
 

 

  
Abstract— This paper presents a method able to upscale finite 

element (FE) results obtained for coarse meshes of 2D models at a 
higher resolution, using both radial basis functions (RBF) and 
balance equations. RBF supply a smooth function from nodal 
displacements. In addition to FE nodes, RBF interpolation embeds a 
certain number of additional points, for which displacements satisfy a 
minimization procedure of the error on balance equations. Derived 
fields (strain, stress) yield analytically from the constructed 
interpolator. We tested the method with two 2D structural cases 
where strong stress concentrations were included. As regards the 
stress field, an error reduction with respect to validated test benches 
was observed in all cases. 
 

Keywords— Balance equations, FEM upscaling, meshless, radial 
basis functions. 

I. INTRODUCTION 
OWADAYS finite element method (FEM) plays a major 
role in solving problems of engineering and mathematical 

physics [1]. From a general point of view, a complex domain 
is discretized into a large number of elements. A set of shape 
functions describes the field of interest inside each element, 
taking as input its values at the nodes. Although shape 
functions are the key to treat a unique large domain as a set of 
smaller and simpler sub-domains, in many cases, they have 
some important limitations. Often, sufficient requirements for 
shape functions are the C0 continuity and the patch test. In the 
structural field, the first condition entails that at element 
boundaries, only displacements are definitely continuous, 
whereas stresses are not. Consequently, h-convergence is faster 
for displacements rather than for stresses [2]. Notoriously, the 
underlying principle of all structural FEM frameworks is the 
energetic equivalence of external and internal work. This last 
is the result of a (numerical) integration over the domain, 
which requires a computational grid to keep into account the 
complex shapes of realistic models. Mesh generation is a 
cumbersome task, especially if complicated geometries are 
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involved, demanding a considerable portion of the overall 
computational time [3]. This problem further exacerbates 
when extremely large deformations occur in the model [4] or 
when moving discontinuities are under study [5], needing for 
several mesh updates during the computation. Meshless 
methods [6] emerged as an attempt to overcome the 
shortcomings of element-based shape functions and the 
computational burden of the numerical grid. The basic idea 
behind meshless methods is to construct the approximation 
entirely in terms of nodes. 

One of the first meshless methods is the smooth particle 
hydrodynamics (SPH) method by Lucy [7]. This approach was 
used to study a protostar as a finite set of interacting points 
simulating gas particles. Later on, Libersky et al. [8] employed 
the same method in the dynamics of elastic-plastic solids, 
where its meshless characteristic well suited large distortions. 

Nayroles et al. [9] were the first to introduce the so-called 
diffused approximation (DA). This method assigns at each 
point of the set a circumscribed interpolating function whose 
coefficients minimize a properly defined L2 norm. In such a 
way, the boundaries of each local interpolation assume a fuzzy 
characteristic, enhancing continuity with respect to traditional 
basis functions. Belytscho and co-workers [10] coupled the 
DA with the Galerkin method. Although a grid is still present 
to carry out numerical quadrature, it is independent of the 
model geometry. The partition of unity method (POU) [11] is 
similar under some aspects to the DA (overlapping patches 
covering the whole domain), anyway the possibility to include 
the differential expression of the problem in the local 
approximation space and its differentiability ad libitum 
constitute innovative features. Another class of meshless 
approaches relies on local weak forms, such as the local 
Petrov-Galerkin method [12]. This procedure prescribes the 
subdivision of the global domain into regular overlapping 
subdomains, in which integration evaluates in a truly meshless 
fashion. 

Radial basis functions (RBF) were introduced to deal with 
problems of multidimensional interpolation [13]. In [14] 
Kansa proposed the so-called collocation method based on 
multiquadratics (MQ) RBF to obtain approximate solutions to 
partial differential equations (PDEs) problems. The 
derivability and accuracy of MQ allow the construction of 
large systems of equations, where a function and its derivatives 
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appear all at once. This method showed its efficacy in a variety 
of applications, involving both global [15]-[17] and local [18]-
[20] RBF. Despite its versatility, Fasshauer [21] pointed out 
drawbacks of this strategy such as the asymmetry of the 
associated matrix and its singularity for certain arrangements 
of points, proposing a Hermitian form able to overcome these 
issues. 

