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two dimensional time dependent Navier-Stokes
equation
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Abstract—In this paper, we study the two dimensional time de-
pendent Navier-Stockes problem. We introduce the discrete problem
which is based on the implicit Euler scheme for the time discretization
and the finite element method for the space discretization. We estab-
lish, by using the Gronwall lemma, an a posteriori error estimation
with two types of errors indicators related to the discretization in
time and space. The upper bounds is obtained without any restriction
to the exact and numerical solutions compared to those obtained by
[Bernardi & Sayah (2015)] where the numerical solution must be in a
neighborhood of the exact solution providing from the application of
Poussin-Rappaz theorem. This is the main advantage of the present
work.

Keywords—Navier-Stockes problem, finite element method, a pos-
teriori estimation.

I. INTRODUCTION

Et © be a bounded simply connected open domain in
LRZ, with a Lipschitz-continuous connected boundary
I' = 09, and let [0,7] denotes an interval in R where T
is a positive constant. Let also n be the unit outward normal
vector to ) on its boundary I'. We consider the following
time-dependent Navier-Stokes system:

g—l;—uAu—&—u-Vu—i-Vp f in]0,T[xQ,
divu = 0 in[0,7] x £,
(P)
u = 0 on[0,7]xT,
u(0,x) = 0 onQ,

where f represents a density of body forces and the viscosity
v is a positive constant. the unknouwns are the velocity u
and the pressure p of the fluid.

In this paper, we establish an a posteriori error estimate
corresponding to the system (P). The idea of the a posteriori
error estimates is based on an upper bound of the error
between the exact and numerical solutions with a sum of local
indicators expressed in each element of the mesh.

To get more precision and to minimize the error, the goal
is to decrease this indicators by using the adaptive mesh
techniques which consists to refine or coarsen some regions
of the mesh.

The a posteriori error estimate is optimal if we can make
each one of these indicators bounded by the local error of the
solution around the corresponding element.
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We refer for example to the books Verfiirth [16] or
Ainsworth and Oden [1]. For the time dependent problems,
we have two types of computable error indicators, the first
one being linked to the time discretization and the second
one to the space discretization. We have to handle the two
kinds of indicators, some times: we change the time step
and in an other times we adapt the mesh. A large amount of
work has been made concerning the a posteriori errors. We
can cite for example, Ladeveze [11] for constitutive relation
error estimators for time-dependent non-linear FE analysis,
Verfiirth [17] for the heat equation, Bernardi and Verfiirth
[7] for the time dependent Stokes equations, Bernardi and
Siili [6] for the time and space adaptivity for the secondorder
wave equation, Bergam, Bernardi and Mghazli [2] for some
parabolic equations, Ern and Vohralik [9] for estimation based
on potential and flux reconstruction for the heat equation,
and Bernardi and Sayah [4] for the time dependent Stokes
equations with mixed boundary conditions.

In [5], Bernardi and Sayah treate the time dependent Navier-
Stokes equations with mixed boundary conditions in two and
three dimensions. They applicate Poussin-Rappaz Theorem
[13] which consists to construct an application F' such that
F(u) = 0 and DF(u) is an isomorphism of some space
X and deduce the upper bound of the error if, at each
time iteration, the numerical solution is in a neighborhood
of the exact solution. In this paper, we treat the only the
two dimensional Navier-Stokes problem and establish a a
posteriori error estimate without any restriction on the exact
and numerical solutions by using the continuous and discrete
Gronwall Lemma, and consequently without any condition on
the time and mesh steps. The mains idea becomes from [4]
and [5] for the Stokes and Navier-Stokes problems but the
non-linear term will be treated by using Gronwall Lemma.
The outline of the paper is as follows:

o Section 2 is devoted to the study of the continuous
problem.

« In section 3, we introduce the discrete problem and we
recall its main properties.

o In sections 4, 5 and 6, we study the a posteriori errors
and derive quasi-optimal estimates.

II. ANALYSIS PF THE MODEL

In this section, we introduce the variational problem cor-
responding to Problem (P) and we recall the continuous and
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discrete Gronwall Lemma. We begin by some notations and
definitions.

Let @ = (a1, a2) be a couple of non negative integers and
|a| = a1 + a2. We define the partial derivative 0% by

Hled
Ozt ox]?
Then, for any positive integer m and number p > 1, we recall
the classical Sobolev space

WmP(Q) = {v € LP(Q), 8%v € LP(Q),

equipped with the following semi-norm and norm :

1/p
i / 10 0(o0) Pdx
la|=

1/p
0] lmp = {Z |} :

kE<m

0 =

V]a|<m}

We denote by H™(Q) = W™?2(Q). As usual, we shall omit p when
p = 2 and denote by (-, -) the scalar product of L?(€2). Let v be a
vector valued function; we set

1
IVI[Lr ()2 = (/ [v(x)[Pdx) 7.
Q

In view of the boundary conditions in system (P), we thus
consider the space
H}(Q) ={ve H(Q),v =0 on T}.

We denote by X = H{(2)? and by M the space of functions
in L?(Q) with a zero mean-value on 2. For any 1 < p < +00,
there exists a constant S, only depending on §2 such that

Vv e X, 6]

Furthermore, we have the following inequality for every v €
X

[IVllze @2 < Spllvllx-

1/2 1/2
o lIVIE.

2)

V| pagoz < 2V/4||v]]
We introduce the kernel

V={veX; VqEM/ x) divv(x) dx = 0},

which is a closed subspace of X and coincides with
V:{VEX; divv =0 in Q}

As usual, for handling time-dependent problems, it is conve-
nient to consider functions defined on a time interval ]a, b[ with
values in a separable functional space, say Y. More precisely,
let || - ||y denote the norm of Y; then for any r, 1 < r < oo,
we define

b
L"(a,b;Y) = {f measurable in ]a,b[;/ I£(6)[5-dt < oo}7

/ eolyar)”

with the usual modifications if r =

equipped with the norm

Hf”LT(a,b;Y)
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Definition I1.1. We introduce the trilinear form c defined by:

c(u,v,w) = / (u-Vv)w dx.
Q
Lemma IL.2. For every u,v,w € X we have
le(u, v, w)| < [[ul[ps@p[v]|x WL
< O lhllxlIvilx[lwl]x-
Lemma I1.3. We assume that u,v € X and divu = 0, then
c(u,v,v) =0.

