
 

 

  
Abstract—Supersonic turbulent multispecies flow with 

transverse jet injection is numerically investigated. On the basis of 
the developed model the pattern of the vortex system formation is 
studied in detail. As a result, new vortices formed in the recirculation 
zone ahead of the jet are identified as well as their effect on the 
mixing layer. The effect of the boundary layer thickness on the vortex 
system is also studied, and the value of the boundary layer thickness, 
for which there is an additional multi-structural separation zone 
ahead of the jet, is determined. The formation of the lateral vortex 
pairs generated by the upstream vortices, convection of these vortex 
systems downstream and their effect on the mixing layer are revealed 
in dependence of the boundary layer thickness.  
 

Keywords—boundary layer, mixing layer, supersonic flow, 
turbulence.  

I. INTRODUCTION 
HE study of the transverse injection into a supersonic 

flow is an important issue in the modeling of the 
supersonic combustion in scramjets. Analysis of effect of 
regime parameters, for example such as injection pressure 
ratio, type of injected gas, location of injection and state of 
incoming boundary layer, on the jet/free stream interaction 
allows enhancing supersonic mixing efficiency. In spite of 
many studies, the effect of the boundary layer thickness on the 
mixing layer has not yet been clearly identified. It is well 
known from literature [1] that the interaction of the transverse 
jet with the incoming flow is unsteady due to jet shear layer 
instabilities coupled with incoming boundary layer. Within the 
scope of this paper steady features of jet interaction are 
investigated.  

The general structure of the supersonic free stream with the 
transverse injected jet is shown in Fig. 1 [2,3]. The turbulent 
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boundary layer ahead of the injector is characterized by the 
two counter-rotating vortices, primary upstream vortex (PUV) 
and secondary upstream vortex (SUV) [1-4]. These vortices 
are convected downstream by the free stream, forming the 
horseshoe vortices and wake vortices in the region behind the 
jet injector. 

 
However, there are some works [1,5-10] revealing the 

additional vortex structures in dependence of the regime and 
geometry parameters. The present investigation aims to study 
the effect of the incoming boundary layer thickness on the jet 
interaction phenomenon, particularly on the formation of the 
vortical systems behind the injector which are governed by the 
state of the incoming boundary layer and affect the mixing 
layer. 
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 b) 
 

Fig. 1 schematic diagram of the flowfield: a) in the symmetry 
section xz [2], b) spatial structure [3] 
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II. PHYSICAL MODELS AND NUMERICAL METHODS 

A. Governing Equations 
Basic equations for the problem are the system of the three-

dimensional Favre averaged Navier-Stokes equations for the 
compressible turbulent multispecies gas in the Cartesian 
coordinate system written in the conservative form as 

 
( ) ( ) ( )

0=
z

GG
+

y
FF

+
x

EE
+

t
U vvv

∂
−∂

∂
−∂

∂
−∂

∂
∂




,  (1) 

 
where the vectors of the dependent variables and the vector 

fluxes are defined by  
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The components of the viscous stress tensor are given as 
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The heat flux is defined by  
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and the diffusion flux is determined by  
 

x
Y

Sc
μ=J k

kx ∂
∂

−
Re

, 
y

Y
Sc

μ=J k
ky ∂

∂
−

Re
, 

z
Y

Sc
μ=J k

kz ∂
∂

−
Re

. 

 

The pressure and the total energy are given as 
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The specific enthalpy and the specific heat at constant 

pressure of the kth species are  
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where the molar specific heat is written in the polynomial 

form as  
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the coefficients jka are taken from the thermodynamic 

tables JANAF [11].  
The viscosity coefficient is defined as a sum of the laminar 

and turbulent viscosity coefficients: tl μ+μ=μ , where lμ  
is determined by Wilke formula, and tμ is determined by the 

ωk −  turbulent model with compressibility effects in the 
turbulent parameters characterizing the local equilibrium.  

In the system (1) Twvu ,,,,ρ  represent the density, 
components of the velocity vector, and the temperature, 
respectively. kY  and kW are the mass fraction and the 
molecular weight of the kth species, where index of kth species 
relates to Н2, О2, N2; namely, 1=k  stands for Н2, 2=k  
stands for О2, 3=k  stands for N2. γ  is the adiabatic 
parameter, M is the Mach number, Re is the Reynolds number,  
is the Prandtl number, and Sc is the Schmidt number. Index ∞ 

indicates parameters of the main flow.  
The system (1) is written in a nondimensional form. 

Constitutive parameters are parameters of the main flow at the 
inlet ( ∞∞∞ Tρu ,, ). The injector diameter d is chosen as the 
characteristic length. 

