
 

 

 
Abstract— The study is devoted to optimizing the 

volume of stamping tools used in pressure processing 

processes. The relevance of the research is due to the active 

development of additive technologies and the possibility of 

producing stamping tools from plastic of optimal shape, 

which has an important practical significance in the 

manufacture of thin-walled products in the aviation and 

automotive industries. The purpose of the study was to 

carry out a mathematical formulation of the problem of 

topological optimization of a forming die made of a 

polymer material with restrictions on fatigue durability 

and minimum volume. The task of topological 

optimization was to maximize the stiffness of the die under 

multicyclic loading. The vector description of topological 

optimization was based on the finite element approach. 

The optimization model was built on the basis of the solid 

isotropic material penalization method with the 

introduction of additional restrictions in the model of 

searching for pseudo-densities of the material, taking into 

account the duration of the force action on the stamp 

under multicyclic loading. In view of the nonlinearity of 

the resulting system of equations, the solution of the 

conditional optimization problem is proposed to be carried 

out by constructing the Lagrange objective function and 

using the Lagrange multiplier method. The result of the 

study is the proposed approach to the topological 

optimization of the stamp, taking into account the 

multicyclic loading and restrictions on the desired volume. 
Keywords— modeling, finite element method, stamp, 

topology, optimization 

 
 
 

 
 

I. INTRODUCTION 
The modern development of automotive and aircraft 

manufacturing is inextricably linked with the processes of 
metal forming for the manufacture of thin-walled products of 
the shell type. Dies, punches, reverses are the main stamping 
tools, and they are mostly all-metal. It is proposed to construct 
a numerical model for calculating the redistribution of the 
stamp material using the topological optimization method for 
a given reduction in the stamp volume. The aim of the work 
was to construct a mathematical model for optimizing the 
topology of the forming die with restrictions on cyclic fatigue 
based on the finite element approach. According to the 
research task, it was necessary to consider a model for 
optimizing the topology of a die with restrictions on fatigue 
life using the variational method. The novelty of the work lies 
in the fact that the SIMP (solid isotropic material penalization) 
and BESO (bi-directional evolutionary structural optimization) 
methods of topological optimization do not take into account 
the duration of loading, but determine the distribution of the 
material based on the stress level or strain energy. It is 
proposed to introduce restrictions on the stress state of the 
polymer due to fatigue life and the thermal state due to self-
heating into the numerical model. 

Thus, within the framework of the study, the following 
tasks were set: 

- to carry out a mathematical formulation of the problem of 
topological optimization of the stamp: to determine the fixed 
areas of the stamp that are free from optimization; loading 
conditions, optimization areas, the target function and 
optimization variables. 

- to carry out a finite-element formulation of die 
optimization with the introduction of the fatigue failure 
conditions, relations describing the development of creep 
deformation and self-heating of the polymer under multicyclic 
loading at the topological optimization model. 
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- to determine an approach to solving the nonlinearity of the 
topological optimization problem using the Lagrange 
multiplier method. 

Optimization of the topology of tools and parts under stress 
conditions in the last decade has become one of the most 
relevant areas, since it allows you to reduce the weight of the 
product while maintaining the strength characteristics, which 
is one of the components of rational production. However, the 
issue of product material redistribution under long-term 
loading conditions remains unexplored despite a large number 
of optimization approaches. The importance of this issue is 
due to the accumulation of damage, the development of creep 
phenomena, which must be taken into account especially for 
products made of polymer materials. 

The optimal distribution of the material in the forming dies 
largely depends on the type of stress state. Methods of forming 
with the use of hydroforming, forming with the help of elastic 
and rigid punches affect the nature of the distribution of the 
stress-strain state in the sheet billet and stamping tools. 