Collocation methods are not the only way to adopt RBF in a 
meshless solution process. The method of fundamental 
solutions (MFS) [22] as well as the dual reciprocity method 
(DRM) [23] can adopt RBF to handle various problems, with 
no mesh involved. In [24] and [25] RBF substitute classical 
shape functions for the local approximation task while a 
background mesh is still necessary to integrate the Galerkin 
weak form. 
The authors recently proposed a method to improve FEM 
results obtained for 2D models [26]. As previously mentioned, 
FEM displacements are continuous across elements and 
exhibit a faster h-convergence with respect to their derived 
fields. RBF interpolation of FEM displacements provides a 
continuous analytical form over the domain. Strain and stress 
fields obtained from derivation of the RBF interpolator do not 
suffer from the continuity problems typical of shape functions, 
showing a higher accuracy with respect to FEM. The proposed 
method proved to give the greatest benefit when coarse meshes 
are considered, improving FEM results in correspondence of 
stress raisers. In this paper, we move a step forward from that 
achievement. RBF still provide an analytical and differentiable 
form to the scattered displacements obtained with FEM. 
Unlike in [26], the sought improvement does not rely only on 
the enhanced continuity of RBF interpolation, but also on the 
reduction of local imbalance. For this purpose, spare points are 
added to FEM nodes. Additional values of displacement are 
determined minimizing the vector norm of the pointwise 
deviations from local balance, while keeping FEM values at 
the original nodes. Once the displacement field embeds local 
balance, strain and stress states are retrieved. In many cases 
encountered in literature, PDEs are the starting point for the 
construction of weak forms, often requiring a grid for the 
integration over the domain. The present work supplies a post-
processing method for FEM results, exploiting the analytical 
differentiability of a RBF support, without involving the mesh.  

II. RADIAL BASIS FUNCTIONS 
Radial basis functions interpolation is a subject covered in 

many dedicated textbooks, from either a mere mathematical 
[27] or a more applicative perspective [28]. RBF have given 
their contribution in a wide range of fields pertaining to 
engineering and science: neural networks [29] to computer 
graphics (surface reconstruction [30]), mesh morphing [31]-
[32] to image analysis of deformations [33] and data transfer 
[34]. RBF mesh morphing has been employed for several 
applications, from FSI coupling [35] to genetic [36], 
evolutionary optimizations [37] and advanced modelling [38]. 

Let suppose to have a set of N points xi with i=1,…,N in ℝd 

for which the scalar values gi are assigned. A RBF interpolant 
s(x) is a series of radial basis φ, biased by the weights γi: 

( ) ( )
1

N

i
i

s γ ϕ
=

= ∑ ix x - x               (1) 

Two significant benefits of RBF interpolation are clear from 
the above expression: 
1) Interpolation is constructed just in terms of nodes.  
2) The Euclidean norm reduces the original space dimension 

to a scalar quantity, providing dimensional independence. 
Typical RBF kernels are shown in Table 1 with r = ix - x , 

ϵ is a shape parameter [39], which should depend upon the 
average grid spacing. Given the expressions in Table 1, it is 
worth to notice that the generalized multiquadratic can assume 
also the form of any spline, multiquadratic, inverse 
multiquadratic and inverse quadratic kernel with a proper 
choice of the exponent q and of the parameter R. 

The coefficients γi are such that the interpolator s(x) gives 
exactly the values gi at the original (source) points xi. In matrix 
form: 
Mγ = g                     (2) 

The matrix M collects the radial basis φ computed at the 
source points and its inversion is necessary to determine the 
vector of weights γ. Sometimes it is convenient to add a 
polynomial supplement h(x) to the expression in (1), in this 
way polynomial functions of the same form of h(x) can be 
reproduced exactly. This comes at the cost of a formal 
complication of the system in (2), anyway in the present work 
we make no use of the polynomial supplement thus no more 
details are given in this regard. 

