach pre-
sented in [11] and consider the problem on a transverse
impact of a viscoelastic sphere upon an elastic Kirchhoff-
Love plate in a fractional derivative Kelvin-Voigt medium.
As this takes place, the viscoelastic features of the impactor
are described by the fractional derivative standard linear
solid model. Within the contact domain the contact force
will be defined by the generalized Hertzian contact law, in
contrast to linear approach utilized in [12] allowing one to
apply Laplace transform technique. The functional equa-
tion for determining the contact force will be obtained us-
ing the algebra of Rabotnov’s fractional operators.
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II. PROBLEM FORMULATION

Let us consider the problem on a transverse impact
of a viscoelastic sphere upon an elastic Kirchhoff-Love
plate, when the viscoelastic features of the surrounding
medium are described by a fractional derivative Kelvin-
Voigt model. In this case, the equations of motion of a
spherical impactor of radius R and mass m and the elastic
rectangular plate with the dimensions a and b and of thick-
ness h have, respectively, the form

mẅ2 = −P (t), (3)

D

ρh
∇2w1 +

µ

ρh
Dγ1w1 + ẅ1 =

1
ρh
P (t)

×δ
(
x− a

2

)
δ

(
y − b

2

)
, (4)

where P (t) is the contact force, ∇2 = (∂/∂x+ ∂/∂y)2,
D = E1h

3/12(1 − ν2
1) is the cylindrical rigidity,

w1(x, y, t) is the plate deflection, E1, ν1 and ρ are its
Young’s modulus, Poisson’s ratio and density, respec-
tively, x and y are Cartesian coordinates, δ(x − a

2 ) is the
Dirac delta-function, overdots denote time-derivatives, µ
is the coefficient of viscosity, and Dγ1w1 is the Riemann-
Liouville fractional derivative defined in (2).

The second term in (4) represents the action of exter-
nal frictional forces initiated in the surrounding fractional
derivative Kelvin-Voigt medium during vibrations of the
plate under the action of the contact force P (t).

Equations (3) and (4) are subjected to the following
initial conditions:

w1(x, y, 0) = 0, ẇ1(x, y, 0) = 0,

w2(0) = 0, ẇ2(0) = V0, (5)

where V0 is the initial velocity of the impactor at the mo-
ment of impact.

Integrating twice Eq. (3) yields

w2(t) = − 1
m

∫ t

0

P (t′)(t− t′)dt′ + V0t. (6)

Expanding displacement w1(x, y, t) for a simply-
supported Kirchhoff-Love plate in terms of eigenfunctions

w1(x, y, t) =
∞∑
n=1

∞∑
m=1

xmn(t) sin
mπx

a
sin

nπy

b
, (7)

and substituting (7) in (4) with due account for orthogonal-
ity of sines on the segments 0 ≤ x ≤ a, 0 ≤ y ≤ b, we
are led to the infinite set of uncoupled equations

ẍmn(t) +
µmn
ρh

Dγ1xmn(t) + Ω2
mnxmn(t)

= FmnP (t), (m,n = 1, 2, ...) (8)

where µmn is the coefficient of viscosity of the harmonic
with indices m and n, xmn(t) are generalized displace-
ments, and

Fmn =
1
ρh

sin
nπ

2
sin

mπ

2
,

Ω2
mn =

D

ρh

[(m
a

)2

+
(n
b

)2
]2
.

Considering the Rayleigh hypothesis of proportional-
ity between the elastic and viscous matrices, i.e.,

µmn
ρh

= Ω2
mnτ

γ1
σ1
, (9)

where τγ1σ1
is the coefficient of proportionality, Eq. (8) is

reduced to

ẍ1mn(t) + Ω2
mn(1 + τγ1σ1

Dγ1)xmn(t) = FmnP (t). (10)

Equation (10) describes the vibrations of the force
driven fractional derivative Kelvin-Voigt oscillator [1].