We assume that f belongs to L?(0,7;X’) where X' =
H~1(Q)? is the dual space of X, and we notice u(t) = u(t, .).
The corresponding variational formulation in ]0, T'[ to Problem
(P) is the following denoted (F'V):

find u € X and p € M such that:

Vv € X, a(u, v) +v(Vu,Vv) + c(u,u,v) — (divv,p)
=<f,v>

Vg e M, (divu,q)=0

u(0) = 0.

Proposition IL.4. Any solution of Problem (FV) is a solution
of Problem (P) where the first two equations are satisfied in
the sense of distributions. Furthermore, every solution of (IT)
verifies the bound

1%
‘|u|‘2L°°(07T;L2(Q)2)+§Hu||%2(07T;X) < E”fH%?(O,T;X’) 3)

Remark IL.S. The spaces M and X satisfy a uniform inf-sup
condition: There exists a constant 3, > 0 such that

/Q o(x) divv(x)dx

Vq € M,

sup > Bellall 2o

veX
Proposition I1.6. (see [10] or [15]) For any data f in
L2(0,T; X'), Problem (FV') has a solution (u, p).
In the following, we will introduce the generalized and discrete
Gronwall lemma.

Lemma IL7. (Gronwall lemma) Let ¢ a positive integrable
function, 1 and y two positive piecewise continuous functions

n [a,b]. We suppose there exists real numbers t; €]a,b[,i =
1,... N such that vp and y are continuous in |t;,t;+1[. If the

following bound holds
t
t +/ P(s)y(s)ds

then we have following inequality

+f syl

Lemma IL8. (Discrete Gronwall Lemma) let (yn)n, (fn)net
(gn)n be three positive sequences verifying:

Yt € [a, b, “)

s) exp(/:w(T)dT)ds. %)

n—1

V=0, Yo < fot Y gkUr-
k=0

Then, we have:

n—1 n—1

VTLZQ ynéfn"’Z.fkgk H (1+gj)

k=0 j=k+1

(6)
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and

n—1

Vn >0,  yp < fot Z frgr exp Z g)- (D

III. THE DISCRETE PROBLEM

From now on, we assume that € is a polyhedron and
that f belongs to C°(0,7; X’). In order to describe the time
discretization with an adaptive choice of local time steps, we
introduce a partition of the interval [0, 7] in two subintervals
[tn,l,tn],lgnSN, such that0:t0<t1 <<ty =
T. We denote by 7, the length of [t,,—1,t,], by 7 the N-tuple
(T1,...,7n), by |7| the maximum of the 7,,, 1 <n < N, and
finally by o, the regularity parameter

Tn

max
2<n<N Tp_1

oy =

®)

In what follows, we work with a regular family of partitions,
i.e. we assume that o, is bounded independently of 7.

We introduce the operator 7, (resp. m; ,): For any Banach
space Y and any function g continuous from 0,77 (resp.
[0,T] into Y, m,g (resp. m,-g) denotes the step function
which is constant and equal to g(¢,) (resp. g(t,—1)) on each
interval |, 1,t n), 1 < n < N. Similarly, with any sequence
(dn)o<n<n in Y, we associate the step function 7@, (resp.
7,+¢- ) which is Constant and equal to ¢, (resp. ¢,_1) on
each interval |t,,_1,t,], 1 <n < N.

Furthermore, for each family (v,,)o<p<n in YN+ we agree
to associate the function v, on [0, 7] which is affine on each
interval [t,—1,t,], 1 < n < N, and equal to v, at ¢,,
0 < n < N. More precisely, this function is equal on the
interval [t,,—1,t,] to

t—tn— tn — 1t
nol (Vn_vn—1)+vn—1 =-= (Vn_
Tn Tn

Vf(t) = Vn—l)"'vn-

We now describe the space discretization. For each n, 0 <
n < N, let (T,n)n be a regular family of triangulations of
by triangles, in the usual sense that:

o for each h, Q is the union of all elements of 7,,;;

o the intersection of two different elements of 7, if not
empty, is a vertex or a whole edge of both of them,;

o the ratio of the diameter of an element s in 7, to the
diameter of its inscribed circle is bounded by a constant
independent of n and h.

As usual, h denotes the maximal diameter of the elements
of all 7,5, 0 < n < N, while for each n, h,, denotes the
maximal diameter of the elements of 7. For each s in T,
and each nonnegative integer k, we denote by Py (k) the space
of restrictions to s of polynomials with 2 variables and total
degree at most k.

In what follows, ¢, ¢, C,C’ ¢y, ... stand for generic con-
stants which may vary from line to line but are always
independent of ~ and n. From now on, we call finite element
space associated with 7T, a space of functions such that their
restrictions to any element x of 7, belong to a space of
polynomials of fixed degree.

For each n and h, we associate with 7,,;, two finite element
spaces X, and M, which are contained in X and M,
respectively, and such that the following inf-sup condition
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holds for a constant 5 > 0, which is usually independent
of n and h,

/ qn(x) div v (x) dx
Q

v‘]h S Mnha ||Vh||X

sup
VhE€Xnh

> Bllanl|L2)-
)

Indeed, there exist many examples of finite element spaces
satisfying these conditions. We give one example of them
dealing with continuous discrete pressures. The velocity is
discretized with the “Mini-Element”

Xnh = {Vh € X; Vi € Tan, Vh|s € Pb(”)z}v

where the space Py,(k) is spanned by functions in Pj(k)
and the bubble function on « (for each element «, the bubble
function is equal to the product of the barycentric coordinates
associated with the vertices of x). The pressure is discretized
with classical continuous finite elements of order one

M = {qn € MOH(Q); V& € Ton, anlx € Pi(r)}.
As usual, we denote by V,,;, the kernel

Voo = {Vh € Xonn; Yqn € My, / gn(x)div vi(x) dx = 0}.
Q

Definition IIL.1. We introduce the trilinear form d on X> by
1
d(u,v,w) =c(u,v,w) + 5/ divuvw.
Q

Remark IIL.2. We have: d(u,v,v) =0,Vu,v € X.

The discrete problem associated with problem (FV), denoted
(F'Vy, 1), is: Having uzfl € Xp—1p, find (uf,pp) € X,p x
M}, solution of:

1 n— n
Vv € Xnh, — - (up —uy ' vi) + v(Vuy, Vvy)
+d(w ™ ug, vi) — (pf, divva) = (£, vi), 1o
VQh S Mnh: (le 1127%) = 07

by assuming that u) = 0 and taking £ (x) = f(x,t,,) for all

x € Q.

We begin by showing a bound for the solution u}} of Problem
(FVin).