It seems suitable to continue this brief dissertation on RBF, 
rather general so far, directly addressing the workflow 
presented in this paper. In the specific context, RBF reproduce 
two-dimensional displacement fields. Thus, it is appropriate to 
illustrate the case of RBF interpolating a vector field in 2D. As 
the RBF interpolation works on scalar functions, each 
component of the displacement field requires its RBF series: 
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Strain is the symmetric part of the gradient of the vector 
field of (3) and is the result of a differentiation procedure. 
Radial basis are derivated with respect to x and y. Taking the 
example of the GMQ kernel, it is straightforward to apply the 
chain rule which yields 
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The differentiation procedure recurs as many times as the 
degree of derivative required. Differential equations of balance 
contain second degree derivatives of the components of 
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displacement, thus the differentiation rule must be repeated 
twice. 
 
Table 1 most common radial basis functions 

RBF φ(r) 

Spline type (Rn) , n oddnr  

Thin plate spline (TPSn) ( )log , n evennr r  

Multiquadratic (MQ) 2 21 r+  

Inverse multiquadratic 
(IMQ) 2 2

1

1 r+
 

Inverse quadratic (IQ) 2 2

1
1 r+

 

Gaussian (GS) 2 2re−  

Generalized 
multiquadratic (GMQ) 

2 2 2( )qr R+  

 

III.  NUMERICAL PROCEDURE 
This paper presents a progress with respect to the former 

work detailed in [26]. For sake of completeness, the following 
points outline the referenced method: 
1) Several 2D structural cases of stress concentration were 

solved via FEM.  
2) RBF interpolation supplied a smooth form of the 

displacement field, starting from FEM nodal values. 
3) Analytical differentiation of the interpolated 

displacements provided the strain field. 
4) Application of Hook’s law supplied the stress map 

throughout the model, which proved to be more accurate 
than that provided by FEM for the same case. 

The mentioned paper also showed the convergence of the 
method when increasing the level of mesh refinement up to a 
very dense discretization. 

The progress developed here consists in including local 
balance in the RBF interpolator. As in [26], we still consider 
two-dimensional plane stress problems. The material is 
homogeneous and isotropic. Under these assumptions, Hook’s 
law relates stress to strain vector as follows: 

2 2

2 2

0
1 1

  0
1 1

0 0

x x

y y

xy xy

E E

E E

G

ν
ν νσ ε

νσ ε
ν ν

τ ε

 
 − −    

    =    − −        
  

          (5) 

where E is the Young modulus, ν is the Poisson coefficient and 
the shear modulus is 

( )2 1
EG

ν
=

+
                  (6) 

Displacement derivatives form the strain components: 

 

x

y
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u
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u v
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ε

ε
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∂
=

∂
∂

=
∂
∂ ∂

= +
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                  (7) 

Stresses inside the material should satisfy equilibrium 
equations, with no body force applied and for 2D plane stress 
cases, they assume the form: 

0

0

xyx

xy y

x y

x y

τσ

τ σ

∂∂
+ =

∂ ∂
∂ ∂

+ =
∂ ∂

                 (8) 

Plugging (5)-(7) in (8), equilibrium equations can be written 
in terms of displacement derivatives: 

2 2 2 2

2 2

2 2 2 2

2 2

1 1 0
1 2

1 1 0
2 1

u v u v
x y x yx y

u v v u
x y x yx y

ν
ν

ν
ν

   ∂ ∂ ∂ ∂
+ + + =   − ∂ ∂ ∂ ∂∂ ∂   

   ∂ ∂ ∂ ∂
+ + + =   ∂ ∂ − ∂ ∂∂ ∂   

      (9) 

RBF interpolation provides u and v in a continuous and 
differentiable form. Coefficients vectors γx and γy allow 
expressing the components of displacement as RBF series (see 
(3)). They come from the inverse problems: 

x -1

y -1

γ = M u
γ = M v

                   (10) 