III. GREEN FUNCTION FOR THE FRACTIONAL

DERIVATIVE KELVIN-VOIGT MODEL

In order to find the solution of Eq. (4), it is necessary
to find the Green function Gmn(t) for each oscillator from
(10)

Gmn(t) = A0mn(t) +Amne
−αmnt sin(ωmnt− ϕmn),

(11)
where the indicesmn indicate the ordinal number of the os-
cillator, and all values entering in (11) have the same struc-
ture and the same physical meaning as the corresponding
values discussed in [1], i.e. Amn is the amplitude, αmn
is the damping coefficient, and ωmn and ϕmn are the fre-
quency and phase, respectively.

Reference to Eq. (11) shows that the Green function
possesses two terms, one of which, A0mn(t), describes the
drift of the equilibrium position and is represented by the
integral involving the distribution function of dynamic and
rheological parameters, while the other term is the product
of two time-dependent functions, exponent and sine, and
it describes damped vibrations around the drifting equilib-
rium position.

Now let us write Eq. (10) in terms of the Green func-
tion Gmn(t)

G̈mn(t) + Ω2
mnτ

γ1
σ1
Dγ1Gmn(t) + Ω2

mnGmn(t)

= Fmnδ(t) (m, n = 1, 2, ...). (12)

Applying the Laplace transform to Eq. (12) yields

Ḡmn =
Fmn

p2 + κmnpγ1 + Ω2
mn

, (13)
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where an overbar denotes the Laplace transform of the
corresponding function, p is the transform parameter, and
κmn = Ω2

mnτ
γ1
σ1

.
If we omit the numbers mn in (13), then it will coin-

cide with formula (2.2.1) in Sect. 2.2 [13] devoted to the vi-
brations of the fractional derivative Kelvin-Voigt oscillator.
All further formulas of this Section, (2.2.2)–(2.2.6), refer
to the analysis of the roots of the characteristic equation

p2 + κmnp
γ1 + Ω2

mn = 0, (14)

which at each pair of m and n possesses two complex con-
jugate roots (pmn)1,2 = rmne

±iψmn = −αmn ± iωmn
(see the root locus at m = 1, n = 1 in Fig. 19 of [13]),
and the inversion of the expression (13) on the first sheet of
the Riemannian surface. If we insert the indices m and n
in these formulas, then we obtain the desired relationship
(11), where the function A0mn(t) describes the drift of the
equilibrium position

A0mn(t) =
∫ ∞

0

τ−1Bmn(τ, κmn)e−t/τdτ, (15)

the function Bmn(τ, κmn)

Bmn(τ, κmn) =
sinπγ1

π
Fmnτ [θmn(τ)]−1

×
{
[θmn(τ)]−1κ−1

mnτ
γ1−2+θmn(τ)κmnτ2−γ1+2 cosπγ1

}
gives us the distribution of the creep (retardation) parame-
ters of the dynamic system,

θmn(τ) = τ2Ω2
mn + 1,

and the amplitude Amn and phase ϕmn of vibrations are
defined, respectively, as

Amn = 2Fmn
[
4r2mn + γ2

1κ
2
mnr

2(γ1−1)
mn

+4γ1κmnr
γ1
mn cos(2− γ1)ψmn]−1/2

,

tanϕmn=−2rmn cosψmn+γ1κmnr
γ1−1
mn cos(1−γ1)ψmn

2rmn sinψmn−γ1κmnr
γ1−1
mn sin(1−γ1)ψmn

IV. DETERMINATION OF THE CONTACT FORCE

Knowing the Green functions, the solution of Eq. (2)
takes the form

w1(x, y, t) =
∞∑
m=1

∞∑
n=1

sin
(mπ
a

x
)

sin
(nπ
b
y
)

×
∫ t

0

Gmn(t− t′)P (t′)dt′. (16)

Let us introduce the value characterizing the relative
approach of the sphere and plate, i.e., penetration of the
elastic plate by the elastic sphere, is

y(t) = w2(t)− w1

(
a

2
,
b

2
, t

)
, (17)

which is connected with the contact force by the general-
ized Hertzian law

P (t) = k̃y3/2, (18)

where
k̃ =

4
3

√
RE′ (19)

is the operator involving the geometry and viscoelastic fea-
tures of the impactor and elastic features of the target,
which are described due to the Volterra corresponding prin-
ciple by the operator E′

1
E′

= J ′ =
1− ν2

1

E1
+

1− ν̃2
2

Ẽ2

, (20)

and ν̃2 and Ẽ2 are the operators for the viscoelastic sphere
(impactor).