Forming with the help of a liquid and elastic medium 
provides a more uniform loading, which is reflected in the 
work [1]. The issues of cyclic loading and the development of 
the stress-strain state during fatigue deformation are studied in 
[2]. The features of thermal and power loading are reflected in 
the work [3]. The problems of estimating the stress-strain state 
of thin-walled products in the processes of metal forming are 
investigated in [4]. One of the important tasks in the problems 
of forming, which are mostly covered in scientific research, is 
the appearance of defects in the stamping processes: 
corrugation, jamming of the blank sheet. The issues of 
modeling of corrugation and methods of eliminating these 
defects were studied in [5, 6]. These problems are primarily 
caused by the process of manual production of the stamp from 
metals. The use of three-dimensional printing tools made of 
plastic will solve the problem of deviations of the stamp shape 
from the required geometric parameters. To solve these 
problems, it is necessary to study mathematical models for 
optimizing the topology of polymers. 

Currently, methods of topological optimization using 
regular and irregular structures are being developed. Modeling 
of the optimal topology of dies using mesh structures, models 
of the topology of dies with restrictions on fatigue life, as well 
as the evaluation of the variable parameters of topological 
optimization are presented in the works [7 - 12]. The problems 
of solving optimization problems associated with the 
evaluation of strength criteria are reflected in [13]. 

It is important to note the practical implementation of 
forming dies of optimal topology by 3D prototyping methods, 
which makes it possible to rationalize the consumption of 
material resources, as well as to ensure their reuse. The 
problems of reuse of metalworking industry waste and the 
issues of production optimization are investigated in the works 
[14-17]. Methods of 3D printing, applications of additive 
technologies, as well as systems for automated analysis of 
shaping processes are studied in [1, 5, 18]. 

Since the problem of finding the optimal material 
distribution is described by a complex nonlinear system of 

differential equations, especially given the geometric 
nonlinearity of the die forming surface, one of the solution 
tools is the use of the finite element method. The features of 
the finite element approach application in the processes of 
sheet stamping, the choice of finite elements based on tests of 
mechanical properties, are reflected in the works [19-21]. 
The issues of topological optimization and methods of finite 
element modeling in various software complexes are 
considered in the articles [22-29]. 

II. METHODS 
The application of the topological optimization method in 

the study of the stamp under conditions of long-term cyclic 
loading is considered in this paper. The essence of the method 
is to determine the location of voids in a solid die based on the 
condition of minimizing the volume (Fig. 1). The location of 
voids in the optimized object depends on the unevenness of 
loading, the mechanical properties of the material.  The 
surface loading of the die p(t) is considered as an external 
load. The problem is solved in a quasi-static formulation, the 
inertial terms can be neglected due to the small accelerations 
when moving the points of the medium during the loading of 
the forming die. 

 

 
 

      
 

Fig. 1. Problem statement of the die topological 
optimization 

 
where p(t) is the force loading, which is a periodic function of 
time, 𝑆𝑝 is the loading surface of the stamp, free from 
topological optimization, 𝑆𝑢 is the fixing surface, free from 
topological optimization, 𝑉𝑜𝑝𝑡  is the optimized volume of the 
stamp, 𝑉𝑠𝑎𝑣  is the preserved area of the topology, 𝑉𝑑𝑒𝑙  is the 
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deleted area of the topology. 
The task of topological optimization is to determine the 

optimal distribution of the die material, which reduces the 
volume of the material based on minimizing the malleability 
of the die. With a small number of loading cycles, the main 
role in assessing the durability is played by the level of the 
stress state, in this regard, the distribution of the material is 
determined based on the exhaustion of the strength resource of 
the stamp, since self-heating of plastics with a small number 
of cycles is not significant. The construction of the topology 
optimization model based on the maximization of rigidity is 
due to the influence of the loading duration on the durability 
of the die due to the development of fatigue, as well as the 
phenomenon of self-heating. The type of stress state in the 
study of the strength of plastic plays a special role. All of them 
are under compression conditions when using solid dies. 
However, the use of topological optimization methods can 
significantly change the type of stress state, in addition to the 
main compressive stress, the presence of voids due to the 
removal of material can lead to the appearance of bending 
stresses. 

In this regard, the construction of stamp topological 
optimization model  will be considered on the basis of finding 
the optimal number and location of the stamp voids under the 
condition of maximizing rigidity, which is due to the 
preservation of the stamp shape under cyclic loading, where 
the phenomenon of self-heating of the polymer and changes in 
the stress and thermal states that determine fatigue durability. 

