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The Stability of Equilibriums of a Fifth Order
Ordinary Differential Equation

Chung-Hsien Tsai, Shy-Jen Guo, and Jeng-Chi Yan

Abstract—The objective of this paper is to study the stability of
equilibrium points of a model equation, which governs two-
dimensional steady capillary-gravity waves of an ideal fluid flow with
Bond number near 1/3 and Froude number close to one. Nine cases in
the parameter plane (7,, F,), we found that the equilibrium point
(0,0,0,0) is Liapunov stable in Case 3 except when w,/w, =2, almost
stable in Case 4, and Liapunov unstable otherwise.

Keywords—Arnold’s stability theorem, Birkhoff normal form,
Steady capillary-gravity wave,

I. INTRODUCTION

PROGRESSNE capillary-gravity waves on an irrotional
incompressible inviscid fluid of constant density with
surface tension in a two-dimensional channel of finite depth
have been studied since nineteen century. Assume that a
coordinate system moving with the wave at a speed is chosen so
that in reference to it the wave motion is steady. Let H be the
depth of water, g the acceleration of gravity, T the coefficient of
surface tension, and p the constant density of the fluid. Then
there are two nondimensional numbers which are important and
defined as F = ¢* /(gH) , the Froude number, and 7 = 7 /(pgH?) ,

the Bond number.

When F is not close to 1, the linear theory of water waves is
applicable. But when F approaches to 1, the solutions of
linearized equations of water waves will grow to infinity
(Peters and Stoker [17]). Therefore for F close to 1 nonlinear
effect must be taken into account and thus F =1is a critical
value. The first study of a solitary wave on water with surface
tension is due to Korteweg and DeVries [11] after whom the
K-dV equation with surface tension effect is named. A
stationary K-dV equation with Bond number not near1/3 can

also be formally derived by different approaches. However,
if 7 is close to 1, the formal derivation of the stationary K-dV
equation fails. Thus 7 =1/3is also a critical value.
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It becomes apparent that the problems for F near 1 and
for 7 near1/3depend on each other and are difficult because
they are not only strongly nonlinear, but also very delicate.
Since the full nonlinear equations for the water waves are too
complicated to study, it is of interest to study model equations.
In Hunter and Vanden-Broeck’s work [9], a fifth order ordinary
differential equation considered as a perturbed stationary K-dV
equation was obtained with the assumption that F =1+ F,¢’,
r=1/3+7¢ and €is a small positive parameter. By integrating
the fifth order ordinary differential equation once and set the

con-stant of integration to be zero, then the model equation
becomes

3 1
2sz7—5772+m7n——77m =0 (1)

45
Equation (1) has been studied extensively by many authors
[1-7,9] and several types of solutions have been found, such as
periodic solutions [1, 5, 6, 7], solitary wave solutions [2-7,9],
generalized solitary wave solutions (solitary waves with
osciallatory tails at infinity) in the parameter region 7, <0 and

F, >0 [1,9], etc.

II. PROBLEM FORMULATION

We add a bump y=5b(x) at the bottom of the two-
dimensional ideal fluid flow and then derive a forced model
equation

3 1
2F277—5772+T177H S/ ()

45
Equation (2) has been studied extensively by Tsai and Guo
[21-26] and several types of solutions have been found.

We follow Zufiria [27] to construct a Hamiltonian
associated to (2).

Whenb =0, we rewrite (2) as

N — 45717, —90F,77 + 1375

2

n =0.

3)

We multiply -7, to (3) and integrate the resulting equation, then
equation (3) has first integral as
45

H =45Fn’ +%f7,fx Nl + Efﬁf -

2 277 )

where H is a constant. Introducing the change of variables
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ql = 77’ pl = nxxx - 4511”):,
q2:’7xx’ p2 :nx,
then (4) becomes

1 45 45
H (g9, 1, P, )=45F,4; +5q§ ~Pps —711175 —qu, (5)
and we have
dz
E=JV;H(2)=AZ+g(Z)Ef(Z,,U), (6)
where 1= (z,,F,) e R?,
q 0 0 10
0 0 01
=T |erY, = , )
D -1 0 0O
», 0 -1 00
and
0 0 0 -1 0
I I .
= ,g(z)= .
90F, 0 0 o |® 15 g2 ®)
0 -1 0 0 0

Therefore (5) is a two degree of freedom Hamiltonian with
two parameters 7,and I, . Because different parameters (7, F,)

in (5) give rise to different eigenvalues 4 for the linearized
system of (6) at the origin, we divide the parameter plane
(7, F,) into following nine cases

Case 0 (7, =0,F, =0): 1=0,0,0,0.

