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Abstract— The existence and uniqueness solution of the Cauchy 

problem are discussed and proved in a Banach space E due to 
Bielecki method and Picard method depending on the properties we 
expect a solution to possess. Moreover, some properties concerning 
the stability of solutions are obtained. The product Nyström method 
is used as a numerical method to obtain a nonlinear system of 
algebraic equations. Also, many important theorems related to the 
existence and uniqueness solution of the algebraic system are 
derived. Finally, an application is given and numerical results are 
obtained. 
 

I. INTRODUCTION 
Any authors have interested in using the semigroups 

methods for partial differential equations. In [1], 
Claeyssen and Schuchman discussed the minimal extension of  
the classical semigroup theory for second-order damped 
differential equations in Banach spaces with closed, densely 
defined linear operators as coefficients. In [2], Picho'r and 
Rudnicki proved a new theorem for asymptotic stability of 
Markov semigroups .In [3],  Ntouyas and Tsamatos studied the 
global existence of solutions for semilinear evolution 
equations with nonlocal conditions , via a fixed point analysis 
approach. In [4], Li and Shaw studied a natural generalization 
of the above two notions to a wider class of operator families, 
called exponentially equicontinuous n-times integrated C-
semigroups. The n-times integrated exponentially bounded 
semigroups of operators, Ν∈n , on a Banach space, especially 
for 1=n , were investigated in [5-10] and applied to abstract 
Cauchy problems with operators which do not generate C0 -
semigroups (see also Bcais [11]). In [12], Mijatovie and 
Pilipovie introduced and analyzedα - times integrated 

semigroups for 





∈ 1,

2
1α . In [13] , El-Borai studied the 

 
M. A. ABDOU  Mathematics Department, Faculty of Education, 

Alexandria University, Egypt (abdella_777@yahoo.com),  
M. M. EL – KOJOK Mathematics Department, College of Sciences  and 

Arts, Qassim University, Saudi Arabia(maha_mko@hotmail.com)   
S. A. RAAD  Mathematics Department, College of Applied Sciences, 

Umm Al-Qura University, Saudi Arabia(saraad @uqu.edu.sa)  
 

Cauchy problem in a Banach space E for a linear fractional 
evolution equation . In his paper , the existence and uniqueness 
of the solution of the Cauchy problem were discussed and  
proved. Also, the solution was obtained in terms of some 
probability densities. In [14], El-Borai discussed the existence 
and uniqueness solution of the nonlinear Cauchy problem. 
Also, some properties concerning the stability of solutions 
were obtained. In [15] Abdou et al., improved the work of El-
Borai in [13] and used the product Nyström method (PNM) to 
obtain numerically the solution of the Cauchy problem . 

In this work , we treat the following Cauchy problem of the 
fractional evolution equation  

,)),()(,,(),(),( txutBtxFtxuA
t

txu
+=

∂

∂
α

α
 

with the initial condition ,)()0,( 0 xuxu =  
in a Banach space E . Here ),( txu  is an E-valued function 

on [ ] ATTE ,,,0 ∞<× is a linear closed operator defined on 
a dense set 1S  in E into E, }],0[,)({ TttB ∈ is a family of  linear 
closed operators defined on a dense set 12 SS ⊃  in E  into E , 
F is a given abstract function defined on ],0[ TE ×  with values 
in E , Exu ∈)(0  and 10 << α .  

II. 1BNONLINEAR FRACTIONAL EVOLUTION EQUATION  
Consider the following Cauchy problem of the fractional 

evolution equation  

,)),()(,,(),(),( txutBtxFtxuA
t

txu
+=

∂

∂
α

α
                (1) 

with the initial condition : ,)()0,( 0 xuxu =                           (2) 
in a Banach space E , where ),( txu is an E-valued function 

on ∞<× TTE ,],0[ ,  A is a linear closed and bounded 
operator defined on a dense set { }],0[,)(,1 TttBS ∈ is a family 
of linear closed and bounded operators defined on a dense set 

12 SS ⊃  in E into E , F is a given abstract function defined on 
[ ]TE ,0× with values in E , Exu ∈)(0  and 10 << α  . 

It is assumed that A generates an analytic semigroup 
)(tQ .This condition implies : 

,0)(and,0)( >≤≥≤ tfor
t
ktQAtforktQ   (3) 
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where ⋅ is the norm in E and k is a positive constant ( see 
Zaidman [16] ). 

