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Abstract— The motion of a railway vehicle on the rail running
table is a forced oscillation with a forcing excitation (force), and
damping expressed by a random, non-periodic function. The motion
is described by formulas and it is illustrated through diagrams which
have the form of a “signal”. The railway vehicle has the Suspended
(Sprung) and the Non Suspended (Unsprung) Masses. The track
defectd faults are the random excitation for the rolling wheels of the
vehicle. In the case of the Sprung Masses of the vehicles, the forces
resulting from the excitation (track defects) are not large and have
small effect on the rolling of the wheel. In the case of the Unsprung
Masses the forces resulting from the excitation (track defects) are
large and have grate effect on the rolling of the wheel. The track, is
simulated (with the observer situated on the wheel) as an elastic
means with damping. The general equation that describes the
problem is the second order differential equation of motion. In this
paper the aforementioned equation is presented for the case of a
railway vehicle rolling on arailway track and its solution is presented
for the Unsprung (Non-Suspended) Masses of the vehicle that act
directly on the track without the presence of any spring or damper.

Keywords: Satic Siffness Coefficient, Sorung Masses, Unsprung
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I. THENON-SUSPENDED MASSES AND THE SUSPENDED
MASSES OF A RAILWAY VEHICLE

The railway vehicles consist of (a) the car-body, (b) the
primary and the secondary suspension with the bogie in
between the axles, and (c) the wheels. The heaviest vehicles
are the locomotives which are “motive units’ and have electric
motors on the axles and/or the frame of the bogie. In Fig. 1 a
locomotive with three-axle bogie is depicted while the three
axle bogie with the springs of the primary and secondary
suspensionsis depicted in Fig. 2.

Electric motors are either suspended totally from the frame
of the bogie or they are suspended on the frame of the bogie at
one end and supported on the axle at the other end. In the
second case the electric motor is semi-suspended (Figure 3)
and a part of it is considered as Non Suspended Mass as it will
be clarified below.

If we try to approach mathematically the motion of a
vehicle on a railway track, we will end up with the model
shown in Fig. 4, where both the vehicle and the railway track
are composed of an ensemble of masses, springs and dashpots.
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Figure 1 Diesel Locomotive of the Greek railways with
three-axle bogies, on a railway track. The three-axle bogie is
marked with the black €lipse.

Secondary Suspension >
between bogie and car-body

Primary Suspension
between axle and bogie
frame

Figure 2 A three-axle bogie with the springs of the primary
suspension inside the black elipse with continuous line and the
springs of the secondary suspension in the black elipse with
the dashed line.

As we can observe, the car body is supported by the
secondary suspension that includes two sets of “springs-
dashpots’, seated on the frame of the bogie. The loads are
transfered to the truss and the side frames of the bogie.
Undernesath the bogie there is the primary suspension, through
which the bogie is seated onto the carrying axles and the
wheels. Below the contact surface, between the wheel and the
rail, the railway track also consists of a combination of
masses-springs-dampers that simulates the rail, the sleepers,
the elastic pad, the rail fastenings, the ballast and the ground.
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Figure 3 Schematic depiction of an Electric Motor “semi-
suspended” from the bogi€e's frame at one end and supported
on the axle at the other end.

The masses of the railway vehicle located under the primary
suspension (axles, wheels and a percentage of the electric
motor weight in the case of locomotives) are the Non
Suspended Masses (N.S.M.) of the Vehicle, that act directly
on the railway track without any damping at all. Furthermore a
section of the track mass (Mrrack) also participates in the
motion of the vehicle’'s Non Suspended Masses, which also
highly aggravates the stressing on the railway track (and on
the vehicle too).

Car body
-—

Alignment faults

2 2
po= Lateral elasticity of rail i
Vertical elasticity of ballast

Lateral elasticity of ballast

Figure 4 Model of the Railway system “Vehicle —Track”,
as an ensembl e of springs and dashpots.

The remaining vehicle masses are caled Suspended
Masses (S.M.) or Sprung Masses: the car-body, the secondary
suspension, the frame of the bogie, a part of the electric
motor’ s weight and the primary suspension.
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In the present paper, we analyze the effect of the Non-
Suspended Masses, whose contribution to the stressing of the
track is of great importance.

. THE LOADSON TRACK

The system operates based on the classical principles of
physics: Action-Reaction between the vehicle and the track. It
isadynamic stressing of random, vertical form.

The loading of the railway track from a moving vehicle
consists of:

(a) the static load (static load of vehicle axle), as given by
the rolling stock’ s producer.

(b) the semi-static load (cant/ superelevation deficiency at
curves, which results in non-compensated lateral
acceleration)

(c) the load from the Non-Suspended Masses of the vehicle
(the masses that are not damped by any suspension,
because they are under the primary suspension of the
vehicle) and

(d) the load from the Suspended Masses of the vehicle, that
is a damped force component of the total action on the
railway track.

For High Speed Lines (Vma > 200 knmv/h), the component
of the Load, due to the Non Suspended Masses, is of decisive
importance for the Dynamic Load. In order to calculate the
total Action/ Reaction on each support point of the rail (pair of
fastenings on a dleeper) the static, the semistatic and the
dynamic components should be added. The total dynamic
component [(c)+(d)] is the square root of the second powers of
the (c) and (d).