Further in order to obtain the integro-differential equa-
tion for the values y(t) and P (t), it is necessary to assign
the form of the operator Ẽ2.

Assume that viscoelastic features of the impactor’s ma-
terial are described by the fractional derivative standard lin-
ear solid model, i.e. the operator Ẽ2 has the form

σ + τγ2ε2 D
γ2σ = E0

(
ε+ τγ2σ2

Dγ2ε
)
, (21)

where γ2 is impactor’s fractional parameter, τε2 and τσ2 are
its relaxation and retardation times, respectively, and E0

is the relaxed magnitude of the impactor’s material elastic
modulus.

Following Rabotnov [7] and Rossikhin and Shitikova
[14], assume that the bulk modulus of the impactor’s mate-
rial is a constant value, i.e.,

Ẽ2

1− 2ν̃2
=

E∞
1− 2ν∞

, (22)

where E∞ and ν∞ are the nonrelaxed magnitudes of im-
pactor’s material elastic modulus and Poisson’s ratio, re-
spectively.

From (22) it could be found [14] that Poisson’s time-
dependent operator could be written in the form

ν̃2 = ν∞ +
1
2

(1− 2ν∞) νε 3∗γ
(
τγ2ε2
)
, (23)

where 3∗γ
(
τγ2ε2
)

is the dimensionless Rabotnov’s fractional
operator [9]

3∗γ (τγ2i2 ) =
1

1 + τγ2i2 D
γ2

(i = ε, σ) (24)

and
E∗2 = E∞

[
1− νε 3∗γ

(
τγ2ε2
)]

(25)

with

νσ =
J0 − J∞
J∞

=
E∞ − E0

E0
,

νε =
J0 − J∞

J0
=
E∞ − E0

E∞
, (26)

νε
νσ

=
J∞
J0

=
E0

E∞
=
τγ2ε2
τγ2σ2

,
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where J0 and J∞ are, respectively, relaxed and nonrelaxed
compliances.

Using the algebra of dimensionless Rabotnov’s frac-
tional operators recently developed in [9, 14], it is possible
to decode the operator (1− ν̃2

2)Ẽ−1
2 , resulting in

1− ν̃2
2

Ẽ2

=
1− ν2

∞
E∞

[
1 +

(1− 2ν∞)2νε
4(1− ν2

∞)
3∗γ
(
τγ2ε2
)

+
3νσ

4(1− ν2
∞)
3∗γ
(
τγ2σ2

)]
. (27)

Substituting operator (27) in (20) yields

1
E′

=
1− ν2

1

E1
+

1− ν2
∞

E∞
+

(1− 2ν∞)2νε
4E∞

3∗γ
(
τγ2ε2
)

+
3νσ
4E∞

3∗γ
(
τγ2σ2

)
. (28)

Now substituting (28) in the Hertzian contact law (18)
with due account for Eqs. (6), (16) and (17), we are led to
the integral equation for defining the contact force(

3
4
√
R

)2/3 [(1− ν2
1

E1
+

1− ν2
∞

E∞

)
P (t)

+
(1− 2ν∞)2

4E∞

∫ t

0

3γ
(
− t− t

′

τε2

)
P (t′)dt′

+
3νσ
4E∞

∫ t

0

3γ
(
− t− t

′

τσ2

)
P (t′)dt′

]2/3
= − 1

m

∫ t

0

P (t′)(t− t′)dt′ + V0t

−
∞∑
m=1

∞∑
n=1

sin
(mπ

2

)
sin
(nπ

2

)∫ t

0

Gmn(t− t′)P (t′)dt′ (29)

where

3γ
(
− t

τi2

)
=
tγ2−1

τγ2i2

∞∑
n=0

(−1)n(t/τi2)γ2n

Γ[γ2(n+ 1)]
. (30)