The mathematical description of the die topology 
optimization problem under the conditions of surface force 
loading is considered. The minimization of the stamp volume 
is defined as (𝑉0 −  initial volume of the stamp): 

min
𝑢∈𝑈𝑢
𝜎∈𝑈𝜎

𝑉 = 𝑘𝑉0, 0 < 𝑘 < 1.                

The problem of die volume optimization is constructed 
under constraints on the stress-strain state, taking into account 
the creep and self-heating of the polymer material, described 
by the relations: 

- static equations: 

𝜕𝜎𝑖𝑗

𝜕𝑥𝑖

= 0.  

- geometric Cauchy relations: 

𝜀𝑖𝑗 =
1

2
(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖).     

- Saint-Venant strain compatibility equations: 

𝑟𝑜𝑡(𝑟𝑜𝑡𝜀𝑖𝑗) = 0.    

- rheological equation: 

𝜎𝑖𝑗 = 𝜆(1 − Λ̇)𝜀𝑘𝑘𝛿𝑖𝑗 + 2𝜇(1 − Ṁ)𝜀𝑖𝑗 ,   

- durability condition of the polymer under long-term 
loading: 

∫
1

𝜏0

𝑒
𝛾𝜎̅(𝑡)−𝑈0

𝐾𝑇(𝑡) 𝑑𝑡

𝑁𝑡𝑐

0

≤ 1.                           (1) 

- equation of self-heating under cyclic loading: 

𝑐𝜌𝑉
𝜕𝑇

𝜕𝑡
=

𝑉

𝑡
∫ 𝜎𝑑𝜀 − 𝛼𝑔(𝑇 − 𝑇𝑔)𝑆𝑓 .             (2)

𝑡

0

 

- boundary and initial conditions: 

𝜎𝑖𝑗𝑛𝑗|
𝑆𝑝

= 𝑝,          𝑢|𝑆𝑢
= 0,       𝑇|𝑡=0 = 𝑇0.       

where 𝜎𝑖𝑗  is the stress tensor 𝑖, 𝑗 = 1,3̅̅ ̅̅ , 𝜀𝑖𝑗  is the strain tensor, 
𝑢𝑖𝑗  is the displacement tensor, 𝜏0 = 10−12 … 10−13 is the 
material constant, 𝑈0 is the activation energy of the fracture in 
the absence of stress, γ is the material constant, a structurally 
sensitive parameter that characterizes the uniformity of the 
stress distribution over molecular chains, 𝜎(𝑡) is the element 
stress as a function of time, K is the Boltzmann constant, T(t) 
is the absolute temperature of the element as a function of 
time, c is the specific heat capacity, 𝜌 is the density of the 
material, 𝛼𝑔 is the heat transfer coefficient, 𝑇𝑔 is the 
temperature, where λ, μ are the Lame coefficients: 

𝜆 =
𝐸𝜈

(1 + 𝜈)(1 − 2𝜈)
, 𝜇 =

𝐸

2(1 + 𝜈)
, 

Λ̇, Ṁ − operators of the form: 

Λ̇𝑓(𝑡) = ∫ Λ(𝜏)𝑓(𝜏)𝑑𝜏

𝑡

0

, Ṁ𝑓(𝑡) = ∫ M(𝜏)𝑓(𝜏)𝑑𝜏

𝑡

0

, 

where Λ(𝜏), M(𝜏) are monotonically decreasing positive 
functions. 

The presented system of equations is nonlinear, 
respectively, the use of numerical methods is required to solve 
it. Due to the fact that the forming dies can have a complex 
shape, it is proposed to optimize the stamps using the finite 
element method. Therefore, the mathematical description of 
the problem is carried out in vector form based on minimizing 
the work of external forces acting on the stamp: 

𝐴𝑝 = ∫{𝑝}𝑇{𝑢} 𝑑𝑆 → min.                          (3) 

The potential strain energy accumulated by the body is 
determined by: 

𝑈 =
1

2
∫{𝜀}𝑇[𝐷]{𝜀} 𝑑𝑉.                          (4) 