Case 1l (7, eR,F, >0): A=xr,xwi;rw>0,

Case 2 (7,<0,F, =0): A=0,0,=wi; w>0.

Case 3 (7, <0,F, <0, (457,)* +360F, > 0):
A=twi,Tw,i;w,>w, >0,

Case 4 (7,<0,F, <0, (457,)* +360F, = 0):
A=xwi,xwi;w>0

Case 5 (7, €eR,F, <0, (457,)" +360F, < 0):
A=xazxbi;ab>0

Case 6 (7,>0,F, <0, (457,)" +360F, = 0):
A=xr,xr;r>0

Case 7 (7,>0,F, <0, (457,)" +360F, > 0):
A=xn, 215> >0

Case 8 (7,>0,F, =0): 1=0,0,+r; r>0.

We rewrite (2) as follows,

3
nx)a\tr _45T177,rx - 90F‘2’7 = _45(b(x)) + 5772) = f’ (9)

III. STABLE CASES FOR ZERO SOLUTION

For Case 3 with w,/w, # 2 and Case 4, we’ll utilize the results
by Meyer [15], Markeev [12], and Sokol’skii [18] to show that
the origin is stable, except that Case 4 is almost stable.
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3.1 Case 3, withw,/w, #2

In Case 3, there are two pairs of pure imaginary eigenvalues,
Twiand*w,i . Arnold’s Stability Theorem [15] (p.236) will be
used to prove the equilibrium point z=0 is stable
forw,/w, # 2,3, while Markeev’s results in [12] will show that

the origin is unstable for w;/w, =2 and stable for w,/w, =3.

3.1.1 Arnold’s stability theorem for w,/w, # 2,3

We state the method cited from [15] as follows. Consider an
analytic Hamiltonian, H, which has an equilibrium point at the
origin in R*", and assume that the Hamiltonian is zero at the
origin. Then H has a Taylor series expansion of the form

HE) =S H (),

i=0

(10)
where H, is a homogeneous polynominal in z of deg- ree i + 2.

Theorem 1 [15] (p.184) (Birkhoff normal form) Assume
that the quadratic part of (10) is of the form

Ho(5)=2/1ic7,-13i, (11)
i=1

where Z=(§G,,....4,> Py>---» P,) and the 4,’s are independent over
the integers, i.e., there is no nontrivial relation of the form

iKiﬂ’i =0,
il

where the k, ’s are integers. Then there exists a formal,
symplectic change of wvariables Z=Q(y)= »Y+... which
transforms the Hamiltonian (8) to the Hamiltonian,
K(») =Y K(»),
i=1
where y=(x,....,X,,¥,...»,) and K,(») is a homogenous
polynomial of degree i + 2 in the n products X,¥,...,X,V, .
S0, K(X;5ees X, Viseens ) = K(X, 315, X,,) where K is a function

of n variables. Moreover, in this case, the normal form is
unique.

In Birkhoff normal form,K,,, =0fori=0, 1, 2 ...
K(XpeosX,, ¥ 15 ,) = K(X,),-..,%,»,). Consider two-degree
of freedom Hamiltonian for simplicity and assume the
Hamiltonian has been transformed to Birkhoff normal form
upto K

since

K=K,+K,+..+K,, +K". (12)

By “action” variables /, = ix,y,and [, =ix,y,, then

KZ/([DIZ) EKz‘/(xl)ﬁ,xz)/z)-

Arnold proved the following theorem which is based on the
existence of invariant tori in KAM theory and gives sufficient
conditions for stability of nonresonant systems in terms of the

transformed Hamiltonian K, ;(,,1,) put in Birkhoof normal
form.
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Theorem 2 [15] (p.236) (Arnold’s Stability Theorem) The
origin is stable for the system whose Hamiltonian is (12),

provided for some j,0< j <N, D, =K, , (w,,w;) #0.