V. DEFINING THE LOCAL INDENTATION

In order to find the equation in terms of y(t), it is nec-
essary to utilize relationship (17) with due account for (6),
(16), (18) and (19). Since formula (19) involves the oper-
ator k̃, then for its construction it is needed to inverse the
operator k̃−1 = 3

4
√
R
E′−1, where operatorE′−1 is defined

in (28). As it has been shown in [14], the operator k̃ enter-
ing in (17) has the form

k̃ =
4
√
R

3

(
1− ν2

1

E1
+

1− ν̃2
2

Ẽ2

)−1

=
4
√
R

3d
[
1− e1 3∗γ (tγ21 )− e2 3∗γ (tγ22 )

]
, (31)

where

t−γ1,2 =
1
2

[
1 + g1
τγ2ε2

+
1 + g2
τγ2σ2

]

± 1
2

√[
1 + g1
τγ2ε2

− 1 + g2
τγ2σ2

]2
+

4g1g2
τγ2ε2 τ

γ2
σ2

,

d =
1− ν2

1

E1
+

1− ν2
∞

E∞
,

g1 =
(1− 2ν∞)2νε

4E∞
, g2 =

3νσ
4E∞

,

e1 =
b2 − a2

a1b2 − a2b1
> 0, e2 =

a1 − b1
a1b2 − a2b1

> 0,

a1 =
t−γ21

t−γ21 − τ−γ2ε2

> 0, a2 =
t−γ22

t−γ22 − τ−γ2ε2

> 0,

b1 =
t−γ21

t−γ21 − τ−γ2σ2

< 0, b2 =
t−γ22

t−γ22 − τ−γ2σ2

> 0.

Now considering (31) a nonlinear integral equation for
determining the value y(t) takes the form

y(t) = V0t−
4
√
R

3dm

∫ t

0

[
y3/2(t′)

−
2∑
j=1

ej

∫ t′

0

3γ
(
− t
′ − t′′

tj

)
y3/2(t′′)dt′′

]
(t− t′)dt′

− 4
√
R

3d

∞∑
m=1

∞∑
n=1

sin
(mπ

2

)
sin
(nπ

2

)
×
∫ t

0

Gmn(t− t′)

[
y3/2(t′)

−
2∑
j=1

ej

∫ t′

0

3γ
(
− t
′ − t′′

tj

)
y3/2(t′′)dt′′

 dt′. (32)

Since the impact process is of short duration, then

3γ
(
− t

tj

)
≈ tγ2−1

tγ2j Γ(γ2)
(j = 1, 2), (33)

while the Green function Gmn(t), which vanishes to zero
at t = 0 according to the limiting theorem

lim
p→∞

Ḡmn(p)p = G(0) = 0 (34)

is represented in the form

Gmn(t) ≈ tAmnωmn cosϕmn. (35)
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Considering (33)-(35), Eq. (32) is reduced to

y(t)=V0t−
4
√
R

3d

(
1
m

(36)

+
∞∑
m=1

∞∑
n=1

Amnωmn cosϕmn sin
mπ

2
sin

nπ

2

)

×
∫ t

0

[
y3/2(t′)

−
2∑
j=1

ej
tγ2j Γ(γ2)

∫ t′

0

(t′−t′′)γ2−1y3/2(t′′)dt′′
]
(t− t′)dt′.

A. Approximate Solution

As a first approximation for the function y(t) the ex-
pression

y = V0t (37)

could be utilized. Considering (37) and relationship(
1− t′′

t′

)γ2
≈ 1− γ2

t′′

t′
,

we could calculate the integral∫ t′

0

(t′−t′′)γ2−1y3/2(t′′)dt′′

= −V
3/2
0

γ2

∫ t′

0

(t′′)3/2d(t′−t′′)γ2

=
3V 3/2

0

γ2

(
1
3
− 1

5
γ2

)
(t′)3/2+γ2 . (38)

Now substituting (37) and (38) in the right-hand side
of (36) yields

y(t) =V0t−
4
35

∆γ1V
3/2
0 t7/2

+ 3∆γ1δγ2V
3/2
0

(1/3− 1/5γ2)t7/2+γ2

γ2(5/2 + γ2)(7/2 + γ2)
, (39)

where

∆γ1 =
4
√
R

3d

(
1
m

+
∞∑
m=1

∞∑
n=1

Amnωmn cosϕmn

× sin
mπ

2
sin

nπ

2

)
,

δγ2 =
1

Γ(γ2)

2∑
j=1

ej
tγ2j

.