Theorem IIL3. At each time step, knowing u;,~ " € X, _1p,
Problem (F'V,, ;) admits a unique solution (uh,p}i) with val-
ues in Xppn X Myp. This solution satisfies, for m =1,..., N,

1

1 U c
§||u21||%2(9)2 T3 ZTnHuZH%( < 7||7T7'f||i2(0,T;X’)
n=1

2
< Hf||Loo(0TX/)

Y

Proof. For u}fl € X,_1p, it is clear that Problem(F'V,, p)
has a unique solution (u},p}’) as a consequence of the
coerciveness of the corresponding bilinear form on X, X X,
and the inf-sup condition (9). Therefore, we take v;, = uj in
(FV,1,), and we use the relation a(a — b) = a® + 1(a —
b)?> — $b? and inequality (1) to obtain :

5““2_1”%2(9)2 +vr[up%

§||UZ\|2L2(Q)2 -
2

TnC

Tn€
< 207 B + 2
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2

c .
We choose € = — and sum over n = 1,...m. We obtain :

v
TnC? | o
HuhHLz @2+ 5 ZTnHuth <Z 111
n=1
This implies the estimates. O

IV. A POSTERIORI ERROR ANALYSIS

We now intend to prove a posteriori error estimates between
the exact solution (u, p) of Problem (F'V') and the numerical
solution of Problem (F'V;, 1,). Several steps are needed for that.

A. Construction of the error indicators

We first introduce the space
Znh = {8n € L*(Q)?; V& € Tan, 8nls € Pu(k)?},

where ¢ is usually lower than the maximal degree of
polynomials in X,;, and, for 1 < n < N, we fix an
approximation f7' of the data £ in Z,.

Next, for every element x in 7,5, we denote by

€, the set of edges of x that are not contained in 0f2,

A, the union of elements of 7, that intersect k,

A, the union of elements of 7, that intersect the edges e,
h, the diameter of « and h. the diameter of the edge e,
[]e the jump through e for each edge e in an &, (making
its sign precise is not necessary).

e n, the unit outward normal vector to x on Ok.

For the demonstration of the next theorems, we introduce for
an element x of 7, the bubble function v, (resp. 1. for
the edge e) which is equal to the product of the 3 barycentric
coordinates associated with the vertices of x (resp. of the 2
barycentric coordinates associated with the vertices of e). We
also consider a lifting operator L. defined on polynomials on e
vanishing on Je into polynomials on the at most two elements
k containing e and vanishing on Jk \ e, which is constructed
by affine transformation from a fixed operator on the reference
element. We recall the next results from [16, Lemma 3.3].

Property IV.1. Denoting by P, (k) the space of polynomials
of degree smaller than r on k, we have

{ clvllo. < ||w”2\|o,m < (o]0,

Yo € P.(k
" ol < ez lo] o

Property IV.2. Denoting by P.(e) the space of polynomials
of degree smaller than r on e, we have

VoePe),  clolloe < llove?lloe < ¢lvfloe,

and, for all polynomials v in P,.(e) vanishing on Oe, if k is
an element which contains e,

||£eU||07K +he | Lev |1,NS Chém”?}HO,e'

We also introduce a Clément type regularization operator
» [8] which has the followm% pr02pert1es see [3, section
IX 3] For any function w in H"(Q)%, C,pw belongs to the
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continuous affine finite element space and satisfies for any
in 7, and € in &,

W = Conwllo.r < che||Wll1a,, (12)
[Iw = Canwllo.c < che”?||wl|.a..

Furthermore, we introduce the Scott-Zhang operator Fj, [14]
which has the following properties : For any function v &€

H'(Q)2, we have
|V — FuVlm.a < ChL™|v]iq, (13)

where C' is a constant independent of h,,, m and [ are integers
such that: m = 0,1 and 0 < m <[ < 2.
For the a posteriori error studies, we consider the piecewise

affine function wuy;, which takes in the interval [t,,_1,t,] the
values
t— tn—l n n—1 n—1
uy(t) = Ti(uh —u, ) +uy (14)

and the piecewise constant function py, equal to p; on the in-
terval ]¢,,_1,,]. We prove optimal a posteriori error estimates
by using the norm:

= wn) ) = (Jhu(ta) = wn(tn) By

t"L
+v max (/ la(t) — un(6)||%dt, s
0

Xn: /ttn: lu(t) — TrTuh(t)||§(dt))1/2,

An easy calculation leads to the following lemma.

Lemma IV.3. The solutions of Problems (F'V') and (FV,, 1)
verify for t € Jt,_1,t,] and for all V(1) in X,

(2 () (1), (1)) + (¥ (u(t) — mrun (1)), ¥ v (1))
~(div v (£), p(t) ~ pi() — 5 (div e (B (), V()

+(u@)Vu(t) — m,run(t)Vrrun(t), v(t))

1 n—1

= (£(1),v(t)) — E(uﬁ —uw, ,v(t)
—v(Vrrun(t), Vv(t)) + (divv 1( ), pn(t))
—(m,rup(t)Vrrup(t), v(t)) — i(dzv 7, -up(t)mrup(t), v(t)),
(16)
and for all q(t) in M,
/ q(t,x) div (u(t,x) — up(t,x)) dx
“ (17

= —/ q(t,x) divuy,(t,x) dx.
Q

We introduce the residual R(u,) € L?(0,T, X') given by:
for tin [t,,—1,t,] and for all v(t) in X

8uh

(R(up)(t),v()) = (£(t), v(t)) — ( 5 (t),v(t))

—v(Vmrun(t), Vv(t)) + (divv(t), pa(t))

—(mrup(t)Vrrup(t), v(t)) — %(divmTuh(t)ﬂfuh(t),v(t)).
(18)

Using (F'V, 1), we introduce the space residual R"* € L2(0,T; X’)
and the time residual R™ € L*(0,T;X’) such that, for all t e

158



INTERNATIONAL JOURNAL OF MECHANICS

[tn-1,tn], all v(t) € X and every approximation v (t) € X,, of
v(t), we have:

(R(up)(t),v(t)) = (£(t) — £, v(1))
" — £+ R (un) (1), (v = va) (1)) + (R (un) (1), V(t)>fl9)

where

(R"(un) (1), v(t) = va(t)) =

(£ — —(ufl w, ™), V() = va(t)) + (div (o(t) = va(t)), pr)

—(up 7 Vg, v (t) = va(t) — v(Vug, V(v() = va(t)))

— S v (O (0), v(0) — va (1),
(20)

(R7(un)(t), v) = —v(V (un(t) — m-un(?t)), Vv(t))
—(un(t)Vun(t) — m-un(t) Vrrun(t), v(t)) 1)

—%(div Wn (£)un (£) — div 1 (£) 70 n (1), v(2).