Vectors u and v contain the scattered data from which 
interpolation starts. The aim of the proposed method is to 
embed local balance in the series form of (3), retaining nodal 
displacements. Bearing this in mind, global vectors must 
contain displacements both at FEM nodes and in 
correspondence of new sites, whose associated values 
minimize error on balance. Let NF and Na be the number of 
FEM nodes and added points respectively, we pose 

0 a

0 a

u = u + Su
v = v + Sv

                  (11) 

The row-vectors u0 and v0 have dimension NF+Na, with 
FEM nodal displacements in the first NF positions and zero 
afterwards. The vectors ua and va contain the Na values of 
displacement at additional points. The matrix S concatenates 
displacements in order to assemble the global vectors. It 
consists of two sub-matrices: 

 
 
 

0
S =

I
                    (12) 

The matrix 0 is all-zeros NF×Na, I is the identity matrix with 
dimension Na×Na. Plugging (11) in (10) we obtain 

x -1 -1
0 a

y -1 -1
0 a

γ = M u +M  Su

γ = M v +M  Sv
              (13) 

RBF interpolation supplies the displacement field in a 
smooth form, for which derivation only acts on the matrix M 
of radial basis. The notations ∂M and ∂2M adopted below 
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indicate the matrices containing the first and second order 
derivatives of the terms in M, computed at all the points of the 
system (i.e. FEM nodes and additional sites). We state the 
following equalities 

2 2

2

2 2

2

1
1

1 ,
2

x yx

x yy

ν
ν

 ∂ ∂
= + − ∂ ∂∂ 
 ∂ ∂

+ + ∂ ∂∂ 

-1 -1
x 0 0

-1 -1
0 0

M Mq M u M v
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x yy
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= + ∂ ∂ ∂ 

 ∂ ∂
+ + − ∂ ∂∂ 

-1 -1
y 0 0

-1 -1
0 0

M Mq M u M v

M MM v M u
        (15) 

2 2

2 2

1 1 ,
1 2x yν

∂ ∂
= +
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-1 -1

x
M MR M S M S          (16) 

2 2

2 2

1 1 ,
2 1x yν

∂ ∂
= +

−∂ ∂
-1 -1

y
M MR M S M S          (17) 

2 21 1 .
2 1x y x yν

∂ ∂
= +

∂ ∂ − ∂ ∂
-1 -1M MT M S M S          (18) 

Using (14)-(18), residuals of balance equations (9) assume 
the compact form 

x x a a x

y y a a y

e = R u + Tv + q
e = R v + Tu + q

               (19) 

We consider the sum of the squared norms of ex and ey as a 
measure of the overall error on balance e: 

( ) ( )

( ) ( ) ,

2 T
x x a a x x a a x

2 T

y y a a y y a a y

e = R u + Tv + q R u + Tv + q

e = R v + Tu + q R v + Tu + q
    (20) 

.e =
22

x ye + e                  (21) 

Sought vectors ua and va are those that minimize e: 
e

e

∂ =∂
 ∂ =
∂

a

a

0
u

0
v

                   (22) 

For sake on conciseness, we adopt 
( ) ,T T

x x x yp = - R q + T q               (23) 

( ) ,T T
y y y xp = - R q + T q               (24) 

,T T
x x xQ = R R + T T                (25) 

,T T
y y yQ = R R + T T                (26) 

( ) ,T T
x x yD = - R T + T R               (27) 

( ).T T
y y xD = - R T + T R               (28) 

Equations (23)-(28) allow to express ua and va in the short 
form 

( ) ( )
( ) ( )

,

.

-1-1 -1
a x x y y x y y x

-1-1 -1
a y y x x y x x y

u = Q - D Q D D Q p + p

v = Q - D Q D D Q p + p
       (29) 

It is worth to notice that the matrices Qx and Qy and their 
inverse forms are symmetric, given (25) and (26). Since 

T
x yD = D , as deducible from (27) and (28), also the matrices 

( )-1
x x y yQ - D Q D  and ( )-1

y y x xQ - D Q D  are symmetric. 

Tailored algorithms exist for the inversion of symmetric 
matrices, which allow the process to run in a relatively short 
time. 