Let us suppose that gtB )(  is uniformly Hölder continuous 
in ],,0[ Tt ∈ for every 1Sg ∈  ; that is  

β)()()( 12112 ttkgtBgtB −≤−  ,                               (4) 

for all ],0[,, 2112 Ttttt ∈> , where 1k  and β  are positive 

constants , 1≤β  . 
We suppose also that there exists a number )1,0(∈γ , such 

that  

,)()(
1

2
12 h

t
khtQtB γ≤                                  (5) 

where 01 >t  , ],0[2 Tt ∈ , Eh ∈ and 2k is a positive 
constant (see[13,17,18]).                     
( Notice that 1)( ShtQ ∈ for each Eh∈  and each 0>t ) .  
Also, it is assumed that, the function F satisfies the following 
conditions : 
(i) F is uniformly Hölder continuous in ],0[ Tt ∈ ; that is  

,)(),,(),,( 1212
βttWtxFWtxF −≤− 

                             (6) 

for all  [ ]Ttttt ,0,, 2112 ∈>  and all EWx ∈, , where  and 

β  are positive constants , ,),()(,1 txutBW =≤β  and ⋅ is 
the norm in E . 
(ii) F satisfies Lipschitz condition  

)),((;),(),,(),,( 1≤−≤− ∗∗ txNWWtxNWtxFWtxF , 

(7) 
for all x , EWW ∈∗,  and all ],0[ Tt ∈ , where 1  is a positive 
constant .  
(iii) ).constant  ais(,),,( ∗∗≤  WWtxF                       (8) 
Following Gelfand and Shilov [19], Schneider and Wayes 
[20], we can define the integral of order 0>α  by  

.)()(
)(

1)( 1

0
θθθ

α
αα dfttfI

t
−∫ −

Γ
=  

If  10 << α  , we can define the derivative of order α  by  

))()((,
)(
)(

)1(
1)(

0 θ
θθθ

θ
θ

α αα

α

d
fdfd

t
f

td
tfd t

=′
−

′
−Γ

= ∫  , 

where f is an abstract function with values in E . 
Now, it is suitable to rewrite the Cauchy problem (1) , (2)  in 
the form 

)9()),()(,,()(
)(

1

),()(
)(

1)(),(

0

1

0

1
0

∫

∫

−

−

−
Γ

+

−
Γ

+=

t

t

dxuBxFt

dxuAtxutxu

θθθθθ
α

θθθ
α

α

α

 

Let  ]),0[( TECE ×  be the set of all continuous functions 
Etxu ∈),( , and define on ]),0[( TECE ×  a norm by 

 
EtxTEC txutxu

E
),(max),(

,]),0[( =×
, for all ExTt ∈∈ ,],0[ . 

By a solution of the Cauchy problem (1), (2), we mean an 
abstract function ),( txu such that the following conditions 
are satisfied : 

(a) ]),0[(),( TECtxu E ×∈  and 1),( Stxu ∈  for all 
],0[ Tt ∈ , Ex∈ . 

(b) 
α

α

t
txu

∂

∂ ),(  exists and continuous on ],0[ TE × , where 

10 << α  . 
(c) ),( txu satisfies Eq.( 1) with the initial condition (2) on 

],0[ TE ×  . 
Lemma 1 : 

Let E be a Banach space of elements ),( txu , then 
),( 1dE  is a complete metric space, where  

)0(,),(),(max)),(),,(( )(
,

1 >








−= +− λλ

E

xt
tx

txvtxuetxvtxud . 

(10) 
Corollary 1: 

If E is a Banach space , then for the positive constants L, 
M and 1 , )~,( dE  is    a complete metric spaces , where  

)11(.),(),(max

)),(,),((~

)()(

,
)12(2

122)1(













−

=

+− −

−+

E

xt

tx
txvtxue

txvtxud
TML

α

α
  

   Lemma 2 : 
If  1>λ  and  10 << δ  , then 

tdt
t

1

0

1 )1()( −− ≤−∫ δδ
λ

ηη  ,                                     (12) 

and 

.]11[)1()(
0

1 t
t

edte λδδηλ
δλ

ηη +≤−∫ −                     (13) 

III. 2BTHE EXISTENCE AND UNIQUENESS SOLUTION OF 
NONLINEAR FRACTIONAL EVOLUTION EQUATION  

Here, the existence and uniqueness solution of Eq.( 9) 
and consequently its equivalent Cauchy problem (1), (2), 
will be discussed and proved in a Banach space E by virtue 
of Bielecki method and Picard method . 

      (a) Modified Bielecki method : 
In this method , we will prove the existence and uniqueness 

solution of Eq.(9) for 1
2
1

<< α , and 10 << α  . 

Case (i) : For 1
2
1

<< α  , we consider the following theorem . 

Theorem 1: 
If A and B are linear bounded operators, and F satisfies the 

conditions (7) and (8) , then for 1
2
1

<< α  , Eq.(9) has a unique 

(12) 

(13) 
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solution in a Banach space E . 
Proof : 
Let K~ be an operator defined by  

)14(.)),()(,,()(
)(

1

),()(
)(

1)(),(~

0

1

0

1
0

θθθθθ
α

θθθ
α

α

α

dxuBxFt

dxuAtxutxuK

t

t

∫

∫

−

−

−
Γ

+−
Γ

+=

 

Hence , we have  

.)),()(,,()(
)(

1

),()(
)(

1)(),(~

0

1

0

1
0

θθθθθ
α

θθθ
α

α

α

dxuBxFt

dxuAtxutxuK

t

t

∫

∫

−

−

−
Γ

+−
Γ

+≤
 

Since A and B are bounded operators , there exists positive 
constants L and M such that 