For the i-th element of the stamp volume, the displacements 
are determined by the column vector: 

{𝑢} = [𝑁]{𝑣𝑖},                                 (5) 

where [𝑁] are the position functions, {𝑣𝑖} are the nodal 
displacements of the i-th displacement. 
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The strains is presented in matrix form through 
displacements: 

{𝜀} = [𝐵]{𝑣𝑖},                                 (6) 

where [𝐵] is the deformation approximation matrix. 
The total energy for the element, taking into account the 

relations (4)-(6): 

Э𝑖 =
1

2
{𝑣𝑖}𝑇[𝐾𝑖]{𝑣𝑖} − {𝑃𝑖}𝑇{𝑣𝑖}, 

where [𝐾𝑖] is the element stiffness matrix: 

[𝐾𝑖] = ∫[𝐵]𝑇[𝐷][𝐵] 𝑑𝑉, 

{𝑃𝑖} − вектор узловых сил: 

{𝑃𝑖} = ∫{𝑝}𝑇[𝑁]𝑑𝑆 

The equation of the work of external forces according to the 
relations (3) - (6) has the form: 

𝐴𝑝 = {𝑣}𝑇[𝐾]{𝑣}. 

The problem of topological minimization according to (3) 
has the form: 

∑ 𝑣𝑖
𝑇𝑘𝑖𝑣𝑖

𝑛

𝑖=1

→ min .          

Based on the SIMP-method of topological optimization for 
the exclusion of material elements, we introduce the concept 
of a fictitious element density: 

0 < 𝜌min < 𝜌𝑖 ≤ 1. 

The density 𝜌𝑖 based on the SIMP-method determines the 
presence or absence of material in the element. The 
relationship between the elastic modulus and the fictitious 
density is defined as [22]: 

𝐸𝑖 = 𝜌𝑖
𝑟𝐸0 + (1 − 𝜌𝑖

𝑟)𝐸min.     
Based on the presented relations (1)-(6), a model of finite 

element analysis of the stamp topology with a minimum 
volume is constructed: 

∑(𝜌𝑖)
𝑟𝑣𝑖

𝑇𝑘𝑖𝑣𝑖

𝑛

𝑖=1

→ min,     

 𝑘𝑖𝑣𝑖 − 𝑃𝑖 = 0, 𝑖 

𝜌min𝑉0 < ∑ 𝜌𝑖𝑉𝑖

𝑛

𝑖=1

< 𝑉0 ,    

      ∫
1

𝜏0

𝑒
𝛾𝜎̅𝑖𝑓𝑝(𝑡)−𝑈0

𝐾𝑇𝑖 𝑑𝑡

𝑁𝑡𝑐

0

= 1.                                   

𝑇̅𝑖 = 𝜌𝑖
𝑟 [𝑒

−
𝛼𝑔𝑆𝑓

𝑐𝜌𝑉𝑖
𝑡

∫ (
1

𝑡𝑐𝜌
(𝜆(1 − Λ̇)

+ 2𝜇(1 − Ṁ)) (𝑁𝑖𝑣𝑖)
2 ∫ 𝑓𝑝(𝜏)𝑓𝑝̇(𝜏 + 𝜑)𝑑𝜏

𝑡

0

+
𝛼𝑔𝑇𝑔𝑆𝑓

𝑐𝜌𝑉𝑖

) 𝑒
𝛼𝑔𝑆𝑓

𝑐𝜌𝑉𝑖
𝑡

𝑑𝑡 + 𝑇0𝑒
−

𝛼𝑔𝑆𝑓

𝑐𝜌𝑉𝑖
𝑡
]

+ (1 − 𝜌𝑖
𝑟)𝑇0 .     