Lemma IV4. The system (16)-(17) can be written in the
following form: ¥(v,q) € X x M,

(%(u —w)(8),v(t)) + v(V (u(t) —un(t), Vv(t))
+(u(®)Vu(t) — un(t)Vun(t), v(t))

1. . (22)
=5 (divun(t) un(t),v(t)) — (divv(t), p(t) — pa(?))
={f -, v)+ " =, v—vp)
+(R"(up), v — vi) + (R7 (un)(t), v)
and
/ q(t,x) div(u(t,x) — up(t,x)) dx =
. (23)

f/q(t,x)divuh(t,x) dx.
Q

In order to derive the upper bounds corresponding to
Systems (22)-(23), we use the integration by parts formula
to rewrite the residual operators R"(uy,)(t) and R™ (u)(t) in
the following forms:

(R"(un)(t), v(t) — va(t))
= 3 {0 i s - v

Tn
KRETnn ®

1
_idiv u) tup — Vpp)(x) x (v(t,x) - vh(t,x))dx

=3 [ovui o) (vt - valt. ) do .

(24)
ISSN: 1998-4448
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(BT (un)(t), v(t))
_ta—t

o Z {V/V(UZ—U;LL&)(X)- V v(t, x)dx

RETnh r

+/(u271V(uZ —u} ) v(t, x) dx
+/divu271(u27u271)v(t,x) dx}

_tztn 3 {/(uz_u;—l)vuh(t,x)v(t,x)dx

Tn
KETph ®

+/div(u;z — W Nup(t, %) vt x) dx},
) (25)
where o stands the tangential coordinates on e .

All these lead to the following definition of the error indica-

tors:

Definition IV.5. For each k in Ty,

(M) = Tl luh — a5, (26)
1 _ _
(nh.)? = Bl f5 = —(uf = wi ™) + vAu] —up ' V)
1 . n—1_n n| 2
—5divay” aj — Vonllo,x
+|divul||3 . + Z he||vVuy; - n = pinl|3 ..
eCey

27

Remark IV.6. Even if these indicators are a little complex,
each term in them is easy to compute since it only depends
on the discrete solution and involves (usually low degree)
polynomials.

Lemma IV.7. The following estimates hold for 1 <n < N,
1) For all v in X and vy, = C,pVv:

1/2
(R =vi) (3 @) vl @8)

KETnh
2) ForallvinX andt €t,_1,tn],
(R™(up)(t),v) <
max{t — tn_1,tn —t - 1/2
Bttt 28 (5™ (o7 02) v

Tn
KEThh

(29)

Proof. We proceed in two steps, one for each estimate.

1)We derive the result from formula (24) with v;, = Cppv,
by using the Cauchy—Schwarz inequality, the proprties of C,p
and the inequality: (ab+ cd) < (a4 ¢)(b+d) .

2)By considering Equation (25), using a Cauchy-Schwarz
inequality and noting that both uZﬁl and u;, are bounded
in appropriate norms (see the proof of Theorem [I11.3), we
derive (29). O]

Remark IV.8. : We note that we can not establish directly the
upper bound corresponding to the system (22) and (23) due
to the non-linear terms inside. Thus, we will use in the next
section the Gronwall Lemma to avoid this difficulties.
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V. UPPER BOUNDS OF THE ERROR

In this section, we derive an upper bound corresponding to
Problems (FV) and (F'V,, ). In fact, in [5], a posteriori error
estimates are shoed for the time dependent Navier-Stokes
equations in two and three dimensions under restrictive
conditions where the discrete solution uy corresponding to
Problem (F'V,, ;) is in a neighborhood of the exact solution
u of Problem (FV). This restriction can be traduced by a
condition on 7, and h,. However, in this work we show
in the two dimensions, the same upper bound but without
any restrictions on ujy. The main idea is the application of
Gronwall continuous and discrete lemma and requires the
application of Gronwall lemma.

To prove the upper bound, we follow the idea used by
Bernardi and Verfurth [7] or Bernardi and Sayah [4] for the
Stokes problem in order to uncouple time and space errors.
But in this work, the non linear term providing from the
Navier-Stokes system requires more sophisticated calculations.

We introduce an auxiliary problem corresponding to the time
discretization and calculate upper bounds for the errors be-
tween the corresponding solution and the exact solution firstly
and the discrete solution secondly. Finally, we combine the
obtained errors to derive the desired upper bound for the a pos-
teriori error estimation. We introduce the following time semi-
discrete problem: Knowing u"~! € X, find (u”, p") € X xM
solution of

i(u” —u" V) +v(Vu”, Vv)

n

Yv e X,

(Paua:) +(u”71Vu",V) — (le V,p") = <fn7V>7

Vq € M, (divu”,q) =0.
Lemma V.1. By assuming that v° = 0. It is clear that Problem
(Pauz) has a unique solution owing to the ellipticity of the bilinear

form and the infsup condition on the form for the divergence.
Furthermore, we have:

1 mi2 - n|2 c? 2
S22 + ) malullx < Il omrxn. GO

n=1

We recall the definition of the piecewise affine function u, which
take in the interval [¢tn—1,t,] the values

— t_tn—l (un_uvz—1)+un—l _ t_tn
Tn Tn

(un_un—l)_’_un7

€29
and we define p, as the piecewise constant function equal to p" on
the interval J¢t,,—1,tn].

u-(t)

Theorem V.2. The following a posteriori error estimate holds be-
tween the velocity u of Problem (FV') and the velocity u, associated
with the solutions (W™ )o<n<n of Problem (Payz): For 1 <m < N,

tm
tm) = s (1) B2y + / IJu(s) — ur(s)][%ds
0

2 n ni2
< C(I1F = w120, + D mallu” = il

n=1
355 )
n=1k€Tnp
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Proof. By combining Problems (FV) and (P,uz) , We observe
that the pair (u — u,,p — p,) satifies (u — u,)(0), and, for
t €ltn—1,tn],1 <n < N and for (v(t),q) € X x M,

(%(U —ur)(8),v(t)) + v(V (u(t) —u-(?), Vv(t))
+(u®)Vu(t) — ur(t)Vur(t),v(t)) — (divv(t), p(t) — p-(t))
= (£(t) = £ (), v(1)) + (R" (ur)(t), v).

q(t,x) div (u(t,x) — u,(¢t,x)) dx = 0.