B. Boundary Conditions 
The initial conditions coincide with the boundary conditions 

at the flowfield entrance. At the flowfield entrance, the 
parameters of the free stream are given as 
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Also the boundary layer is given near the wall. The 

longitudinal velocity component in the viscous sublayer [12] is 
determined by  
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where 12 0.16δ=δ is the viscous sublayer thickness [13], 

( )-0.2
1 Re0.37 xx=δ  is the boundary layer thickness [14].  
In the turbulent boundary layer, the 1/7th power law is used  
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Depending on the velocity distribution [15], the temperature 

and density values are defined as  
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T
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− Mγr+=Tw  is the temperature at the wall, 

0.88=r  is the temperature coefficient of restitution. 
At the injector, the parameters of the jet are given as 
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where ∞= ppn /0  refers to the pressure ratio.  
The non-reflecting boundary conditions are adopted on the 

flow field exit [16]. The adiabatic no-slip boundary condition 
on the wall and the symmetry boundary condition on the 
symmetry faces are specified. 

Here Hx, Hy and Hz refer to the length, width and height of 
the computational domain, respectively. R is the injector 
radius. 

C. Numerical Schemes 
Numerical solution of (1) is performed in two steps. The 

methodology can be found in [17-18]. At the first step the 
thermodynamic parameters ),,,,( tEwvuρ  and at the second 

step the mass fractions kY  are resolved. For the approximation 
of the convective terms, the ENO scheme of the third order is 
applied. The central differences of the second order of 
accuracy have been used for the approximation of the second 
derivatives. The obtaining system of equations is solved by the 
factorization using the matrix sweep method for the vector of 
the thermodynamic parameters and the tridiagonal inversion 
for the vector of the mass fractions. The temperature field is 
calculated from the known values of the variables U



, i.e. ρ, u, 
v, w, Et, Yk , with the use of the Newton-Raphson iterative 

method with the quadratic rate of convergence [19].  

III. RESULTS AND DISCUSSION 
The flowfield without hydrogen jet is computed at first to 

validate the reliability of the mathematical model and 
numerical method with following free-stream parameters from 
the experiment by [20]: 9.0Pr = , 4.1=γ , 41031.6Re ⋅= , 

4=∞M , KT 500=∞ .  
The obtained total pressure distribution and velocity profile 

in turbulent boundary layer is given in Fig. 2. Measurement is 
carried out near the wall in the symmetry section at the point 
where the boundary layer thickness is 7.21 =δ  calibers 

( 5694=+z ). Here Re+
τzu=z  refers to dimensionless 

vertical distance (wall variable), ( ) 2
1

5.0 fτ C=u  refers to 

friction velocity, ( ) 5
1

Re0.0576 −x=C f  [14].  

 
It can be seen that the total pressure distribution (Fig. 2a) 

and velocity profile (Fig. 2b) agree well with the experimental 
data [20] and analytical and numerical calculations [21-22], 
that indicates the reliability of the numerical scheme and 
turbulence model. 

Thereafter, the flowfield with hydrogen jet is simulated. 
According to [20], the center of the jet injection nozzle is 
placed at the point where the boundary layer thickness is 

7.21 =jδ . The jet parameters is also specified according to 

the experiment [20]: 10 =M , KT 13000 = ; ratio of jet 
dynamic pressure to free-stream dynamic pressure 

0.1/ 22
00 =≡ ∞∞VρVρq



 which corresponds to 61.15=n ; 
mmd 05.1= . The computational domain is described by 

following: 20=xH , 15=yH , 10=zH  refer to the 

length, width and height of the domain; 100 =x , 5.70 =y  
are the coordinates of the nozzle center. 

 

  
a)             b) 

 
Fig. 2 boundary layer characteristics near wall in symmetry 
section, normal to y-axis, in channel without jet injection: 

results of [20-22] and numerical computation: a) total pressure 
distribution, b) velocity profile 
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Fig. 3 represents the streamlines and hydrogen mass fraction 
distribution in the symmetry section, normal to the y-axis. 
Most transverse jet-in-crossflow studies, for example [1-4], 
observed the presence of two vortices that are formed in the 
boundary layer separation. There is a few works [1,5-8] 
describing the tertiary vortex. However, Fig. 3a shows two 
upstream vortex pairs (V1-V4, V2-V3). The vortices V2 and V3 
adjacent to the wall rotate counterclockwise and the vortices 
V1 and V4 rotate clockwise. The mechanism of their formation 
is the following. The first vortex V1 is formed due to the 
boundary layer separation ahead of the jet. The interaction of 
the expanding jet with the λ-shock results in the formation of 
the second vortex V2. Fig. 3a shows that these vortices are 
counter rotating. In the region of the λ-shock, the flow 
diverges in all directions, and its major part turns toward the 
wall and penetrates into the reverse separated flow region. 
After reaching the wall surface, the flow diverges in the 
opposite directions, forming the reattachment line R1. For the 
recirculation flow moving from the reattachment line R1 there 
is the second separation of the boundary layer with the 
formation of the vortex V3. Furthermore, the flow deflects 
upward due to the vortex V3, and also the main flow interacts 
from above with the vortex V1. It results in the split of the V1 
into two vortices, which forms V4.  

The effect of the upstream vortex system on the jet and free 
stream mixing process is demonstrated by the distribution of 
the hydrogen mass fraction. Fig. 3b shows that the hydrogen is 
drifted upstream by the horseshoe vortices V1-V4 up to the 
separation line.  