First we find a symplectic transformation 7; to transform the
quadratic part of Hamiltonian (5) to the form (11), where

~Wy Wy Wy

Wy W W W) Wy w W W)

W Wi —Wi Wy —W,W

Wy Wy n n

2
Wy W3

w;, W, are imaginary parts of eigenvalues in Case 3 and

. 2 2 2 2
W, zlj,wl_ zl;,wr_ MW = T (13)
1 2 2 2 1 W] 2 W2
with the properties that 7)JT,=J,z=T% where
%2=(4,,4,,P,»D,)» J as in (7). Then (5) becomes
o ... 45
H=img,py—iw,gop, =W,
(Wrzwz(ﬁl_ql)""wqwl(qz_i’z)f’ (14)
W, W, WW,
and the quadratic part is H,(2) = im,§, p, —iw,q, p,

Next, we apply Lie transform [7] to transform (14) to
Birkhoff normal form up to fourth order K, as in (12). Here we
assume thatw, /w, # 2, 3 since we can not remove the resonant

terms such that the transformation yields Birkhoff normal form.
Then we have

~ 6075(20—53w” —276w" —53w° +20w")
16w (=1+w*)* (4 =17w* +4w*)wd

where w=w,/w, >1
Thus, by Arnold’s stability theorem and w;/w, #2,3,z=0is
stable except when

:i\/%(sus 3121++/24498+3184/3121) ~2.308.

In this case D, =0. Stability is assured if D, # 0, and so on.

We did not get the value for D,atw=w" because of ” Out of
memory” by using the software Mathematica. But the origin is
stable at w = w" from our numerical experience.

3.1.2 Markeev’s results for w,/w, =3

In [12], Markeev considered the resonance situation
forw=w,/w, =3 with a Hamiltonian in the follow- ing form

|
H:E(plz +W12q1 )__(pz +W2‘12)+ng,qu3v4

v=3
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VSV =y~

GG BY By + 2 b @3 BB +OUZF)  (15)
v=4

where

~ ~2 ~2 ~2 ~2 —
|[Z=NG + G+ P +p, , VEVW Y, Fv4y,.

We transform Hamiltonian (5) to (15) by a symplectic
transformation z = T;;Z , where

0 0 —Ls ——L
00 -
! "2
7’;3 = W22 wl 2,2
= w0 0
L 0
then (5) becomes
45p
H:_(pl +W]q1)——( )_ZWVIWIQ/Z
45p,  135p,p; 1355 b, 16)
2w, wy'? 2WVIWVZ ww} 2wr] w, wiwy'?
In [12], with the assumption
X003 * Vioos ¢0’ (17)

(see Appendix for X,y , Vioos ), Markeev utilized several
canoncial transformations and applied Birkhoff transformation
to remove all third order terms. Out of the fourth degree terms,
only the resonant ones and those containing g; and p, in the same
degree will remain. With assumption (17), Markeev proved the
following results by Liapunov’s theorem [13] (p.32).

Theorem 3 If the inequality

2 2 [ 2 2
Xi003 F Vioos # 0 3wy X003  Vioos <V lagzo = 3hi1 + Vo |
9 b

holds and the Hamiltonian (15) contains no terms of the order
higher than the fourth, then the equilibrium is stable. (see

Appendix for g, 4111, and /oy, )

Note that Markeev [12] provided numerical formulas for
xmm,ymm,lzozo,lm],l0202 in terms of the cofficients in (15), i.e.,

LA~ and By comparing Hamiltonians (15) and (16)

VVavavy

term by term, we have

o, =05 Jor v +v,+v,+v, =3, ,
oy =05 SOT ViV, vy, =4, (18)

except
oo = :»:/':’g(lozl I;ﬁ’goozo 12«(“ ooz = 5@; (19)

By (18) and (19) and following Markeev’s nummerical
formulas, we have
=0,

l

0202 =

__ 115
X1003 = T 35607 > V1003

3165
7168w} °

2835

- ] =225
2020 T 1792400 2 1024w °
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and then obtain X +Vp =0 and  {BwyyXig+ Vi)
1 oo =301y + s |} = —53625/(3584w3°) <0 Thus, by

Theorem 3, the equilibrium z = O is stable when w,/w, =3.

3.2 Case 4

In this case, there are two pairs of double eigenva-
lues Tiw with two two-dimensional Jordan blocks. Sokol’skii
[18] deals with this situation. Let the Hamilton function of the
problem be represented in the form

1 ., . - e >
H= E(qf +33)+ WGPy =G D)+ D By,
v=3
4" plpy =H,+H,+H,+..+H, +..

the
dinates ¢;and momenta p;,i =1,2. The form H;in (20) can be

(20)

where H, are mth-degree polynomials in coor-

annulled completely and the form H, simplified by the
Birkhoff transformation. The Ha- miltonian (20) then can be

reduced to

H=1
2

(AP + P)+ By(a7 Py~ ;) + Cy(q” + P} +H +... (21)

(a7 +a)+w(g ps — 4 p)+ (P + p3)

With (21), Sokol’skii [8] got the following theorem

Theorem 4 The equilibrum position is almost stable if
A4, > 0and is Liapunov unstable if 4, <0 in (19).