To solve the nonlinearity system equations, we use the 
Lagrange multipliers method: 

𝐿(𝜌𝑖, 𝑣𝑖) = ∑(𝜌𝑖)𝑟𝑣𝑖
𝑇𝑘𝑖𝑣𝑖

𝑛

𝑖=1

+ ∑ 𝜆𝑖
〈1〉(𝑘𝑖𝑣𝑖 − 𝑃𝑖)

𝑛

𝑖=1

+ 𝜆〈2〉 (∑ 𝜌𝑖𝑉𝑖

𝑛

𝑖=1

− 𝑉0) + 

+𝜆〈3〉 (𝜌min𝑉0 − ∑ 𝜌𝑖𝑉𝑖

𝑛

𝑖=1

) + ∑ 𝜆𝑖
〈5〉

𝑛

𝑖=1

𝜔𝑖

+ ∑ 𝜆𝑖
〈4〉

(∫
1

𝜏0
𝑒

𝛾𝜎̅𝑖𝑓𝑝(𝑡)−𝑈0

𝐾𝑇𝑖(𝑡) 𝑑𝑡

𝑁𝑡𝑐

0

− 1)

𝑛

𝑖=1

= 0, 

where 𝜔𝑖 = 𝑇𝑖 − 𝜌𝑖
𝑟 [𝑒

−
𝛼𝑔𝑆𝑓

𝑐𝜌𝑉𝑖
𝑡

∫ (
1

𝑡𝑐𝜌
(𝜆(1 − Λ̇)

+ 2𝜇(1 − Ṁ)) (𝑁𝑖𝑣𝑖)
2 ∫ 𝑓𝑝(𝜏)𝑓𝑝̇(𝜏 + 𝜑)𝑑𝜏

𝑡

0

+
𝛼𝑔𝑇𝑔𝑆𝑓

𝑐𝜌𝑉𝑖

) 𝑒
𝛼𝑔𝑆𝑓

𝑐𝜌𝑉𝑖
𝑡

𝑑𝑡 + 𝑇0𝑒
−

𝛼𝑔𝑆𝑓

𝑐𝜌𝑉𝑖
𝑡
]

− (1 − 𝜌𝑖
𝑟)𝑇0, 

𝜆𝑖
〈1〉

, 𝜆〈2〉, 𝜆〈3〉, 𝜆𝑖
〈4〉

, 𝜆𝑖
〈5〉

− Lagrange multipliers 

III. RESULTS AND DISCUSSION 
 
The finite element calculation of the forming stamp under 

short-term and long-term loads was carried out in the program 
Ansys . PLA plastic is considered as a material. The external 
pressure was 8 MPa. The number of loading cycles is 105. The 
calculation results are shown in Fig1.- Fig.3 
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Fig.1 – Stress state of the stamp 

 

 
Fig. 2 - Optimized stamp model for short-term loading 

 

 
Fig. 3 - Optimized stamp model taking into account the 

loading time 
 
According to the results of the calculation of a solid stamp, 

the intensity of stresses according to the Mises criterion is 
shown in Fig.1. The initial volume of the forming die is 4793 
mm3. The optimized volume was 3104 mm3 with topological 
optimization under short-term loading conditions. As a result, 
the volume of the stamp decreased by 35% (Fig.2). The 
optimized volume was 3454 mm3, taking into account the 
duration of the stamp loading as a result of topological 
optimization. The volume of the stamp has decreased by 28 % 
(Fig.3). 

 

IV. CONCLUSION 
 
Thus, the finite element formulation of the stamp volume 

minimizing problem with restrictions on fatigue life is carried 
out in the work. The accumulation of damage taking into 
account the creep model is taken into account when 
constructing a model of material redistribution. The proposed 
approach is important due to the inadmissibility of changing 
the shape of the die forming surface, since its geometric 
accuracy is crucial in the manufacture of thin-walled products 
in the aircraft industry and automotive industry. The 
possibility of solving the nonlinear problem of calculating the 
pseudo-densities of the stamp volume elements and the 

possibility of introducing the optimal stamp topology into the 
finite element calculation are described using the Lagrange 
multiplier method. The advantage of the proposed approach is 
that it allows to take into account the multi-cycle loading of 
the stamp in the process of force action. In practice, as a rule, 
the problem of topological optimization of stamps is solved in 
a static formulation with short-term loading. Among the 
limitations of this approach, it should be noted that the method 
does not take into account the possibility of a "chessboard" 
problem appearing in the optimization process, which requires 
further research. 
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