S~

(32)
By taking v =u — u, and ¢ = p — p- in (32), we obtain:
1d 2 2 n
QaHV(t)HH(Qﬂ +v|[v(t)|[x = (£(t) — £7(1),v(t)) (33)

+(R"(ur)(8), v (1)) = (v()Vu(t), v(t)).

Let us check and bound the right side of equation (33). The last
term can be bounded by using (2) as following:

OV, V) < (a@lx VO oy
< VRO VOl @2 v 1x
< IV e + SIVOIB

Furthermore, the residual term in the right hand side of Equation
(33) can be bounded exactly as (29) and we get:

max{t — tn_1,tn —t}

T2

e 1/2
(3wl = u ) V@I

KE€ETph

(R (ur)(®),v(t)) <C
(34

Thus, we integrate Equation (33) between ¢,,_1 and ¢, use the above
bounds and summing over n to get

tm
V(o) + v / v(8)]feds <
(0]

2 n n—12
O (IE =78l + D llu” = w" %)

n=1

t
"2
+/ (;IIH(S)I\i)IIV(S)IIiam)zdS-
0

We apply the Gronwall Lemma (II.8) with the functions given in
each interval |¢tn—1,t,] by the following form:

tm
2
Y(tm) = V()| B gz + v / v($)] eds,
(0]

¥(s) = 2l

2 n n—12
Bltm) = Cr (IIf = mtl[32 0,0 + D allu” = w1 ).

n=1

We obtain the following bound:

tm
tm) — s (1) By + / IJu(s) — ur(s)][%ds
0

< G (IE = 7Bl + D mallu” = u" %)

1

- o
+ ¢(3);||u(5)|\x exp( ;||u(7')||xd’7')d8.
0 S
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By remarking that for every s < tm, ¢(s) < ¢(tm), we get

<

9 tom , tm ,
=¢(tm)ex u(7)||xdr u(s)||xds,
Zottwtean ([ Iuo)lFear) [ ol

and finally, Proposition (II.4) gives us the following bound

tm
) — e ()2 ages + / u(s) — ur(s)|Fds
0

< Ca(JIE = 781132 0 iy + D Tl = "),
n=1
By using the following triangle inequality:

n —1

n—1
—uy ||X7

O

lu” =" x < [ju”—up|x +[Jug—up 7 x4 [u”

we conclude the result by summing over n = 1,...,m.

To derive an a posteriori estimate between the solution u of problem
(FV) and the solution uj;, corresponding to the solutions uj of
(FVp,n), it suffices to get an a posteriori estimate between the
solution u, of Problem (Pg.,) and uy and to apply the triangle
inequality using the previous theorem.

By taking the difference between the first equations of Problems
(Pauz) and (F'V;, ), we derive the following lemma.

Lemma V.3. For any v in X and vy, in X,

1

Tn

((u" - u”fl) — (up — uzfl),v) + Z/(V(u” —uy), Vv)
+(u"71Vu" - uZ_IVuZ,V) - %(div u) 'up,v)
—(div v, " — ) = (€ — £ + R (un),v — vi)

(35)
and

J

In order to get an a posteriori error estimate between the solutions
u and u,, we introduce the operator II (see [7] ou [4]) defined from
X into itself as follow: For each v in X, IIv denotes the velocity w
of the unique weak solution (w, ) in X x M of the Stokes problem:

q(t,x)div (u" —up)(x)dx = 7/ q(t,x)div (uy)(x)dx.

Q

vt € X,
Vq € M,

(Vw, Vt) — (divt,r) =0,

(divw, q) = (divv,q). (36)

The next lemma states some properties of the operator II.

Lemma V4. The operator 11 has the following properties:
1) Forall v in V, 1lv is zero,

2) The following estimates hold for all v in X,
1
v —Ilvllx <|lvllx and |[Ilv||x < FHdiVVHLQ(Q)'
3) Vvp € Vppand 1 <n < N,

HHVhHL2(sz)2 < Chrlz/2 ||div Vh||L2(sz)~

Proof. The proofs of (1) and (2) can be found in ([7] or [4]).

To find the last estimate, for every v, € V., we introduce the

duality argument:

AP+ Vp =1Ilvy in £,
divd =0 in Q, (37
®=0 onoQ.
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This problem has a unique solution (®, p) € H*>/?(Q)? x HY/?(Q)
(see [7] ou [4]). Moreover, this estimate satisfies the following
relation:

@] 372092 + [Pl g1/2(0) < cl[IIvallL2 o)z (38)

By combining the last two problems , we have:

(IIvy, IIvy,) = (V@, VIIvy,) — (divIIvy, p)
(div®,r) — (divIIvp, p).

||HVhH2L2(Q)2

As div @ vanishes and div IIv, = div vy, we obtain:
TV 2202 = —(divva, p).
By using the definition of V,,;, and for all p, € M,

IMIval[Z2 )2 = (divva, pn — p) < [|divvallL2@lle = prllz2()-
1
By taking pp, = Frhp,m =0 and [ = 5 in (13), we get:

Vo e HY2(Q),|lp— pnll2(o) < Chwlz/2|P|H1/2(Q)-

Finally, by using the relation (38) we get the result. O
We are now in a position to prove a posteriori estimate between the
solution u- of Problem (Pgu..) and the solution up, of (F'V,, p).

Theorem V.5. Suppose there exists a positive constant Cs such that
forall 1 <n < N we have h,, < CsTy. The following a posteriori
error estimate holds between the solutions 0" and u}' of Problems
(Pauz) and (FVy5).

m
0™ = ai|[Faoye + Y mllu” = uilx

n=1
. (39)
c3n ( S (R 1R+ () ) |
n=1 KE€ETpR
Proof. For abbreviation we set €” = u" — uj and " =

p" — pr,0<n < N.Forany 1 <n < N, we have
1 n|12 1 n—112 1 n n—12
§||e 12202 — §He [l22(0)2 + §He —e" |12
+VT”HenH§( = (en - en—l7en) + VTn(ven, Ve”)

By intercalating IIe™ in the both terms of the second member and
noting that div (e™ — ITe™) = 0, we obtain:

(e" —e" ' e") +vr,(Ve",Ve™) = (e" —e" ! Tle™)
+uT,(Ve™, VIIe™) + (e™ —e" !, e™ — Ile™) 40)
+VTn(Ven7 v(en - Hen)) - Tn(diV (en — Hen)7 En).