After transforming (5) to (20) by a symplectic transformation,
(91-9,» P, apz)f =T,(q, "?27ﬁ1apz)t , where
L 0 0

L
22w

2\/§w2
— 0 0 2L
V2 V2
T,= 202 e 02 , (22)
202 V2
O - Zx/%w % 0
we have
1 ., . O
sz(qf+q22)+w(qlpz—qul)
45, 135'p, 135¢,p; , 45p) (23)

C3nV2w 162w 82w
Comparing (20) and (23), we have

4\/_ w

_ 45 _ 135 __ 135 p  __45
h3000 YN h2001 T Tov2w ? hmoz NI hooos T aow (24)

and h

v, = 0 for otherv,v,v;v,. Sokol’skii [18] also provided
numerical formulas in terms of%,,,,,, to compute 4, in (21) and

then we obtain
38475
- 256w*
By Theorem 4, the equilibrium at the origin is almost stable
which as defined in Moser [16]

4
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IV. UNSTABLE CASES FOR ZERO SOLUTION

For Case 0, 2 and Case 3 with w,/w, =2, we’ll utilize the
results by Sokol’skii [19], [20], and Markeev [12] respectively
to show that the origin is unstable. For Case 1, 5, 6, 7, 8, we use
a theorem by Liapunov to prove the instability for these five
cases.

4.1 Case0

In this case, all four eigenvalues are zero. Sokol’skii [20]
deals with this situation. Let the Hamilton function of the
problem be represented in the form

H=H,+H,+H,+..+H +.. (25)
where the H, are mth-degree homogeneous polynomials in

the generalized coordinates g, and momenta p, (k =1, 2):

H X hy .44 P Dy

m
Y+ +Vy vy =m

(26)

According to Sokol’skii [20], if the rank of the second
derivative of H in (25) at the equilibrium zero is 3, then there is
a symplectic transformation7;, with (4% 2. =T5(G> G- P» P,)'s
to transform H in (25) to a simpler form

- 6162 +Z gvl"z"zv4 ql‘)l

m=3

~vy =vy =y

4, P’ Dy, (6=11)

|

With (27) and by Chetaev theorem [13] (p.43), Sokol’skii
[20] obtained the following result,

Theorem 5 1n (27), if 50003 # 0, then the equilibrum position
is unstable.

From (9), the rank of the second derivative of H in (5) at the
equilibrium zero is 3 when 7, =0 and F, =0 . Following

Sokol’skii [20], we found a slmplectic transformation 7y ,

0 0 0 1
T20010 8)
10 -1 0 0/
-1 0 00

which transform (5) to (27) by (¢,.4,.p,,0,) =
and then we have

TEJ(qlqusﬁl:ﬁZ)t

1., .. 45.
H=2pi =44, b (29)
From (29), we obtain
- 45
Hygps =——#0.

By Theorem 5, the equilibrium atz = 0is unstable.
4.2 Case 1, Case 5, Case 6, Case 7 and Case 8
Lyapunov proved the following theorem:

Theorem 6 [8] Suppose f(z')=0 and z* is a stable
equilibrium point of the nonlinear systemdz/dx = f(z), then
no eigenvalue of DYf(z")has a positive real part.
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For Cases 1, 5, 6, 7, 8, the equilibrium point z = 0is unstable
since there is at least one eigenv- alue with positive real part in
each case.

4.3 Case?2

In this case, two eigenvalues are zero and the other two are
pure imagimary, twi. Sokol’skii [19] deals with this situation.
Let the Hamilton function of the problem be represented in the
form same as (25) and (26). If there is a symplectic
transformation 7, , with (¢,,¢,, P> p,) =1,(4,,G,, P, P,)' , to
transform H in (25) to

1 .., 1 o~
H=5516112+552W(61§+P22)

+Y b, @GPy, (6,=%1, &, =x),

m=3

then with (30) and by Liapunov’s instability theorem [4] (p.45),
Sokol’skii [19] proved the following results:

(30)

Theorem 7 In (30), if /;0030 # 0, then the equilibrium position
is unstable.

Following Sokol’skii [19], we found a slmplectic
transformation 75,
0 = -1 o0
I e
w0 0 o0 [ 31
L0 0 -

which transforms (5) to (30) by
(qlaqzaplapz)[ = TZ (qlanSﬁlaﬁZ)t
and then we have

1, 1 . . N
H:—qu+EW(q§+p§)—mq§.
135 ,_ 135 _ ., 45 _,

P q, P _qup] +Wp1

(32)
From (32), we obtain

. 45

By =————
0300 9/2
2w

#0.