IV. NUMERICAL TESTS 
Two plane cases of structures with a strong stress 

concentration supply a robust test bench for the proposed 
method: a plate with a single hole in traction and a planar 
structure under compression with three holes drilled. Literature 
supplies a theoretical result for the first instance. For both 
geometries, a series of FEM analyses allowed to test the 
convergence up to a very fine mesh considered as golden 
standard (GS). FEM results obtained for the GS supply a 
benchmark for the second case, providing for the lack of 
referenced data. The mesh size is controlled by the number of 
elements along a quarter of the hole circumference. In [26] the 
upscaling of FEM results occurred thanks to the enhanced 
continuity of the RBF interpolator. Here, the process is 
controllable with the number of spare points and it relies on 
local balance, further than on the favourable mathematical 
properties of RBF. The adopted kernel for both methods 
relying on RBF is the generalized multiquadratics (GMQ) with 
q = 1.5, R = 0.1, ϵ = 1 for the plate and ϵ = 0.1 for the rib. The 
FEM framework used to produce numerical results is Ansys 
APDL. 

FEM results for the GS are compared with the ones obtained 
with the proposed method. The quality of the output is verified 
both locally and globally. A first comparison regarded the 
peak stress, in correspondence of the stress raiser. As a second 
step, global matching is taken into account. For this last 
assessment, stress evaluation at the nodes of the GS mesh 
proceeded employing the proposed method. In this way, the 
point-wise difference with the GS FEM value gives an error 
for each stress component. The L2 norm of the vector 
containing all these quantities is normalized on the L2 norm of 
the vector with GS nodal stresses, to measure the global error. 
The same procedure holds to compute the global error also for 
the RBF method described in [26] and when original FEM 
stresses are interpolated at GS nodes by means of shape 
functions. 

Addition of spare points follows a systematic workflow, 
which makes use of Delaunay triangulation. Triangular patches 
are built using pre-existing nodes, additional spare points are 
the mid-side nodes of the last generated triangles. This process 
can be iterated several times starting from FEM nodes to 
produce the desired level of density, without the risk of 
generating coincident points. In the remainder of the paper, the 
number of iterations of the above-described procedure 
indicates the amount of additional points introduced to 
enhance local balance, increasing from 1 to 4. Higher densities 
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lead to the ill conditioning of the matrices containing 
Euclidean correlations. 

A strong advantage of the method is that the addition of 
spare points can affect only critical areas, like the ones hosting 
stress concentrations, with a wise usage of computational 
resources. 

A. Hole in a plate under traction 
This case is the same first analysed in [26], for sake of 
completeness dimensions are reported below: 
• B = base = 30 mm 
• H = height = 15 mm 
• d = diameter of the hole = 10 mm 

The nominal tensile stress is 1000 MPa, which is the 
traction applied at the boundary. The geometry has two axes of 
symmetry, which allows the numerical model to be just a 
quarter of the whole structure, given proper constraints at the 
boundaries (Fig. 1). Three-noded triangular elements were 
used (SHELL41) with stiffness only on the plane of definition 
and unitary thickness. The theoretical stress concentration 
factor is available in literature [40], [41] and, given the above 
dimensions it is equal to 3.471. X-component of the stress (σx) 
was used in calculating the stress concentration factor. The 
area in which additional points are introduced is restrained at a 
radius of 10 mm around the hole centre. 

 
Fig. 1 APDL case geometry for the plate with one centred hole 

 

B. Wing rib with three lightening holes under compressive 
load 

The second case addressed is a flat wing rib with three 
lightening holes drilled [26], [42]. Also in this case it is 
possible to take advantage of the double symmetry of the 
structure, reducing the extension of the numerical counterpart. 
The dimensions of the model are 
• H1 = 196.5 mm, height of the left edge and of module 1  
and 2 
• H2 = 229.5 mm, height of the right edge 
• d = 200 mm, diameter of the holes 
• B1 = 393 mm, base of module 1, two times the base of 
module 2 
• B2 = 627 mm, base of the model 
A dimensioned sketch of the rib is in Fig. 2. 