By taking v = e" — Ile" in (35), we have for every vi, € Xy,

(e" —e" ' e") +vr,(Ve", Ve™)

= (e" —e" "}, e") + vr,(Ve™, VIIe™)
T (£ — 7, v — Vi) + T (R (un), v — Vi)
1
—7p (W VU —u) T Vg, v) + §Tn(div u) tup, v).
(41)

Next, we evaluate all the terms on the right-hand side separately
by using the inequality ab < 1a? + b®. Taking into account that
IIe™ = —ITuj and using lemma (V.4), the first and second terms
can be bounded as:

_ 1 _ .
(e" —e" ! Ile™) < 1||e” —e" 1H2Lz(9)2 + C1||d1vuﬁ\|iz(mz
and
v7,(Ve", VIle") < %He"”i + c17p]|div uZ||2Lz(Q)2.

161



INTERNATIONAL JOURNAL OF MECHANICS

To estimate the third and fourth terms of (41), we take v, = C,pV,

use the definition of R" and Lemma (V.4) to derive:

Tl f" = f2, v = Conv)
<orn > hallf" = B2 o2 VI a2
KETph 1/2
<t D0 R = llagz) ¥l
5 KE€ETnh
2c Tn 2 n n 12 VTTL 2
< BT (N R~ a2 + Rl
KETph

and

Tn<Rh(uh), vV —Vp)

IN
Q
3
—
<
=
B
e
~—
4[\3
<
22

A
1R
3
3:

Finaly, we bound the last two terms of the equation (41). We have
the relation:

Tp(U" 1 VU" “lyuy, v) +In

=T7,(e""'Vu",v) + %(dive B

(dlvu" ‘up,v)
u”,v)
+7n (U Ve, v) + 7-2 (divu)~'e", v).

We denote by A =
and Ay =

A; + As where A7 = Tn(e"_1Vu",v)

7%(dive"flu",v), and B = 7,(u} 'Ve",v) +
“(divu) e, v).

Vae bound first the term A; by using (2):

Ay < carnll€" | pagay 0" |x|1V] [ 4oy

n—1||1/2

n—lHl/Q
£2(9)

< cs5Tnlle X [u

le “l

([le™ |22 +/||HenHL4(Ql)/)2
< cxmalle™ V2 o e |17 [0 x

(lle™ 1%y le™ 11X + co(ha *||div ug || 2 () /[l [1?)-

We bound separately the two termes of the right hand side of last
1nequa11ty

By using the inequality ab < £ a + = b2 intercalating e"

, and using
(30) we get:

n71‘|1/2

llen—1||%/°
L2(Q)

1/2
2 xllem ||V

lle 1%
L2(Q)

c5Tnlle
€1 _ _
< esallullx (11" Iz lle™lx

1 n n
—|e e
+2€1|| L2l HX)

€1 (2 n—12 L
SCE)TnE(?He 1% +

en™ 1
s lle 1%

@ lul%)

Tn

€3 n|2 1 n|2 n2
—lle —le u
+65261(2|| HX+263H ||L2(Q>H ||X)

1 €1 —1)2 2
<05Tn7|| " |Ix+05Tnf4€2||e” 172 0)ll™ 1%
™E3 | n|2 1 n—12 n|2
“+c5——||e + 5T e u
i, 17+ esmn g o o
+C745153||en e ||L2(Q)
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Furthermore, by using the relation h, < Cs7, and (30), we have:

n—1||1/2

n—1111/2..n 1/2
oyl I 2l x (e

Tulle 172||en |3/

lldivugilr2(q))
8 ERE. O n
< g 1AV uhllLa @ lle”llx

€4 ,1/2 — —
m—h,/ ™% [le™ ] L2 ()2 1" ] x

€4 €5
< THleUhHLZ(Q)HenHX+7'n (5

5 (5 lle™ M hallum 1%

+;HU"IIXHE"_1||2LQ(Q)2)

25 e 1%

< g (v a3 ) + Flle” ) +

2
sl e 2 )

Now, by using (30), we bound the term As as follow:

T _
Ay SCIO?TL”en Nixla™ | paoyllvlipao)
Tn (€T n—12 1 n n n
§C10?(5||e Hx+cug\|u 2o lu™1x (€™ 134 g
+Te"|124 )

€7 —12 ™
< cromn - le" X +Clzg\IU"HLZ(Q)\lunllx\lenllm(mHenllx

1/2 Tn

tershn "Il 2 oy 1 |x[ldiv uh ]l 22 o 1"l x

Tn

e7 —1012 2
< ciomn—|le" + (* e”
< cromn |l 1% (5 lle™ 1%

1 n n—12 n||2 1 n—1)12 n||2
tglle” = e g I + 5=l g 0" )
T hn
+c 13ﬁ(*|\ "% +7||un“X||dlvuh||L2(Q)
T
< c10mn —|le" )% + cra— (= ||e™
< 1On4|| % +c1a 457( lle™|1%

1 n—1/2 n||2 1 n—1/2
+g||e ||L2(Q)Hu ||X)+6158€768||e —e€ ||L2(Q>

Tn

1
e : n||2
+C16ﬂ(*|\ 1% + 2€8||dlvuh||L2(Q))'

Finally, A can be bounded as:

85 )||dlvuh||L2(Q
n<0856 AR SO0 2o
+Tn(095:a5 c1(;€7 05€41€2 Mle™ L% (42)
H&:Zs é)” "=l
+Tn(7 8;; 15;1 4561553 )Hu”||%( | |e"*1 | |2Lz(9)2'

Let us now bound the term B. It can be written as following:

B = Tn(u}: V(e™ —Ile™ 4 Ile™),e™ — He")
—(dlv up” Le" — e™ 4 TIe™), e — Me™)
n—1 n an n Tn .. n—1 n .n n
< Tn(up” "Vile™, e —Tle )+3(dlvuh Ile",e™ — Ile™)

< Tn(u271VHe", e") + 7-?n(div uZﬁll_[e”7 e”).
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Or by using (2), (8) and (11), we have the bounds
Tn(u271VHe",e") < c167n||u;z*1

2,
< Tanl"uhHLz(Q) +

n 2
<1 E0 1™ g 1 1

2

< e Tn||dlvuh||L2

= 219 ()

€10 —1 -1
terr—=mnlle”ll L2 o)l Ix[luy ™l L2 o [Ty Hlx

< QEfOTaniVuZHiz(Q)

terr i a(Shle "HX+—H e"[[25 gy 1y 1)
< 6
~ 2e10

rerr S (Bl e + 5™ g 1)