By Theorem 7, the equilibrium at z = 0 is unstable in this
case.

4.4 Case 3, withw,/w, =2

In [12], with Hamiltonian (13) and the assumption

x12002 + ylzooz #0 (33)
where
Xy = —— g _lg i Lg
1002 2w, o~ 5 8o 20 1200 ,
W . W 1
Y102 :_?gomz +2_W22g0210+2_w2g1101 34)

Markeev utilized several canoncial transformations and
applied Birkhoff transformation to remove all third order terms
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except the resonant ones. Then the Hamiltonian (15) becomes,
in the new variables ¢; and p;,

. wy 1 . . 1
H:WZ(qlz +p12)—5W2(C]22 +P22)—5

1. . . . s .
v 2w, (x12002 + onoz)(a 4q, (pzz _‘122) +DP/9,p;) +0O(| 2 |4)

With Hamiltonian (35) and assumption (33), Markeev
proved the following result by means of Chetaev theorem [13]

(p-43).

(35)

Theorem 8 If the inequality xjy, + Vi, # 0 holds for the

Hamiltonian of a perturbed montion, then the equilibrium is
unstable.

Put (18) and (19) in (34) to obtain
, 675
1002 16W§0
Thus, by Theorem 8§, the equilibrium z = 0 is unstable
whenw, /w, =2
At this stage, we are ready to summarize our disscussion
above as follows:

2
X1002 TV #0,

Theorem 9 The zero solution of equation (3) is Liapunov
stable in Case 3 except when w,/w, =2, almost stable in Case 4,
and unstable otherwise.

Fig. 1 illustrates Theorem 9 in the parameter plane (7, F,) .

100

sof €1y
(s}
501}

-100F

-150

0 5

Figure 1: Nine cases in the parameter plane (7,, F;) for
equilibrium (0,0,0,0). The equilibrium is Liapunov stable in
Case 3 except when w,/w, =2, ie., F, =—187} with 7, <0,
the ”***” curve, almost stable in Case 4, and Liapunov
unstable otherwise.

V.5 CASES FOR NONZERO SOLUTION

In order to study the motion near the other equilibrium point
(3#F,,0,0,0) and utilize the results above, we transform (6) to
new coorinates by

~ 4 ~ ~ ~
4 =49 _Ean D=9, =49, 94 =94,.
This transformation to the new coordinates (§,,4,, §;.4.) is

obviously symplectic. So we can perform this change of
coordinates in the Hamiltonian (6) and preserve its structure.
Expanding in the new variables, we obtain
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N T A |
There are no linear terms because the expansion is performed
near an equilibrum and the constant term has been omitted
because it contributes nothing in forming the corresponding
systems of differential equations.
We see that the only difference between Hamil- tonian (5)

and (36) is the cofficients of ¢ and G, , which are 45F, and

(36)

—45F, respectively, i.e., Hamiltonian (5) and (36) are
symmetric with respect to F, =0. Therefore, by considering
the symmetry with respect to £, =0, the results in Theorem 9
for (4,,9,.95,94) =(0,0,0,0) , the equilibrium of Hamilton
equations of (5), can be carried over
for (4,,49,.95-4,) =(0,0,0,0) , the equilibrium of Hamilton
equations of (36).i.e., for (¢,.9,.9:.9,)= (5£,,0,0,0) , the
equilibrium of Hamilton equations of (5).

As before, we divide the parameter plane(z;,F,) into nine

cases as follows, where A’s are the eigenva- lues of the second
derivative of the Hamiltonian (36):

Case 10: 7,=0,F, =0 impliesA =0, 0, 0, 0.
Case 11: 7, e R, F, <0 implies A== rl1, xiw,;7,,w, >0.
Case 12: 7,<0,F, =0 impliesA =0,0,xiw,,; w;, >0.
Case 13: 7,<0,F, >0,(45z,)" —360F, >0

implies A =iwy 5 iw,; Wiy > Wy, > 0.
Case 14: 7,<0, F, >0, (457,)> —360F, =0

implies A = %iw,,,xiw,; w, >0.
Case 15: 7, €R,F, >0,(457,)* —360F, <0

implies A =*a,s +ibs; a,5,b,5 > 0.
Case 16: 7,>0, F, >0, (457,)* —360F, =0

implies A = %7, %r; 1e > 0.
Case 17: 7,>0, F, >0, (457,)" —360F, >0

implies A =75, 2755 7y > 17y > 0.
Case 18: 7,>0,F, =0 impliesA =0,0,%74; >0.