[1l.  THE SECOND ORDER DIFFERENTIAL EQUATION OF
MOTION FOR THE NON SUSPENDED MASSES

A. General Form of the Second Order Differential Equation

The railway track is an infinite beam on elastic foundation,
and the elastic foundation can be simulated by a large number
of closely spaced trandational springs[1]:

o'z 0°z
El —+p,-—+k -2=0 1
o TP K, - (1)
when there is no external force, or [2]:
'z 0°z
EI84+'01 2+k1~z:—Q-§(x) 2

In these equations z is the deflection of the beam, p, isthe
mass of the track participating in the motion, k; the viscous
damping of the track, E, I, the dasticity modulus and the
moment of inertia of the rail and Q the force/ load from the
wheel (when the forceis present).

The solution of equations (1) and (2) becomes challenging
if we want to take into account all the parameters[2]. However,
if we make some simplifying hypotheses we will be able to
approximate the influence of certain parameters provided that
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we will verify the theoretical results with experimental
measurements.

B. The System Vehicle — Track

The track defects faults are the random excitation for the
rolling wheels of the vehicle. In the case of the Sprung Masses
of the vehicles, the forces resulting from the excitation (track
defects) are not large and have small effect on the rolling of
the whedl. In the case of the Unsprung Masses the forces
resulting from the excitation (track defects) are large and have
grate effect on the rolling of the wheel. The track, is ssmulated
(with the observer situated on the wheel) as an elastic means
with damping (see Fig. 4). According to the French Railways,
the spring constant and the damping coefficient can be
measured through various tests. (1) by the direct sinusoidal
excitation of the track or a track panel, (2) by the impact
caused from the induced fall of an axle upon the track.

The very wide dispersion of the results allows the
determination of the stiffness and the total damping of the
track. The track exhibits significant nonlinear behavior and the
measured values are neither independent of the excitation
frequency, nor of the type of the excitation.

In Fig. 4 the system “Railway Track — Railway Vehicle’ is
depicted as an ensemble of springs and dashpots. The rail
running table imposes to the vehicle a forced vibration. It is
not smooth but instead it comprises a lot of faults that give to
the rail running table a random surface. Furthermore, under
the primary suspension there are the Unsprung (Non-
Suspended) Masses (axle, wheels and a fraction of the semi-
suspended motive electromotor in the locomotives) which act
without any dumping directly on the track panel.

On the contrary the Sprung (Suspended) Masses that are
cited above the primary suspension of the vehicle, act through
a combination of springs and dumpers on the track.

A part of the track mass is also added to the unsprung
masses, which participates in their motion [3]. The rall
running table has the shape of a wave that is not completely
“rectilinear”, that is, it does not form a perfectly straight line
but contains faults, varying from a few fractions of a
millimeter to afew millimeters, and imposes forced oscillation
on the railway vehicles that move on it [4]. The general form
of the equation of a vehicle moving on an infinitely long
beam, on elastic ground without damping, is described in the
paragraph below.

C. Second Order Differential Equation of Motion of the
Unsprung Masses on a Railway Track

The Suspended (sprung) Masses of the vehicle —masses
situated above the primary suspension— create forces with very
small influence on the wheel’s trgjectory and on the system’s
excitation. This enables the simulation of the track as an elastic
media with damping, as shown in Fig. 5[5]. Forced oscillation
is caused by the irregularities of the rail running table (like an
input random signal) —which are represented by n— in a
gravitational field with acceleration g. As already described,
there are two suspensions on the vehicle for passenger comfort
purposes. primary and secondary suspension. Moreover, a

Issue 3, Volume 7, 2013

182

section of the mass of the railway track participates in the
motion of the Non-Suspended (Unsprung) Masses of the
vehicle. These Masses are dSituated under the primary
suspension of the vehicle.

If the random excitation (track irregularities) is given, it is
difficult to derive the response, unless the system is linear and
invariable. In this case the input signal can be defined by its
spectral density and from this we can calculate the spectra
density of the response. The theoretical results confirm and
explain the experimental verifications performed in the former
British railway network (relevant resultsin [2], p.39, 71).

The equation for the interaction between the vehicle's axle
and the track-panel becomes [6], [5]:

d2
(mNSM +mTRACK)'T2y

2

= —Myau 'F"'(mr\lsw +n5w)'g

d
+r'd_)t/+hrRACK y=
3

Primary

Suspension

of Vehicle %
Wheel

Figure 5 Model of arolling wheel on therail running table

where: mygy the Non-Suspended (Unsprung) Masses of the
vehicle, mrrack the mass of the track that participates in the
motion, mgy the Suspended (Sprung) Masses of the vehicle
that are cited above the primary suspension of the vehicle, T’
damping constant of the track (for its calculation Ref. [7], [8]),
hrrack the total dynamic stiffness coefficient of the track, n the
fault ordinate of the rail running table and y the total deflection
of the track.

The phenomena of the wheel-rail contact and of the wheel
hunting, particularly the equivalent conicity of the wheel and
the forces of pseudo-glide, are non-linear.