SHELL41, 4-noded quadrilateral elements with unitary 
thickness were deployed for the discretization of the model. 
The rib is subject to a compressive load of 100 MPa, acting 
along the curved edge. FEM results for the GS serve as 
reference, since no theoretical data are available for this case. 

In Fig. 3 the coloured map obtained for the GS is visible, 
showing the x-component of the stress (σx). The RBF post-
processing method is applied to both module 1 and module 2 
(highlighted in Fig. 2), including stress raisers of different 
severities. The stress component considered for the peaks is σx 
at the holes top, its values are 219.3 MPa and 74.8 MPa for the 
side and central hole respectively. The areas concerned with 
point addition are the circular belts around the holes, with 
external radius 150 mm. 

 
Fig. 2 APDL case geometry for the rib with three lightening holes 

 
Fig. 3 stress level curves for σx obtained by the FEM model for the 

rib with three lightening holes 
 

V. RESULTS AND DISCUSSION 
We used meshes with an increasing level of refinement to 

retrieve FEM data necessary to run the method. The procedure 
is assessed considering both the ability to capture the stress 
peak and considering the global accuracy of the full stress 
field. 

A. Stress peak estimation  
The stress peaks for the two methods relying on RBF are 

detected interpolating at the GS grid nodes of the portion 
analysed. The case considered first is the plate with a hole in 
traction. Table 2 summarizes relevant results. The first column 
from left reports the level of discretization of the starting mesh 
given as the number of subdivisions along a quarter of the 
hole. Stress concentration factors retrieved from FEM analysis 
and with the RBF method exposed in [26] appear in the second 
and third columns respectively. The fourth, fifth, sixth and 
seventh columns collect the stress concentration factors found 
with the proposed strategy for a growing amount of spare 
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points. The procedure adopting RBF and local balance (LB) 
exhibits its greatest accuracy if enough spare points (3 
iterations) are included. A further increase of spare points 
proved detrimental (4 iterations). Considering the case of 3 
iterations, results are very close to those of RBF without LB. 
In particular, only for 4 and 10 subdivisions of the hole edge, a 
slight improvement is observed. In Fig. 4, APDL mesh of the 
plate with four subdivisions of the hole edge is shown with 
additional points (in red), after 3 iterations of Delaunay 
triangulation. 

The wing rib contains two different stress raisers, in 
correspondence of the holes located at the left and at the centre 
of the model. Two distinct applications of the method took 
place for module 1 and 2. Results are reported in Table 3 and 
Table 4, for module 1 and 2 respectively. As regards module 
1, the best match of RBF + LB with the benchmark occurs for 
the case of 2 iterations. Only for two (4 and 6 subdivisions) of 
the four considered cases the stress peak is captured more 
precisely than with RBF [26], anyway the gain in precision is 
rather limited. As concerns module 2, results approach closer 
to the reference when the largest amount of additional points 
(4 iterations) is employed. In this case, a tangible advantage 
with respect to RBF [26] is observable. 

Both methods involving RBF captured the stress peak with a 
greater accuracy if compared to the FEM model supplying 
nodal displacements, for all the considered instances. 

 

 
Fig. 4 APDL mesh for the plate in traction with 4 subdivisions of the 
hole edge. Additional points obtained with 3 iterations of Delaunay 

triangulation are visible in red 
 

B. Global error evaluation 
The application of the method involving RBF + LB leads to 

an evolution of the stress contour affecting a certain area, it 
seemed relevant to investigate the quality of the modified 
stress field with respect to a reference, throughout the whole 
portion considered. Table 5 refers to the plate with a hole in 
traction. Table 6 reports the results for module 1 of the drilled 
rib, Table 7 exposes the results for module 2 in the same way. 
The first column from left reports the level of discretization as 
before, the second and third columns list the percentage errors 
with respect to GS for FEM interpolation of stresses (by means 
of shape functions) and for the RBF method. The case of RBF 
+ LB is shown from column four to six, depending on the 
amount of additional points. For all the analysed instances, 