= €10 n_ gh— 1
+CI74811 He ||L2(Q)’
and

%L(div u? le”, &™)

h
Tn, 1 €12
< GG llaivap s gy + TSI 4 1”15 c)
< ?Hdlvu ||L2(Q)

+e18 2| [Thup || p2 (o) [TTug || x €™ 2 o) lle™ | x

Tn . on—12
<
= 481 ||d1vuh ||L2(Q)

1/2
+erohy! 2 malldivag | L2 o) Tuj | x|le”]| 2 o) lle™ ] x

< 7——Hdlvu

= 451 ||L2(Q)

+e20 2 (552l ?]1x +

n . —12
= FHleuZ ||L2(Q)
20 27 (52l L + = g lle™ 122 )

Tn .. 1 €12 _ (€13
< n—
S T [|div uy; ||L2(Q> + co0— B Tn(

n n—1
Rl 22 ) +

lle™ [ x
C20€ 12 n_ gn-1
e [
Finally, we obtain:

B< ':%—67' [|div ult||? + Hdlvu H
= 2€10 n L2(Q)

€10 C20€12 |, n en—1
+(C17— + e’ —
( 17 1 8e13 )H HL2(Q)

(017510511

€12€13
. )

+7n + ¢c20 3 le™| |§( “3)

n—1)12
HLQ(Q)

€10
[y,

1
+Tncl74 HXHen HLZ(Q)

Thus, by summing (42) and (43), using Equation (41) and the relation

[|divu}||3.. < (n)..)? using the above bounds and (8), summing
over nEfrom 1 to m, and taking 1 = 24,/65670, go = @,
— 1 H — T — 4
€3 = Gy €4 AN arbitrary real number, €5 = Slegzs €6 = Tieg
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€7 = min(52

4\/c1acis _ _ et _
Tic) ), €s = 4/claci5, €9 = T2cs €10 =

12cy4
— 1 _ 1
6verrerr’ S T T 12 T 850000 €18 16C20 we get
m
2
lle™ 172 g2 +”Z’fn||e"\|x
n=1
m
h
O (N (BT B2 + (h0?))
n=1 KETnh
m—1
2 2 192
+Cs Z nlle" |72 ()2 (Callu™|% + Callup (%) -
n=1

We apply the Gronwall Lemma (IL.8) with the following functions:

m
ym = lle™ gy +v > mlle™ %,
n=1
m
fm:C Tn hinn f]TLL)HLZ ,{2+(77n n)
(x)
n=1 KETnh
and
gn =7 (Collu™1% + Csllup 1% ) -
We obtain:

™22z + o, alle %

m

<GCs ZT"( Z (hlIEm — 722 + (1 )?) )
n=1 KEThh
m—1

+Cs Y fura (Coll” |k + Callup %)
n=0

1
eap( 327! Collud |3 + Csllud %),

We use the relation f, < fm,n < m, and the bounds (11) and (30)
to get:

m
Hem||i2(ﬂ)2 + VZ TnHean(
n=1
<ed (> (BRI = EDI2a e + (7)),
n=1 KETnh
O
Lemma V.6. We have the bound:
1 m m tn
1 el —uplk < Z/ [[ur(s) = un (o)l Fds
n= n=1"Ytn-1
1 1 )
1 + or n n
< 7Y mallut - upl
n=1
Proof. For the proof of this lemma, we refer to [4] page 15. O

Corollary V.7. A posterior error estimate holds between the velocity
u solution of problem (FV) and the velocity uy, corresponding to the
solutions uj, of problem (FV, p):

tm
) — w12 s + / a(s) — un (I
0
< O( S0, S, () + (77,07

+Z7'n Z h2||fn—fh”0n+ Hf_”TfHLZ (0,tm, X’))

n=1 KETnh
(45)
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Proof. The proof is a direct consequence of Theorems (V.2) and
(V.5). First, we use the triangle inequality:

tm
IIU(tm)—UTIIQLQ(mfr/ |lu(s) — un(s)|5ds
0

< 2ultm) = s (bm) 22 gy

tm

+2 [lu(s) = ur(s)[[5ds + 2l[ur(tm) — un(tm)|l72 )2

0

tm
+2/ [lur () — up(s)l[5ds.
0

For the two first terms of second member, we use Theorem (V.2) to
obtain:

t’nl
() uh|\L2(m2+/ [[u(s) — un (s)] Zds
0

<20(Z Z (7.) +anllu —upll%

n=1kKET,}

+|f — 7 f]]7

2oy ) + 2llur () = un

(t7n)||i2(g>2

tm
+2/ Ilur(s) — up(s)l% ds.
0

Second, the fact that u, — uy, is piecewise affine equal to u”

—uy
on t,, gives by using Lemma V.6:

t’V?‘L
Hu(tm)—umiz(mﬁ/ [lu(s) — up(s)l5ds
0

<2 Z > e +Zm||u -k

n=1 k€T
+||f - WTinQ(O,tm,X’)) + 2Hum - mHiQ(Q)Z
14 0r
g
+2-=0 N it~ uf
n=1

We use Theorem (V.5) for the last two terms of this inequality to
obtain the result.

Next, we bound the function

5 —(u—uy) + (uVu — 7Tlﬁ.,-llhv7l'7-l_lh,v)

1, .
—g(lem,Tuhﬁrum v) + V(p — pp)-

Theorem V.8. The following a posteriori error estimate holds be-
tween the solution (w,p) of Problem (FV) and (un, 7p-) associated
with the solutions of Problem (F'V, ): For 1 <n < N,

o 1
Ha(u —up) + (UVU — T, up Ve Up, V) - 5(611'\/ T,z UpTrUp, V)

+V(p —prr)llL2(0,t,,x7)

m
<o(3 3 Gtk + )
n=1kET,p
ED0 D I = B = 1o, ) )
n=1kETh

(46)

Proof. The proof of this theorem follows exactly the same steps of
Theorem 4.10 in [5]. O
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To conclude the wupper bound, bound the

m tm
> / [[u(t) — mru, (8)| | d.
n=1"7tm-1

Theorem V.9. The following a posteriori error estimate holds
between the velocity u solution of Problem (FV) and the velocity
uy, corresponding to the solutions uy, of Problem (FVy p):

m tn

Z/ llu(s) — mrup (s)|[% ds

n=1"tn-1

<c <f0tm [lu(s) —up(s)||%ds + Z Z (7777;,1%)2) .

n=1KETnhH

we quantity

“47)