In any case the use of the linear system’s approach is valid
for speeds lower than the V 4iicg=~500 km/h. The integration for
the non-linear model (whedl-rail contact, wheel-hunting and
pseudoglide forces) is performed through the Runge Kutta
method ([2], p.94-95, 80, [9], p.98, see also [10], p.171, 351).
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IV. APPLYING THE FOURIER TRANSFORM TO THE
SECOND ORDER DIFFERENTIAL EQUATION

In Fig. 5 the rail running table depicts a longitudinal fault/
defect of the rail surface. In the above eguation, the oscillation
of the axle is damped after its passage over the defect. Viscous
damping, due to the ballast, enters the above equation under the
condition that it is proportional to the variation of the
deflection dy/dt. To simplify the investigation, if we ignore the
track mass (for its calculation Ref. [7], [8]) in relation to the
much larger Vehicle's Non Suspended Mass and bearing in
mind that y+n is the total subsidence of the wheel during its
motion (since the y and n are added algebraically), we can
approach the problem of the random excitation, from cosine
defect (V<< V gitica=500 km/h)

n=a-coswt = a'COS(Zﬂ %) 4

Where V the speed of the vehicle, T=2n/o—
—ot=27/(Tt)=2zVt/L where A the length of the defect, run by
the whedl in:

A

T=0=4=TV 5)
If we set:
2 2
y=Z+M'g3ﬂ:§ and d2y:d22
N dt ot dtz
where the quantity Mo+ Mhaw g represents  the
hTRACK

subsidence due to the static loads only, and z random (see

[11]) dueto the dynamic loads, equation (3) becomes:

dZZ dZ d2n
Musu dt2 +F.E+hTRACK "Z=—"M\gy Fj (62)
d’z d’n dz
= Mgy (F+Fj+r'a+hmk 2=0 (6b)

Since, in this case, we are examining only the dynamic
loads, in order to approach their effect, we could narrow the
study of equation (6b), by changing the variable:

d’u d°n d’z
u=n+z2=—= 5 == +—2
dt di®  dt

Equation (6) becomes:

d?u dz
Myau F+F'E+hrmcwz=0:> (78)
d?u d(u-n
= Mgy F‘FF'%—FWRACK'(U_”):O (70)

Where, u is the trgjectory of the wheel over the vertica
fault in the longitudinal profile of the rail.
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If we apply the Fourier transform to equation (6a) (see
relevantly Ref. [12] for solving second order differential
equations with the Fourier transform):

(ia))2~Z(w)+%~2(w)+%l(a)):—(ia))2~N(a)):>
H(w :M, H (o)’ = Mg @ (8)
( ) | ( )| (mNs'vl'wz_hTRACK)z"'rz'wz

H(o) is a complex transfer function, called frequency
response function [13], that makes it possible to pass from the
fault n to the subsidence Z. If we apply the Fourier transform
to equation (7a):

(i0)* U (0)+T(io)-Z(0)+ Ny -(i0)’ - Z(0) = 0=
G(a)):%,p(@r:% ©

G(w) isacomplex transfer function, the frequency response
function, that makes it possible to pass from Z to Z+n.

If we name U the Fourier transform of u, N the Fourier

transform of n, p=2riv=im the variable of frequency and AQ
the Fourier transform of AQ and apply the Fourier transform at
equation (7by):

d?u du dn

F'_"'hrRA(:K 'uzr'_+hrRACK ‘n=

Eq.(7 il
A7) = My az dt

(rnNSNI PPl p+hrRACK)'U =(F- p+hTRAcK)'N =

F'p+thACK
U(w)= -N(o (104)
( ) Muav * P7+T - P+ Mg ( )
B(w)
2 2 12
1B(0)ff = — 2+ M (10b)

(mNsvu -a)z—h)2 +T%. 0

B(w) is a complex transfer function, the frequency
response function, that makes it possible to pass from the fault
nto the u=n+z. Practically it is verified also by the equation:

[B() =|H (@) |6(e) =

sk +1°-@°
(rnNSM 0" P )2 +T2-0°

passing from n to Z through H(w) and afterwards from Z to
n+Z through G(w). This is a formula that characterizes the
transfer function between the wheel trgjectory and the fault in
the longitudinal level and enables, thereafter, the calculation of
the transfer function between the dynamic load and the track
defect (fault).

The transfer function of the second derivative of (Z+n) in

d*(Z+n)

t2

(10c)

relation to time: that is the acceleration vy, will be
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caculated below (and is equa to (iw)*B(w), as second

derivative of a Fourier Transform function).

The increase of the vertical load on the track due to the Non
Suspended Masses, according to the principle force = mass x
acceleration, is given by:

d’u d*(n+2)
dt dt
If we apply the Fourier transform to equation (11):

AQ= Mg (1)

AQ=mg, - P*U(0)=mg, P> f,..(0)= (129

B(a))||N (a))| (12b)

‘AQ‘ = Mygy ’|p|2 |B(w)| = Mgy 'ﬂz wnz

The transfer function B(w) allows us to calculate the effect
of a spectrum of sinusoidal faults, like the undulatory wear. If
we replace wl/w,=p, where p=iw, w.,= the circular
eigenfrequency (or natural cyclic frequency) of the oscillation,
and:

wthTRACK, w:27Z'V, zé/wn:L, ﬂzﬁ
Mysu A Musu @,

where ¢ is the damping coefficient. Equation (10b) is
transformed:

1+402% 32
B)f =[B,(p)f =P (13
(1-p°) +4s*-p°
V. POWER SPECTRAL DENSITY AND VARIANCE

The excitation (rail irregularities/ track defects) in reality is
random and neither periodic nor analytically defined, like eq.
(4).