 
Fig. 4 represents the streamlines and hydrogen mass fraction 

distribution behind the jet in the section yz (x=13.835). The 

formation of the vortex V5 is induced by the fact that a low-
pressure region is formed near the wall directly behind the jet, 
and the free stream tends to pass into this region. The vortex 
V1 is convected by the main flow and divided forming the 
system V6. The emergence of vortices V7 is due to the lateral 
flow of the vortex V3. A minor size of these vortices is 
determined by the fact that the size of the vortex V3 is also 
small. The vortex pair V8 is generated by the vortex V2. The 
numerical experiments reveal the offset of the vortices V8 
behind the barrel structure to the symmetry plane, while the 
vortices V6 and V7 move away from the symmetry plane as 
they are convected downstream.  

The vortices V8 (with the rotation centers in the mixing 
layer) increase in size downstream. The growth of the vortices 
near the jet is apparently provided by the significant gradients 
in pressure at the edge between the jet and free stream. From 
Fig. 4a it is also noticeable that the vortex systems V6 and V7 
are a kind of cavity for vortex V8 growth, i.e. the cavity 
increases as the vortices V6 and V7 moves away from the 
symmetry plane, and according to that the vortex V8 enlarges.  

The effect of the lateral vortex systems on the mixing layer 
is demonstrated in Fig. 4b. The core of the maximum values of 
the hydrogen mass fraction decreases downstream, while the 
mixing region expands. The comparison of Fig. 4a with Fig. 
4b shows that the hydrogen is mainly accumulated in the area 
of the vortices V8. Also, Fig. 4b demonstrates the effect of the 
vortices V6 and V7 forming the cavity on the mixing layer. The 
numerical calculations show that the drift of the hydrogen to 
the lateral sides is mainly made by the vortices V6 and V7. 

 
It should be noted that in [9] there are the additional 

vortices at the top and bottom of the mixing region behind the 
jet for a monatomic gas for the pressure ratio n=10 and higher. 
However, the above analysis reveals that in the present study 
the additional vortex systems in these regions are not 
observed. Apparently, the absence of these vortices is 
explained by the fact that the computations are performed with 

 

 a) 

b) 
 

Fig. 4 streamlines (a) and mass fraction (b) in section x=13.835, 
normal to x-axis, δ1j =2.7 

 

 

 a) 

 b) 
 

Fig. 3 streamlines (a) and mass fraction (b) in symmetry 
section, normal to y-axis, δ1j=2.7 
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the thick boundary layer (δ1=2.6 at the entrance), since in [9] 
the boundary layer thickness at the entrance was δ1=1, 
Re=1.87∙107. 

The numerical experiments performed at smaller thickness 
of the boundary layer show a decrease in the number of the 
upstream vortices. For example, the center of the jet injection 
nozzle is placed at the point where the value of the boundary 
layer thickness in the channel without jet injection was 
δ1j=0.616, Figs. 5, 6. In this case, the results for the thin 
boundary layer reveal the two vortices V1 and V2 and deflected 
streamlines near the wall (Fig. 5a). Obviously, the flow 
deflection is not sufficient to divide the vortex V1. Behind the 
jet, Fig. 5a demonstrates the formation of the vortex V9 at the 
bottom of the mixing region, which is also obtained in [9]. 
This vortex is formed due to the interaction of the jet with the 
ascending flow under the jet. In the cross section (Fig. 6a) the 
vortex systems are qualitatively similar to described above for 
δ1j=2.7 (Fig. 4a). 

 
Comparison of Fig. 3b and Fig. 5b demonstrates that the 

distribution of the hydrogen mass fraction by the horseshoe 
vortices is further upstream than that for the thick boundary 
layer. Behind the jet injection, for δ1j=2.7 in the region near 
the wall both hydrogen and airflow are observed, while for 
δ1j=0.616 there is only hydrogen. So, the values of the 
hydrogen mass fraction near the wall are significantly higher 
than in the case of the thick boundary layer (Y1=0.903 for 
δ1j=0.616, Y1=0.39 for δ1j=2.7). Thus, for the thin boundary 
layer the mixing occurs mainly at the top of the mixing layer, 
and the major part of hydrogen is located near the wall. Also, 
comparison of Fig. 3b and Fig. 5b shows that the jet penetrates 
slightly higher for δ1j=0.616. In the cross section (x=13.385, 

Figs. 4b, 6b), the mixing region for δ1j=2.7 is larger than that 
for δ1j=0.616. The maximum hydrogen concentrations for 
δ1j=2.7 are accumulated in the jet core, while for δ1j=0.616 the 
hydrogen mass fraction Y=0.55 achieves the lateral 
boundaries.  

 

IV. CONCLUSION 
Thus, the computational experiments on identification of the 

mechanism of formation of vortex system show a significant 
effect of the boundary layer thickness on vortex structures and 
mixing layer. However, there is strong need to examine wall 
pressure in comparison with experimental data to confirm the 
separation zone length and the presence of the additional 
vortex structures. Further studies will aim to identify the 
correctness of the separated region flow filed.  
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