B. The Case γ2 → 0

Since at γ2 → 0 the value
2∑
j=1

ej = 0 [14], then rela-

tionship (39) is reduced to

y(t) = V0t−
4
35

∆γ1V
3/2
0 t7/2. (40)

Formula (40) is valid for the case of a low-velocity
transverse impact of an elastic sphere upon an elastic plate
in a viscoelastic medium, i.e. considering external friction
of the surrounding medium. From (40) it is possible to find
the contact duration by vanishing y(t) to zero. As a result
we obtain

t
(0)
cont =

(
35
4

1
∆γ1

√
V0

)2/5

. (41)

Equating dy/dt to zero, we obtain the magnitude of
the value t = t

(0)
max at which y(t) attains its maximal value

y
(0)
max

t(0)max =
(

5
2

1
∆γ1

√
V0

)2/5

, (42)

resulting in

y(0)
max =

5
7
V0t

(0)
max. (43)

C. The Case γ2 6= 0

Now we consider the case γ2 6= 0. Assuming that in
this case all characteristic values differ a little from the cor-
responding values at γ2 = 0 yields

t
(γ2)
cont = t

(0)
cont

[
1 +

15
2
δγ2

(
t
(0)
cont

)γ2
× 1/3− 1/5γ2

γ2(5/2 + γ2)(7/2 + γ2)

]
, (44)

t(γ2)max = t(0)max

[
1 + 3δγ2

(
t(0)max

)γ2
× 1/3− 1/5γ2

γ2(5/2 + γ2)

]
, (45)

y(γ2)
max = y(0)

max +
15
2
δγ2V0

(
t(0)max

)1+γ2

× 1/3− 1/5γ2

γ2(5/2 + γ2)(7/2 + γ2)
. (46)

D. The Case γ2 = 1

At the limiting case γ2 = 1, i.e. in the case of conven-
tional viscosity, formulae (44)-(46) are reduced to

t
(1)
cont = t

(0)
cont

(
1 +

4
63
δ1t

(0)
cont

)
, (47)

t(1)max = t(0)max

(
1 +

4
35
δ1t

(0)
max

)
, (48)

y(1)
max = y(0)

max +
4
63
δ1V0t

(0)
max, (49)

where δ1 = δγ2 |γ2=1.
Reference to the above formulas shows that with the in-

crease in the fractional parameter γ2 from 0 to 1 the viscos-
ity of the impactor increases from 0 to its maximal magni-
tude, resulting in the increase of such characteristic values
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as the time of contact, the time needed the impactor’s pene-
tration to achieve its maximal magnitudes, and the maximal
value of the local bearing of impactor and target’s materials
itself. The enumerated values increase from the magnitudes
t
(0)
cont, t

(0)
max, y(0)

max to t(1)cont, t
(1)
max, y(1)

max, respectively.

VI. CONCLUSION

In the present paper, the problem on impact of a vis-
coelastic spherical impactor upon an elastic Kirchhoff-
Love plate in a viscoelastic medium has been formulated
for the case, when the viscoelastic features within the con-
tact domain are described by the fractional derivative stan-
dard linear solid model, while the damping features of the
surrounding medium are modelled by the fractional deriva-
tive Kelvin-Voigt model. Thus, two different fractional pa-
rameters control the main characteristics of the impact in-
teraction.

The Green function for the target was constructed,
what allows us to obtain the integral equation for the con-
tact force and local indentation using the algebra of Rabot-
nov’s fractional operators. An approximate analytical solu-
tion has been found.
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