It can be defined by its autocorrelation function in space
and its spectral density ([2], p.58, [14], p.700, [15]). If f(X) isa
signal with determined tota energy and F(v) its Fourier
transform, from Parseval’s modulus theorem [13], the total

energy is ([16], [17]):

2

+Jj|f(x)| -dx:z|F(v)| dv

where, F(v)=4(v)-€“") and the power spectral density:

(149)

S(w)=|F(v)[ = A*(v) (15)
Reference [13] solves equation (144) as:

(14b)

The square of the modulus F(w) is caled the energy
spectrum of the signal because F(w)-A(w) represents the
amount of energy in any AQ segment of the frequency

Issue 3, Volume 7, 2013

spectrum, and the integral of F*(w) over (-0, +o0) gives the
total energy of the signal.

Aninput signal -like the running rail table- creates through
the vehicle an output signal: the wheel trgectory. The output
spectral density and the input spectral density of the excitation
are related through equation [18], [6]:

S (@) =|H (i®)[ S, (@) (158)

In order to relate the temporal spectrum with the spectrum
in space we use the following equation:

=ﬂ3a)=2—”'V:>a):Q~V
A A

where ) is the wavelength of the defect. This means that
circular frequency in space Q is the wave number k of the
equation of oscillation, and ([16], [17]):

ot (15b)

(16)

F[f (ax)]= - f(gjj S(0)= s[%j:é.s(g)

2|
whereF is the symbol for the application of the Fourier
transform of f and fL the function after the transform. Thisis a

property of the Fourier transform.

V1. VARIANCE AND SPECTRUM OF TRACK DEFECTS

The Variance or mean square value 6%(x) of the function is
given by [19], [20]:
) 1 +00 —
X)=—-| S(w)-do=X 17
o (x) =5 | S(@)-do ()

—o0

where o(X) is the standard deviation of the function.

The Power Spectral density and the variance of a function
are depicted in Fig. 6.

From equation (17) we derive:

az(n):%TSn(a)).da), o*(2)=1 [ 5,(0)-do
0%c 0 (18)
JZ(AQ):%J Sio (@)-do

where n is the random variable of the defect (input), z the
subsidence of the wheel (output) and AQ the dynamic
component of the Load that is added to the Static Load of the
wheel due to the Non Suspended Masses (output also).

From these equations and the analytic form of the
spectrum of the defecty faults, we can calculate the mean
square value of the dynamic component of the Load due to
the Non Suspended Masses that is added to the Static and
Semi-static Components of the Load of the wheel
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From the power spectral density and the variance functions
and their definitions [6]:
Sio(@) =S, ()-[B(e) (19
c?(AQ
3Q =My 7 = 7 (4Q) = gy (1) = (1) =T
SV

and using the egs. (19) and (11-12b):

(1) = 0" (40Q) - mﬁl TR s (o)t @
o’ (7)= rr%ﬁ :[ﬁﬂ Sn(a))-da):
:l f :. 1+4;§2’ﬁ2 . a))-da) (21)
T ﬁZ) +4§2'ﬂ2

502 4

2

Figure 6 Power Spectral density S(Q) —the black curve-

Variance (mean square value x°) —the shaded area— of a
function [6].

From the above equations and the analytical form of the
spectrum of the longitudinal defects/ faults of the track we
could effectively calculate the variance (mean square value) of
the dynamic component of the Loads on the track panel due to
the Non Suspended Masses. All the results of measurements on
track in the French railways network show that the spectrum of
defectsin the longitudinal level hasthe form of [5], [21]:

A
S.(Q) Z(BJr—Q)g (22)

This implies that the mean square value or variance of the
defectsis given by:

1 i3 AT 1 A 1 .
- J. i..[j.dx:_? 5 =
R (B+QY’ 7T 3 (x) 7| (B+Q)" |,
‘72(2):_A {%} =—A[O—i2}:>
27 | B°+2BQ+Q 2 B
5 1 A
Z)=— —— 23
(D)= w 3)

The most severe case for the magnitude of the acting Load
on the railway track, dueto the Non Suspended Masses of the
railway vehicle, isthe case of the defects of short wavelength,
consequently large Q, like the undulatory wear of the rail
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running table. If we examine this case for the Non Suspended
Masses, then we can omit the term B, and using eg. (15b):

A A AV3
%(Q)=§=?=? (24)
The term BVitharacterizes the defects with large

wavelengths, for which the maintenance of track is effective,
and when we examine this kind of defects term B should be
taken into account.

For the line “Les Aubrals — Vierzon”, the parameters
values are: B=0,36, A=2,110 ° and S(Q) is ‘calculated in m°
and ¢(2)=1,57 mm. The eigenfrequency of the Non Suspended
Masses of the vehicles is approximately 30 — 40 Hz and even
for speeds of 300 km/h there are wavelengths less than 3 m
[21].