RBF + LB proved effective in reducing the global error with 
respect to concurrent methods, even if its action is restricted to 
a limited portion around the holes. The best outcome occurs 
with an amount of additional points given by 3 iterations for 
almost all the cases. Fig. 5 reports a comparison of stress maps 
for σx against the GS (c). In a), σx obtained with APDL for the 
model with 4 divisions of the hole edge is interpolated at the 
nodes of the GS mesh by means of triangular shape functions. 
b) and d) show σx maps as output of RBF and RBF + LB 
methods respectively. In Fig. 6 the same comparison involves 
module 2 of the wing rib. FEM coarse mesh used as input 
featured 10 subdivisions of the hole edge. In both cases, 
introduction of LB trimmed stress contours in correspondence 
of the holes more similar to GS than when RBF work alone. 

It is interesting to notice that it does not appear a strict 
correspondence between global and local accuracy in terms of 
stress peak, since they are often met under different 
circumstances. 

The proposed procedure combining RBF and balance 
equations achieved the lowest global errors for all the 
considered examples. 

Matrix inversions for the methods based on RBF are 
performed thanks to the tool embedded in the MATLAB 
Arithmetic Package, which exploits the Cholesky 
decomposition or the LDL decomposition, a closely related 
variant of the classical Cholesky decomposition. For sake of 
completeness, Table 8 reports the running times measured for 
the module 2 of the wing rib, relative to the application of the 
methods involving RBF interpolation. 

VI. CONCLUSION 
This paper exposes a numerical method combining RBF 

interpolation and local balance equations. The method takes as 
input the output displacements of a FEM structural analysis 
performed with a coarse mesh, its purpose is to derive a stress 
field of enhanced accuracy with respect to the FEM model 
used as input. To account for the extra information on local 
balance, additional ‘spare’ points are added to FEM nodes, the 
new values of displacements are those minimizing the 
imbalance at the points constituting the system. Two instances 
of structures exhibiting strong stress concentrations allowed to 
show the effectiveness of the proposed strategy, whose 
performance was tested both at local and global scales. 
Literature along with finely discretized FEM models supplied 
data to assess the method. As regards the stress peak detection, 
the proposed workflow always achieved a benefit with respect 
to the starting FEM model, but only in some cases with respect 
to the strategy in [26], also taken as term of comparison. The 
lowest global error was met by the presented method for all the 
considered examples. A point left open regards the a priori 
knowledge of the amount of additional points leading to the 
best outcome, since their indiscriminate increase often proved 
detrimental already before ill conditioning occurs. 
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Fig. 5 stress level curves of σx for the plate with one centred hole. a) σx obtained with FEM for 4 subdivision of the hole edge is 

interpolated at GS nodes using triangular shape functions. b) σx obtained with RBF, input displacements are from the model with 4 
subdivisions of the hole edge. c) σx obtained with FEM for the GS mesh. d) σx obtained with RBF + LB. Input data are the same of b. 

Three iterations of Delaunay triangulation occurred for points augmentation 
 

 

 
Fig. 6 stress level curves of σx for module 2 of the wing rib. a) σx obtained with FEM for 10 subdivision of the hole edge is interpolated 

at GS nodes using iso-parametric shape functions. b) σx obtained with RBF, input displacements are from the model with 10 
subdivisions of the hole edge. c) σx obtained with FEM for the GS mesh. d) σx obtained with RBF + LB. Input data are the same of b. 

Three iterations of Delaunay triangulation occurred for points augmentation 
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Table 2 plate with a hole in traction. Evaluation of the stress concentration factor 
Subdivisions of 
the hole edge 

Kt APDL Kt RBF Kt RBF+LB 
1 iter  

Kt RBF+LB 
2 iter  

Kt RBF+LB 
3 iter  

Kt RBF+LB 
4 iter  

4 2.572 3.356 3.270 3.311 3.446 3.614 
6 2.801 3.201 3.106 3.105 3.174 3.156 
8 3.203 3.453 3.400 3.420 3.442 3.399 

10 3.279 3.499 3.427 3.429 3.458 3.316 
 

Table 3 wing rib, module 1. Evaluation of the stress peak 
Subdivisions of 
the hole edge 