Where the eigenvalues in Case 1j have the same expressions
as the correspond Case j (forj =0, 1,...,8) except the change of
F, to —F, and then we have the following corollary:

Corollary 10 The equilibrium (% F;,0,0,0) of equation (3) is
Liapunov stable in Case 13 except when w5, /W, =2, almost
stable in Case 14, and unstable otherwise.

Fig. 2 illustrates Corollary 10 in the parameter plane (z,, F) .
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150
100 +
»

50

o}l

-50 b

{11}

-100
5

o

Figure 2: Nine cases in the parameter plan (z;,F,) for

equilibrium (4 £,,0,0,0). The equilibrium is Liapunov stable in

_18,2

=7, with 7, <0,
the ”***” curve, almost stable in Case 14, and Liapunov

unstable otherwise.

Case 13 except when wi;, /w5, =2,ie., F, =

VI. NUMERICAL RESULTS

For verifying the stability results, we assume that the bump
b(x) of equation (2) has a compact support on [-1, 1] and solve
(2) numerically as an initial value problem starting from x = -2
on the range-2<x <500by using the classical fourth-order
Runge- Kutta method, which will be called Scheme 1. We
adjust the size of|b|to change the values of dif' /" atx=1,n=
0, 1, 2, 3. The numerical results show that when the values
ofdn"/dx" atx=1,n=0, 1, 2, 3, are sufficiently close to (0, 0,
0, 0) then7(x)is bounded in a neighborhood of (0, 0, 0, 0)
for-2 < x<500if the zero solution is stable. For most of the
unstable cases, 77(x) becomes unbounded as x increases even if
the values ofdn” /dx" at x =1,n=0, 1, 2, 3, are sufficiently
close to (0, 0, 0, 0). This is because the condition that the initial
values are sufficiently close to zero is not sufficient to find a
bounded solution if the equilibrium point zero is unstable.
Another reason is that if the values ofdr]"/dx" atx=1,n=0,1,
2, 3 obtained from our numerical scheme do not match the
bounded solutions at x = 1 in these unstable cases, the solutions
will be unbounded for x > 1. However, there are some
exceptions in Case 1 and Case 5 where bounded solutions exist
on —2<x<500.

VII. CONCLUSION

Nine cases in the parameter plane (7, F,) for equilibrium
(0,0,0,0). The equilibrium is Liapunov stable in Case 3 except
whenw,/w, =2, ie., F, =—%le with 7, <0, the ”***” curve,
almost stable in Case 4, and Liapunov unstable otherwise.

Nine cases in the parameter plan (7;,F,) for equilibrium
(3F,,0,0,0). The equilibrium is Liapunov stable in Case 13

2
31

except when w;, /Wy, =2, ie., F, =—?8 with 7, <0,

the 7***” curve, almost stable in Case 14, and Liapunov
unstable otherwise.

VIII. APPENDIX

Numerical formulas for Theorem 3 and 8
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In [12], Markeev considered the resonance situation
forw=w,/w, =2,3with a Hamiltonian in the form

H=—(p1 +Wg; )— (P +wzqz)+zg‘,‘m

GG Py Py + ) by @35 By By +O( £T)
v=4
where

|Z|:\quz+‘722+ﬁ12+1~722’ V=V Ev, vy,
When w=w, /w, =2, Markeev [12] proved Theorem 8 and

provided numerical formulas for computing X,45> Vg0 in (31)

as follows:
S = G~ G s &
1002 — o111~ A 51002 > 51200
2w, 2 2w
Voo =~ Gy 2 G+ ——
1002 2 0012 2W22 0210 2W2 1101

When w = w, /w, =3, Markeev [12] proved Theorem 3 and
also provided numerical formulas for computing
X003 Y003 bono> fini> and lypg, in (15) as follows:

_ -1
1003 = Y1003 _g(xmzoxomz + Yor20Yoo12) = W2 K2 Vion
)
+X01V1002) 45 (Xi00:X0201 + Vioo2Voror)
3
+5(x0003x0111 + YooosVorn)>
_ 9 -l
Y1003 = Vioos _g(xmz()YOmz = X012 Y0120) = Wa (V002 Vions
)
X011 %1002) + 4W5” (V1002 X0201 ~ Xr002Vo201)
3
+5(yooosx0111 = X003 Yor11)>
27 3
T 2,2 2 2 2
Ly = g + ? Wy (X030 + Vooso) + E (%1020 + Viozo)
9 2 | 2
+— (X120 + Yo120) = = (Kionr + Vo))
10 2
9 4 2
=Wy (Xg01 + Yoo )»
56
L. =h 3
i =M — (x1002+y1002)+ sz(x0012+y0012)
_222+2 _L2+2 )
14W2 (%021 + Yooar) 5 (%0120 * Yora0) = 2(Xo111 %0120
1
+VornYoio) =AW (Xoa01 Y1011 + Xio11 Vo201 )
3
g 2 200 RN 2
Linr = Pz 3 W) (Xo003 + Voo ) — 6W5” (K01 + Voo +
12+2+12+z+322+2
g(xlooz Yioo) 5()‘0111 Yo sz (X012 + Yoor2)
where
1..-17 1 27
Uz = W1h0013 +iwy h1300 Wy By =3 Wy hgy
1
Vigos = —3 MW, honz zh1003 +3W, hlZOI +3mw, h03105
' 2 1
Mg =—3W, hoo4o h4ooo - Ehzozo’

' —1 T
By =w thoozz +w Wz hzzoo Tww, hozzo W Wyl

hr

0202 =

h

2 1
W, h0004 W, h0400 2 Moo02»

5 25
Y0030 = oozo =M &a010>
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(1]

(2]

(3]

(4]

(3]

(6]

(7]

(8]

(9]
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Yoozo = Wl_lglozo - W1_3§3000’

X120 =~ % 100 3 W;]gsoooa

Yiozo =3 W30 +%W1_1g2010’

Xio11 = W&ot — Wflgzoola Yo = W1W51g0120 + W;lwglgzlooa

I R 11 _ ~ e
Xor1 =W Wa&r002 ¥ W1 Wa 2005 Yot = ~Wa&oo12 — W2 o210

Xoz01 = =4 Wa€o102 _%ngg~03oo’

Yooor = %W22g~0003 ~ 800>

X003 = _Wz_lgmoz + W2_3§0300,

Yooos = —&ooos T W;2g~0201’

Xo120 = =3 Ws€oon1 +3 Wl_lgmo + %Wl_zwzgzom >

Yoizo = ~3Wa€o10 =3 W;]W2g~1011 +%W;2§2100’

Xo021 = W;1g0120 _W;1g1011 - W;ZW;1g21001

Yoo = oo — W;1W£1§1110 - w{2§2001,

Xiop =% W1W£1«§0111 ~3&0m 3 Wgzglzooa

Yior =—3 Mooz + 3 W1W;2g~oz1o +3 nggIIOI’

Xoor2 = —&oor2 + Wgzgozlo - W;]W;]gIIOI’

Yooz = _Wz_lgom _Wl_lgmoz +W1_1W2_2g1200’
REFERENCES

Amick, C.J. & Mcleod, J.B.,” A singular perturbation

problem in waterwaves,”
Media 1, 127-148 (1991)
Amick, C.J. & Toland, J.F.,” Solitary waves with surface
tension I: Trajectories homoclinic to periodic orbits in four
dimensions,” Arch. Rat. Mech. Anal. 118, 37-69 (1992)
Amick, C.J. & Toland, J.F.,”Homoclinic orbits in the
dynamic phasespace analogy of an elastic strut,” Euro. Jnl
of Applied Mathematics 3, 97-114 (1992)

B. Buffoni, A.R. Champneys, A.R., Toland, J.F.)”
Bifurcation and colescence of a plethora of homoclinic
orbits for a Hamiltonian system,” J. Dyn. Differential
Equations 8, 221-281 (1996)

Champneys, A.R. "Homoclinic orbits in reversible systems
and their applications in mechanics, fluids and optics,”
Physica D 112, 158-186 (1998)

Coppel, W.A. ”Stability and Asymptotic Behavior of
Differential equations,” D.C. HEATH AND COMPANY,
(1965)

Coppola, V.T. & Rand, R.H. “Computer Algebra
Implemention of Lie Transforms for Hamilton- ian
Systems: Application to the Nonlinear Stability of Z,,”
ZAMM. Z. angew. Math. Mech 69, 275-284 (1989)
Hirsch, M. W. & Smale, S.”Differential Equations,
Dynamical Systems and Linear Algebra,” Academic Press,
New York, (1974)

Hunter J.K., and Vanden-Broeck, J.M ., Solitary and
periodic gravity-capillary waves of finite amplitude,” J
Fluid Mech. 134, 205-219 (1983)

Stability Appl. Anal. Continuous

[10]Iooss, G. & Kirchgéssner, K. "Water waves for small

surface tension: an approach via normal form,”