From equations (16) and (24):
1 AVe:  AV?
V o o-p°

n

S\ (0) = +S() - 29)

VII. THE VARIANCE OF THE VERTICAL ACCELERATION
DUE TO THE NON SUSPENDED MASSES

Using eg. (25), eq. (21) istransformed:

c L F e e AT AVE
i L (g Y rac o P

1440757
o (1-42) + 42 g2

We will calculate the integral (Int) of eg. (26).

B-dp (26)

+0 1 +o0

Int = IZ—.ﬁ.dﬂ_»,_ I%
0 (1-8°) +4¢%- B2 0 (1-8°) +4¢%- B2

A A
In order to calculate these two integrals A1 and A2 we put

only for this calculation, independently from the previous
paragraphs:

B-dp

f=ﬁ2:[3], p=1-20%,q° =42 (1-¢%)  (27)

n

consequently:

df =24- d,B—— 2 0-do= w-do=

n

2ﬁ~dﬂ:wi~2-a)~da):>ﬂ~dﬂ=

df
(28)

SN |§N

w-d

2
n n

and:
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1 @2
= w-dw 2 _pla
I P ST _ A= pA=2P auan "PI"|
A= I 2)\2 2 2 B-dp = I 272 2 2-q
(1-p7) +4c%-p 0[ o . 0
o))
a)n n
we use the new variable: x= (f-p)%+ q°=f-2fp+p*+ o —
L o — dx=2fdf-2pdf —
4o ﬁ'i’df +o0 df /2 df 12
3 o, 2 1 df B PG PG
-7 SER e N T B Y X R S
w w w w
e R £ I o 3 R e I R R CR I Rl
= 2p-df , T2f.df —2p-df ., Fx
+o0 —§2~ :g . :é’ =
= ; o - l[q2+(f—p)1 l[q2+(f—p)z] 0 X
U] As) ) e
1+ — | =2| — | +4°| — | +44° -4 +4L° - 44
3\ @, , @) ATy Ty T
2 7 7 1 2 2 2 %
= A =22 In| (- p) +q° [ 3
L df _ 2 -
2 0 44/2(1_4'2)+[a)j4+(1_2§2)2_2[a)j2(1_24/2)
- By ) @) The Integral (Int.) of eg. (26) is equal to the sum of Aj, Az
q —_ p — p .
f2 f and A4.
. 2 L L
:l‘[ q :i. Jq—: p& @ @
1 . 2 _1 f-pln 4%p L CONE SPAUE S PPSCIS
2 0?~[q2+f2+p2—2-f-p] 2-q 0|:1+|:f—p:|:| Intfzfq[arctan a } o {arctan a l 52¢ In[(f p) q]o
q ) o o
ik p{ cten ! pl"+%~2~§Z~In[(f—P)2+q2];'"
If we put x=(f-p)/q then dx=df/q, and
- And the eq. (26) istransformed:
1 7 dx 1 f—plo o
- . = =—.| arctan—— 29 2 2 2 _pla ) o
A=24 £1+x2 A2 { q }0 9 awn-AZ“*P+“’p{wamf p} +%4M{“_p)+¢}%ysa
7 q a | o
For the second term:
- , VIII.  THE VARIANCE OF THE DYNAMIC COMPONENT OF THE
A - J‘ 442 P Bdf= LOAD DUE TO THE NON SUSPENDED MASSES
0 (1—,82) +47-p7 In reality, it is not necessary to integrate up to infinity
because the real condition of the contact area between the
o 42752 B-dp wheel and the rail, which resembles an elliptic intersection area
A = I 4 5 3 = (Fig. 7), does not affect defects of very short wavelength.
’ }J{;}] —Z{Zj +4§2[;}] +4° AL Al - act If the length of the elliptical “intersection area” formed by
SN N S P RN S PR S 3 1 the contact area is 2\, the integration has to stop a the
B , 2 , ¢ Ll , wavelength of the defect, L = 2\, or for the excitation in the
:J' AC°-pT-pdp_ fALT-BT-B-dB time domain, at frequency v=(V/24,) or cyclic frequency
2 2y pi-2-f.- 2 (f—p) =(aVIAy).
o [0+ 2+ p*-2-1-p] o[q+(f p)] =@Vl

So o(y) is practically bounded, despite the presence of a
logarithmic term.

" 3 " 5 We have to note that this term increases with speed, even
0 [q +(f-p) } 0 [q +(f-p) } when the contact area decreases, that is when the wheel
diameter and the load decrease. These variations are negligible
for V> 140 km/h, speeds for which we are interested in even
more since thisterm is affected by 272

A BpdB A ppdp AL pB-dp
= i :AE
!Wﬁh@}y |

A A
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The same happens for the term arctan, which always tends
to (2/2) for w=(7VV/A,). Thisimplies that the function o(y) could
be considered approximately as a function of the damping
coefficient ¢ increasing proportionaly to it.