σx,max [MPa] 
APDL 

σx,max [MPa] 
RBF 

σx,max [MPa] 
RBF+LB 

1 iter  

σx,max [MPa] 
RBF+LB 

2 iter  

σx,max [MPa] 
RBF+LB 

3 iter  

σx,max [MPa] 
RBF+LB 

4 iter  
4 160.7 185.5 185.8 188.7 187.1 185.8 
6 181.9 200.6 201.9 201.7 199.8 198.9 
8 199.6 209.2 209.0 207.6 206.5 204.8 

10 207.2 213.8 212.4 210.7 210.1 201.1 
 

Table 4 wing rib, module 2. Evaluation of the stress peak 
Subdivisions of 
the hole edge 

σx,max [MPa] 
APDL 

σx,max [MPa] 
RBF 

σx,max [MPa] 
RBF+LB 

1 iter  

σx,max [MPa] 
RBF+LB 

2 iter  

σx,max [MPa] 
RBF+LB 

3 iter  

σx,max [MPa] 
RBF+LB 

4 iter  
4 43.2 43.2 45.7 48.0 56.0 63.7 
6 57.6 57.5 60.9 62.9 67.4 69.6 
8 64.2 64.4 66.3 68.0 70.7 71.7 

10 67.7 68.0 69.3 70.6 72.1 72.7 
 

Table 5 plate with a hole in traction. Global errors 
Subdivisions of 
the hole’s edge 

L2 error % 
FEM 

L2 error %  
RBF 

L2 error % 
RBF+LB 

1 iter 

L2 error % 
RBF+LB 

2 iter 

L2 error % 
RBF+LB 

3 iter 

L2 error %  
RBF+LB 

4 iter 
4 24.60% 24.15% 22.49% 19.87% 19.15% 21.81% 
6 21.63% 21.74% 19.18% 16.94% 16.04% 18.93% 
8 12.69% 11.38% 10.13% 8.37% 7.81% 10.13% 

10 10.90% 9.88% 8.40% 7.21% 7.11% 9.93% 
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Table 6 wing rib, module 1. Global errors 
Subdivisions of 
the hole’s edge 

L2 error % 
FEM 

L2 error %  
RBF 

L2 error % 
RBF+LB 

1 iter 

L2 error % 
RBF+LB 

2 iter 

L2 error % 
RBF+LB 

3 iter 

L2 error %  
RBF+LB 

4 iter 
4 24.58% 26.61% 21.51% 20.13% 19.73% 20.17% 
6 15.48% 14.99% 11.52% 9.56% 9.04% 9.32% 
8 11.04% 10.33% 7.82% 6.08% 5.76% 7.37% 

10 14.04% 7.52% 5.36% 4.11% 3.99% 14.23% 
 

Table 7 wing rib, module 2. Global errors 
Subdivisions of 
the hole’s edge 

L2 error % 
FEM 

L2 error %  
RBF 

L2 error % 
RBF+LB 

1 iter 

L2 error % 
RBF+LB 

2 iter 

L2 error % 
RBF+LB 

3 iter 

L2 error %  
RBF+LB 

4 iter 
4 20.19% 24.28% 20.11% 19.24% 19.73% 20.40% 
6 12.98% 13.76% 9.72% 8.26% 7.87% 8.12% 
8 9.14% 8.81% 6.40% 5.18% 4.90% 5.00% 

10 7.03% 6.34% 4.40% 3.53% 3.40% 3.67% 
 

Table 8 module 2 of the wing rib, running times for the methods based on RBF 
Subdivisions of the 

hole’s edge 
Running time [s] 

RBF 
Running time [s] 

RBF+LB 
1 iter 

Running time [s] 
RBF+LB 

2 iter 

Running time [s] 
RBF+LB 

3 iter 

Running time [s] 
RBF+LB 

4 iter 
4 0.0402 0.0043 0.0320 0.0588 0.7807 
6 0.0407 0.0067 0.0258 0.3131 6.5354 
8 0.0409 0.0185 0.0622 1.0462 25.7449 

10 0.0388 0.0190 0.1461 2.4133 84.6988 
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