INTERNATIONAL JOURNAL of PURE MATHEMATICS

Proceedings of the Royal of Edinburgh 122A, 267-299
(1992)

[11]Korteweg, P.J. and de Vries, G. ”’On the change of the form
of long waves advancing in a rectangular canal, and on a
new type of long stationary waves,” Phil. Mag. 39,
422-443 (1895)

[12]Markeev, A.P. ”Stability of a canonical system with two
degrees of freedom in the presence of resonance,” Journals
of Applied Mathematics and Mechanics 32, 766-722
(1968)

[13]Merkin, D.R. ”Intrduction to the Theory of Stability,”
Springer-Verlag, TAM 24, (1997)

[14]Meyer, K.R. & Schmidt, D.S.”The stability of the
Lagrange triangular point and a theorem of Arnold,” J.
Diff. Egs. 62, 222-236 (1986a)

[15]Meyer, K.R. & Hall, G.R. "Intrduction to Hamiltonian
Dynamical Systems and the N-Body Problem,”
Springer-Verlag, 90, (1990)

[16]Moser, J.”New aspects in the theory of stability of
Hamiltonian systems,” Commun. Pure Appl. Math. Vol.11,
No.1, (1958)

[17]Peters, A.D.; Stoker, J.J.”Solitary waves in liquids having
non-constant density,” Comm. Pure Appl. Math. 13,
115-164 (1960)

[18]Sokol’skii, A.G. ”On the stability of an autonomous
Hamiltonian system with two degrees of freedom in the
case of equal frequencies,” J. Appl. Math. Mech., 38,
741-749 (1975)

[19]Sokol’skii, A.G. ”On stability of an autonomous
Hamiltonian system with two degrees of freedom under
first-order resonance,” J. Appl. Math. Mech., 41, no
1,20-28 (1977)

[20]Sokol’skii, A.G. ”On stability of self-contained
Hamiltonian system with two degrees of freedom in the
case of zero frequencies,” J. Appl. Math Mech., 45, no
3,321-327 (1982)

[21]Tsai, Chung-Hsien & Guo, Shy-Jen ” Unsymmetric
Solitary Wave Solutions of a Fifth Order Model Equation
for Steady Capillary-Gravity Waves over a Bump with the
Bond Number Near 1/3.,” Proceedings of the 6th WSEAS
International Conference on FLUID MECHANICS
(FLUIDS'09), pp.94-99, Ningbo, China January 10-12
(2009).

[22] Tsai, Chung-Hsien & Guo, Shy-Jen (2009) ” The existence
of generalized solitary wave solutions of a fifth order
model equation for steady capillary-gravity waves over a
bump with the Bond number near 1/3.,” Proceedings of the
6th WSEAS International Conference on FLUID
MECHANICS (FLUIDS'09), pp.86-89 Ningbo, China
January 10-12 (2009).

[23]Tsai, Chung-Hsien & Guo, Shy-Jen ” Solitary Wave
Solutions of a Fifth Order Model Equation for Steady
Capillary - Gravity Waves over a Bump with the Bond
Number Near 1/3.,” Proceedings of the 7th WSEAS
International Conference on FLUID MECHANICS
(FLUIDS'10), pp. 236-240, University of Cambridge, UK,
February 23-25 (2010).

[24] Tsai, Chung-Hsien & Guo, Shy-Jen ” The existence of
generalized solitary wave solutions of a fifth order model

ISSN: 2313-0571

21

Volume 1, 2014

equation for steady capillary-gravity waves over a bump
with the Bond number near 1/3.,” International Conference
on APPLIED and COMPUTATIONAL MATHEMATICS
(ICACM'11), pp.49-53, Lanzarote, Canary Islands, Spain,
May 27-29 (2011).

[25] Tsai, Chung-Hsien & Guo, Shy-Jen (2011) ” Asymptotic
Solutions and Unsymmetric Solutions of a Fifth Order

Ordinary Differential Equation,” WSEAS
TRANSACTIONS on FLUID MECHANICS 6, 1-11
(2011)

[26] Tsai, Chung-Hsien & Guo, Shy-Jen (2012) “Bounded
solutions of a fifth order model equation for steady
capillary-gravity waves over a bump with the Bond
number near 1/3,” Proceedings of the AMERICAN
CONFERENCE on APPLIED MATHEMATICS
(AMERICAN-MATH '12) ,pp. 145-148, Harvard,
Cambridge, January 25-27 (2012)

[27] Zufiria, J.A. ”Weakly nonlinear non-symmetric gravity
waves on water of finite depth,” J. fluid Mech. 180,
371-385 (1987)