Eqg. (32) can be calculated using example values of: (@)
damping coefficient ¢ of the track that varies between 0,2 — 0,7
(I22], [5]), here we choose two values (=0,30 and ¢=0.35, (b)
oy is finite and with a predominant value of 2/3 ([22], p. 36-
37 and [5], p.30) as we calculate from equations. wn=
= (Mrrack/Miaw) M2, v=(VI200)—w=2v= (W /ly), (€) Mysu=1,5
for axle-load 20 t, (d) for a superstructure consisting of rail
UIC60, concrete deepers and fastenings W14 with pad Zw700
Saargummi the hyrack fluctuates from 60 to 90 KN/mm, here
we choose 70 kN/mm, (e) ;=6 mm ([21] and (f) V=200 km/h:

£=03 f=134655 p=1-2,"=082 q=,/4,°:(1-¢?)=0,5724

o
1+4¢%p .[arctan—f - p}
q q

0

}2;2 -In[( f—p) +q2}] =3,5545+ 4,2518 = 7,81
And for (=0,35:

arctan——P

al

The value of the term inside the brackets is dependent on
the parameters selected above. For the Greek railway network
this term becomes 8,44, the average of the two values.

@
1+442p_{ f
q

]+2§2 ~In[(f - p)z+q2ﬂ—3,2817+5,7871—9,07

Internal part of the Railhead

() Rail running table
g

O
|

/

External part of the Railhead

Figure 7 The rail running table bears the elliptical contact
area in different positions. The ellipse has semi-axles A;, b and
the total wavelength of the defect is 2);.

AV 2@?

n

T

=].,3433-AV2-M

SM

o’(r)=844-

(33)

In order to caculate the variance of the dynamic
component of the Load on the track panel due to the Non
Suspended Masses the following equation is valid:

o’ (AQNS\/I ) = mvisw o’ (7) = {1'3433 AJ'VZ Mgy Nrrack = (349)

ks
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:>O-(AQNSM): l343,3'A'V' /rnNSM Prgncc =
9
:G(AQNSM ): Ky -V Mgy Mrracc

(34b)

The standard deviation of the dynamic component of the
Load due to Non Suspended (Unsprung) Masses and the
Suspended (Sprung) Masses is given by the following equation
[23]:

o’ (AQdynam'C) =o’ (AQNSM )+ o’ (AQSM ) =

(35)
= 0 (AQypame ) = o (AQuay ) + 0% (AQs, )

The above equations give results in [N] Newtons, when V

isin[m/sec], mygy in [k:gl and hreack in [N/m].
The standard deviation of the Suspended Masses is not

calculated here but it is given by equation [6], [23], [24]:

V-40
1000

Where NL is the mean standard deviation of the
longitudinal level condition of the track, on a 300 m length
approximately, for both rails and the gauge~0,7 -1,5 mm [see
[5], [11], p.335-336].

NL - Qwhed (36)

o(AQq )=

IX. THE VARIANCE OF THE DYNAMIC COMPONENT AND
THE RAIL DEFECTS

Equation (34b) can be transformed in order to give the
values in [km/h], [t] of mass and [t/mm] for the dynamic
gtiffness of the track as in the following, since: 1 [N] = 1
[ka] {msec?:

(AQuen )[N]= K, v{%}mj

kvmmﬁwww-
_ k,10°

:U(AQNS\A )[t] v 1 2600
_10000-3,6‘\/\’ Mugu ‘hTRACK =

10000
1

1000

)

“10000 | h | 3600

10

o (AQue )[t] zﬁ

KV {"'_ﬂ . \/mw (1] Moo [ﬁ} (373)

Normally the units of the total dynamic stiffness of the
track hrrack, are kKN/mm. For this case we derive the
following equation:
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ki 1000
(AQNS\/I )[kN]_ 1000 V[?m}ﬁ \/mNSM 1000]t hrRACK
he
]I.((a)OO %/6_ Mysu hTRACK =8,7841 ka'
\/7

According to References [2] and [21] from measurements
in the French railway network, A= . For th|s value the
coefficient k, =V(1,3433-A)=V2,6866-10° =1,639-10°.

Equations (37) are transformed to:

cr(A%M[tk%V[%-hm (1] P | | (380
(@ 0]~ 22 [ ] e [ 9] o

During the investigation perforiped by the author as head
of the team of the Greek railways in collaboration with the
French Railways' research department “Track”, for the case of
the cracks in the concrete deepers, the measurements on the
tracks of the French network were used in order to estimate
the k, coefficient ([21], [25], [26]). These tracks were used as
basis with V ,5,=200 km/h, mysy=1,7804 t (including the track
mass participating to the motion of the Non Suspended Masses
—NSM- of the vehicle (see aso Ref. [7], [8], [12])) and total
dynamic stiffness coefficient of track 75 kN/mm.

o S 3,
—
(60 [V)- 5 /A ¥ [ Hnw 1| 2] (39)

hrrack should aso include the track mass participating in
the motion of NSM, as described in the next paragraph X. The
vaI ues of k; are depicted in Table 1 and VA;=1298,081124-10°
® for 6(AQ) in [kN]. The values of k; are dependent on the
cond|t|on of the rail running table (ground or non-ground),
that istherail defects. In order to calculate coefficient k, of eq.
(34b) we should equate the two formulas, using the same
units, i.e. [t] mass, [km/h] speed, and [KN/mm)] stiffness:

10-0,3-k,

° 1,7804-75

200- (408)

_ ( \/g) k, =1298,081124-10°° -k,

X. TRACK MASS PARTICIPATING IN THE MOTION OF THE

NON SUSPENDED MASSES OF THE VEHICLES

Besides the parts of the vehicles under the primary
suspension, a part of the track-panel can also be considered as
belonging to the Non Suspended Masses, since it is
participating to the movement of the Non Suspended Masses
of the vehicles ([7], [8]). At this point of the present paper, we
cite the results of a theoretical calculation of the mass of the
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track, which participates in the movement of the Unsprung
Masses of the railway vehicles.