Proof. For the proof of this lemma, we refer to Theorem 4.10 in
[4]. O

Corollary V.10. The pression and the velocity verify the following
a posteriori error:

o
[u—up]?(tm) + ||a(u —up) +uVu—m u,Vrruy,

1.
*idlvm,ruhﬂfuh +V(p —pr)llLz(0,t,,x7)

Z Z (Tn +(77n n) )
n=1kETyp
2 n
+Z Z Tnhi||If fh||0~+”f 7r7'f||L2(Otm X’)
n=1KET,p

(48)
Proof. We start form the definition of [[u — ux]]?(t,) :

[0~ ]2t < [faltn) — 0 ()25 0
tm
v mas / () — (1) dt,
0

SIS ) = mun (ol ).
By using (47) and the definition of uj, we obtain:

[ = w2 (6m) < [(tm) =t )22 2

e ( /0 ) - w3 S 07.07).

n=1kKET,p

By using the corollary (V.7) and the equation (46), we get the result.
O

VI. UPPER BOUNDS OF THE INDICATORS

In this section, we prove the upper bounds of the indicators. We
follow exactly the same steps of Theorems 4.11 and 4.12 in [5] by
simply changing the form of the non-linear terms.

Theorem VIL.1. The following estimate holds

Tn(nh )% < C(V\lu —Upllr2(, y tn, X (we))

+HIE —£7]7 + b [ — £

L2(tn—1,tn, X (wk)") 15 W
49)

0
+||a(u —up)+uVu — 71 rupVrruy,

1.
—idlv T upmruy 4+ V(p — Ph)HL%tn,l,tn,X(wK,)/)> )

where w, denotes the union of the elements of 7, that share at
least a face with k.

164



INTERNATIONAL JOURNAL OF MECHANICS

Theorem VL.2. We have the following estimate:

T

07)” < el = allE2g0, 00
(50)

‘*”u“”Tuh”i2un7bmuX<M)>-

We have proved that the pressure and the velocity verify the upper
bound:

tm
= 0B s, p2cey + / Ia(s) — wi(s) % ds
0
tm, 8
+/ ||u—7r7uh||§(ds+||&(u—uh)—|—uVu
0

1..
—m,TuhVﬂ'Tuh — §d1V T+ Up T+ Up + V(p — ph)HLQ(O,tm,X’)

(XY (0’ + @)

n=1KETn x

£ DT B = G+ E el x )
n=1KETn x
(51
where C is a positive constant. On the other hand, the lower bounds
follow from (49) and (50).

We observe the estimate (51) is optimal: Up to the terms involving
the data, the full error is bounded from above and from below by a
constant times the sum indicators. Estimates (49) and (50) are local
in space and local in time. The indicator 7;, ,, can be interpreted as a
measure for the error of the time discretization. Correspondingly, they
can be used for controlling the step-size in times. On the other hand,
the other indicator nﬁyﬂ can be viewed as a measure for the error of
the space discretization and can be used to adapt the mesh size in
the space. We refer to[ [6] section 6] for the detailed description for
a simple adaptivity strategy relying on similar estimates.

REFERENCES

[1] M. AINSWORTH & J. T. ODEN, A posteriori error estimation in finite
element analysis, Pure and Applied Mathematics (New York), Wiley-
Interscience [John Wiley & Sons], New York, 2000.

[2] A.BERGAM, C. BERNARDI & Z. MGHAZLI, A posteriori analysis of the
finite element discretization of some parabolic equations, Math. Comp.,
vol. 74, no. 251, pp. 1117-1138, 2005.

[3] C.BERNARDI, Y. MADAY & F. RAPETTI, Discrétisations variationnelles
de problemes aux limites elliptiques, Collection “Mathématiques et
Applications”, vol. 45, Springer-Verlag, 2004.

[4] C. BERNARDI & T. SAYAH, A posteriori error analysis of the time
dependent Stokes equations with mixed boundary conditions, IMA J
Numer Anal, vol. 35, no. 1, pp 179-198, 2015.

[S] C. BERNARDI & T. SAYAH, A posteriori error analysis of the time
dependent Navier-Stokes equations with mixed boundary conditions,
SeMA Journal, vol. 69, no. 1, pp 1-23, 2015.

[6] C. BERNARDI & E. SULI, Time and space adaptivity for the second—
order wave equation, Math. Models and Methods in Applied Sciencesn,
vol. 15, pp. 199-225, 2005.

[7] C. BERNARDI & R. VERFURTH, A posteriori error analysis of the fully
discretized time-dependent Stokes equations, Math. Model. and Numer.
Anal., vol. 38, pp. 437-455, 2004.

[8] P. CLEMENT, Approximation by finite element functions using local
regularisation, R.A.LR.O. Anal. Numer., vol. 9, pp.77-84, 1975.

[91 A. ERN & M. VORALIIK, A posteriori error estimation based on
potential and flux reconstruction for the heat equation, SIAM J. Numer.
Anal., vol. 48, no. 1, pp. 198-223, 201).

[10] V. GIRAULT AND P.A RAVIART, Finite Element Methods for the
Navier-Stockes Equations Theory and Algorithms., In Springer Series in
Computational Mathematics 5, Springer-Verlag, Berlin, Heideberg, New
York, 1979.

ISSN: 1998-4448

Volume 11, 2017

[11] P. LADEVZE, CONSTITUTIVE RELATION ERROR ESTIMATORS FOR
TIME-DEPENDENT NONLINEAR FE ANALYSIS, Comput. Methods Appl.
Mech. Engrg., vol. 188, no. 4, 2000, (775-788. IV WCCM, Part II (Buenos
Aires, 1998)).

[12] J.-L. LIONS, Quelques méthodes de résolution des problemes aux
limites non linéaires., Dunod, Paris, 1969.

[13] J. POUSIN & J. RAPPAZ, Consistency, stability, a priori and a posteriori
errors for Petrov-Galerkin methods applied to nonlinear problems, Numer.
Math., vol. 69, pp. 213-231, 1994.

[14] L.R. SCOTT & S. ZHANG, Finite element interpolation of nons-
mooth functions satisfying boundary conditions. Math Comp., vol. 5, pp.
483-493, 1990.

[15] R. TEMAM, Theory and Numerical Analysis of the Naiver-Stockes
Equations, North-Holland, 1977.

[16] R. VERFURTH, A Review of A Posteriori Error Estimation and
Adaptive Mesh-Refinement Techniques, Wiley and Teubner Mathematics,
1996.

[17] R. VERFURTH, A posteriori error estimates for finite element discretiza-
tions of the heat equation, Calcolo, vol. 40, no. 3, pp. 195-212, 2003.

165