The results are depicted in the Figs 8 and 9 below.

4— Theoretical Curvefor ptotal

== - Theorstical Curve for h'TRACK

~= Theoretical Gurve for hTRAGK and {=0,30
—a—Meazurements Jenkins et al._ 1974

625 -

575

525

Mrgrack kO

475

425

375

125 150 175 200

kN/mm

225 250 275

Psuscrape -

Figure 8 (see [7]) Comparison of theoretical results and
measurements for the calculation of the track mass that
participates to the motion of the Non Suspended Masses of the
railway vehicles: (1) using the piiq Of the track, (2) using the
hrrack @nd (3) using the hyrack @nd coefficient of damping for
the track {=0,30 in relation to the measurements in the British
rail network (see[12]).

460 —— Measurements Jenkins et al., 1974
~=—Theoretical Curve for hTRACK and =0,10
A --&- Theoretical Curve for hTRACK and Z=0,20
—s - Theoretical Curve for \TRACK and 1=0,30
440
420
¥
F
©
=
E
400

380
25

50

75 100 125 150 175 200 225 250 275

Psuacrape: KN/mm

Figure 9 (see [8]) Comparison of theoretica results and
measurements for the calculation of the track mass that
participates in the motion of the Non Suspended Masses of the
railway vehicless (1) using the hgrack a@nd damping
coefficient of track {=0,10, (2) using the hyrack and damping
coefficient of track (=0,2, (3) using the hrrack and damping
coefficient of track {=0,30, in relation to the measurements (4)
(see[12)]) in the British Rail network.

These results of the theoretical approach are compared to
measurements results on track. The influence of the track
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damping coefficient -that appears in real conditions- is also
taken into account. The track was modeled as a vibrating
string and a theoretical solution was derived. The result of the
theoretical calculation was compared to the measurements that
were carried out in railway networks (see [12]). Three
theoretical calculations are presented: (a) using the pioa, (D)
using the hrrack @nd (c) using hyrack and the influence of
damping coefficient (). The influence of the stiffness of the
fastenings was also investigated (see [7], [8]).

The Track Mass that participates in the motion of the Non
Suspended Masses of the Railway V ehicle fluctuates from 390
to 455 kg approximately, dependent on the static stiffness
coefficient of the subgrade.

The comparison of the theoretical prediction and the
measured response is less than 4%, hence the proposed
approach is very satisfactory.

XI. COEFFICIENT A AND FLUCTUATION OF Kk,
Eqg. (39) gives 6(AQ) in [t] for stiffness hrrack in [t/mm]:

Table 1: Values of k;

Ground rail running table | Rough rail running table
(Non-ground)
min  |medium| max min medium | max
ki= 3 45 6 6 9 12
0!3"(1 -3
= = -k, =0,4104893-10° - k, (40b)
200-./1,7804-7,5 (‘/E) 4 =04104898.10 k4

VA

The values of coefficient k, are depicted in Table 2a, in
order to calculate 6(AQusy) in [KN] with hygack in [KN/mm]
and in Table 2b for 6(AQusv) in[t] and hyrack in [/mm]. mysy
isin[t] and V in [km/h]. Coefficient k, is dimensionless. For
railway lines in very bad condition and, consequently, low
operational speeds, the coefficient k; has been measured equal
to 25, and k.= 32,45:10°. The coefficient 0,01440 in eqg. (38b)
and 0,004553 in eq. (38b) give k;= 11,09, divided bg the
relevant VA,. For Sl system [eq.(34b)]: VA=0,147776-10°.

Table 2a: Values of k,, for o(4Q) in [kN]in eqg. (34b)

Ground rail running table Rough rail running table

(Non-ground)

min medium| max min medium | max

k.=|3,89-10°|5,84-10% 7,79-10°3| 7,79-10°| 11,68-10°3|15,58-10°
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XII. INFLUENCE OF THE DEFECT'S ORDINATE ON THE
STANDARD DEVIATION OF THE DYNAMIC COMPONENT

The mean square value or variance of the defects is given

by eq. (23):
(LA ga AT Al 1 T
o (7) T '0[ B+Q T z[ {(B+Q)}

and since we are dealing with the defects of short wavelength

(undulatory wear) An=3-4 m, term B can be omitted,
hence: Q2 = 27” A =3m. The calculation of the ordinate n, of

the vertical defect depends on the probability of occurrence.
The defect is on the rail running table with ordinate 2¢(z) and
we should cover a 99,7% probability, consequently, n; is equal
to three times the (two times) standard deviation (see Fig. 10):

n=3[2.0(2)]
Al 1 T A1 A 2 i [A
_%LBmfl R

K kf(JK)2 N

Where from (eq.(34b)) = A= —=2

o’(2)=

1,3433 1,3433
”f“'[% J?] 35 { isjs@ﬁ}kl-ﬂ-o.%e[m] (4

For k;=1 (Sl system), n; corresponds to an ordinate of
defect on the rail running table of 0,15 mm measured from a 3
m cord (A=21,=3m). For 2 times the standard deviation n;=0,10
mm.

We conclude that the ordinate of the defect fluctuates from
0,44 mm till 1,75 mm for a 3 m cord with a probability of
occurrence 99,7% and from 0,29 till 1,17 mm for a probability
95,5%. Eq. (39) can be related with the ordinate of the defect n,
from eg. (41), in unitsof SI system:

A -0,986
o(AQuss )= J— ‘/—015 VMg e = A - 015V My P (42)

fogaﬁ

where n; in [mm] the ordinate of the defect measured from a3
m cord on two consecutive peaks of the defect, V the speed in
[km/h], mysy the Non Suspended Mass of the vehicle and
hrrack the total dynamic stiffness coefficient of track and
VA,=0,147776-10°.

Table 2b: Values of k,, for o(4Q) in[t] in eg. (34b)

Ground rail running table | Rough rail running table
(Non-ground)

medium
3,69-10°(4,93.10°

min
k.=[1,23-1071,85-107 2,46-10° [2,46-10°

min | medium  max max
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We calculate the case of 1 mm ordinate of defect for 99,7%
probability of occurrence (eg. 39, 40a). In S| system:

10.0,3-k,
/1780, 4- 75000000

k, =1000- =0,147776-10°° -k,

200

3,6

and from eq. (41): k=6,86. For V=200 km/h=55,56 m/sec,
hrrack=80-10° N/m and mysu=1500 kg, then o(AQ) = 32.96
kN or 3,296 t for 99,7% probability of occurrence. From eq.
(42) we can calculate the standard deviation of the dynamic
component of the Load for each mm of ordinate of the defect
depending on the condition of the rail running table (ky), V,
Mnsv and hrrack. 1N the case of undulatory wear and of speed
approaching the resonance limit, the dynamic response factor
for the respective resonance frequencies of the acceleration is
1/(20V(1-6%) (see Ref. [27], p.83). If we elaborate eq. (38a),
equating the ® to o, and considering three standard deviations
36(2) that is a probability of occurrence 95,5%:

Horizontal

Figure 10 A defect (fault) on the rail running table,
wavelength A=2); and standard deviation ¢(z) of the defect.
Thetotal ordinate of the fault nj=2-0(z).

o _ oo | 181

\/ 8000{1]9,81
m

The critical speed for resonance is measured for ,/w,=2/3 (see

Ref. [22], p.36, 37):

=0,00437186 = v = 228,7357Hz

T:Zﬂ'-\/mN
h,

RACK

)
'0,00437186

=34310348: 4 =V, =5556m/sec

2=0162m

chlcaJ -

_3
2

N w

4
=

o (AQue )[N]:ﬂ'%‘v‘«/mwsm “Nrrack '24.7\/:;_7=

_0,147776-10° -343,10348-0,162. & Trmo [ Mhau 2
4 ¢ VP 015-41-¢7
RS

0137 095

for

z0,85-%-%1 hTRACK=8 t/mm and CZO,3 then

AQ=5,66 t per mm of defect ordinate for 99,7% probability of
occurrence, in the resonance area of wavelengths.
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X1, CONCLUSIONS

The calculation of the Loads exerted on track by the
railway vehicles, is of decisive importance, for the maintenance
and the Life Cycle of the Track itsalf.

The total acting Load is consistent of (a) the tatic load
(static load of vehicle axle), as given by the rolling stock’s
producer, (b) the semi-static load (cant/ superelevation
deficiency at curves, which results in non-compensated |ateral
acceleration), (c) the load from the Non-Suspended Masses of
the vehicle (the masses that are not damped by any suspension,
because they are under the primary suspension of the vehicle)
and (d) the load from the Suspended Masses of the vehicle, that
is a damped force component of the total action on the railway
track.

The static and semi-static components of the Load could be
easily calculated through simple mathematical operations since
they are based in simple Statics.

The calculation of the dynamic component of the Load is
approached through a probabilistic analysis since it is based on
a random phenomenon analysis. The dynamic component
consists of (@) one part due to the Non Suspended (Unsprung)
Masses of the vehicle situated under the primary suspension of
the vehicle, (b) one part due to a section of Track Mass
participating in the motion of the Non Suspended Masses of the
vehicle and (c) one part due to the Suspended Masses of the
Vehicle situated over the primary suspension of the vehicle.

In this paper the second order differential equation of
motion of the Unsprung (Non Suspended) Masses of arailway
vehicle rolling on the track is investigated. The investigation is
performed through the Fourier transform and the solution is
verified with findings from a research program performed by
the Greek railways in collaboration with the French railways.
Finaly an equation for the calculation of the dynamic
component of the Load due to the Non Suspended Masses of
the vehicle and due to the section of the Track Mass that
participates in the motion, is proposed.
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