,x,tuLx,tuA )()( ≤ and ,x,tuMx,tuB )()((t) ≤   (15)  
Using the conditions (8) and (15) , the above inequality 
becomes  

.),()(
)(

)()(),(~

0

1
0 θθθ

α
α dxutMLxutxuK

t

∫ −
∗

−
Γ
+

+≤
  

Squaring both sides of the above inequality , then applying 
Cauchy-Schwarz inequality,  we obtain 

)16(.
12)(

;),(2)(2),(~

1

22
1

2
0

2















−










Γ
+

=

+≤

∗

αα
δ

θδ

αTML

xuxutxuK



 

Inequality (16) shows that , the operator K~ maps the ball 
EBr ⊂

1
 into itself , where  

))((,
21

2
02

1

2
2

1 xur =
−

= σ
δ

σ . 

Since ,0,01 >> σr therefore 11 <δ . Also , the inequality 

(16) involves the boundedness of the operator K~ . 
For the two functions ),( txu and ),( txv in E , the formula (14) 
leads to  

.)),()(,,()),()(,,()(

)),(),(()(
)(

1),(~),(~

0

1

0

1







−−+







−−
Γ

≤−

∫

∫

−

−

θθθθθθθθ

θθθθ
α

α

α

dxvBxFxuBxFt

dxvxuAttxvKtxuK

t

t

 

In view of the conditions (15) and (7) , the above inequality 
takes the form  

.),(),()(
)(

)(),(~),(~

0

11













−−
Γ
+

≤− ∫ − θθθθ
α

α dxvxutMLtxvKtxuK
t



Squaring both sides of the above inequality , then applying 
Cauchy-Schwarz inequality, we get  

.
)12()(

),(),(max),(~),(~

0

)()(122
1

2)()(

,

2

12
12

2)1(

12
12

2)1(

θ
αα

θα α
α

α
α

deTML

txvtxuetxvKtxuK

t xT

xtT

tx

ML

ML

∫
+−

+−

−
−

+

−
−

+

−







Γ
+

×













−≤−







Thus , we have  

.),(),(max
)(

1

),(~),(~max

2)()(

,

2

2)()(

,

12
12

2)1(

12
12

2)1(













−







Γ

≤












−

+−

+−

−
−

+

−
−

+

txvtxue

txvKtxuKe

xtT

tx

xtT

tx

ML

ML

α
α

α
α

α





(17) 
In view of (11) , the previous inequality (17) can be adapted in 
the form  

)).,(),,((~
)(

1)),(~,),(~(~ txvtxudtxvKtxuKd
αΓ

≤  

Since 1
2
1

<< α  , then 1
)(

1
<

Γ α
, therefore d~  is a contraction 

mapping . By Banach fixed point theorem , K~ has a unique 
fixed point which is , of course , the unique solution of Eq.(9). 
Case (ii) : For 10 << α , we consider the following theorem . 
Theorem 2 : 
If A and B are linear bounded operators , and F satisfies the 
conditions (7) and (8) , then for 10 << α , Eq.( 9) has a unique 
solution in a Banach space E . 
Proof : 
From Eq.(14) , we have 

.)),()(,,()(
)(

1

),()(
)(

1)(),(~

0

1

0

1
0

θθθθθ
α

θθθ
α

α

α

dxuBxFt

dxuAtxutxuK

t

t

∫

∫

−

−

−
Γ

+−
Γ

+≤

In view of the conditions (15) and (8) , the above inequality 
becomes  

.),()(
)(

)()(),(~

0

1
0 θθθ

α
α dxutMLxutxuK

t

∫ −
∗

−
Γ
+

+≤
  

Using (12) in (17) , we get  

)18(.)max(

,),()1(
)(

)()(),(~

0

1
0

tT

txuTMLxutxuK

Tt≤≤

−
∗

=
Γ
+

+≤ α
λα
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Inequality (18) shows that, the operator K~ maps the ball 
EBr ⊂

2
into itself , where  

))1(
)(

)(,)((;
1

1
20

2
2 TMLxur −

∗

Γ
+

==
−

= α
λα

δσ
δ

σ 

. 
Since 0,02 >> σr , therefore 12 <δ  . Also , the inequality 

(18) involves the boundedness of the operator K~  . 
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For the two functions ),( txu and ),( txv  in E , the formula 
(14) leads to  

.)),()(,,()),()(,,(~     where

,)),(),(()(
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Using the conditions (15) and (7) , the above inequality 
becomes  

.),(),()(
)(

)(

),(~),(~

0
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
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
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

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Hence for 1>λ , we have  

{ } .)(),(),(max

)(
)(),(~),(~
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t
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In view of (13) , the above inequality takes the form  
{ }

{ } )19(,),(),(max

),(~),(~max
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txvtxue

txvKtxuKe
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where 



 +








Γ
+

=
αλα

σ
α 111

)(
)( 1

1
ML   . 

The last inequality (19) can be adapted in the form  
)),(,),(()),(~,),(~( 111 txvtxudtxvKtxuKd σ≤  

If we choose λ  sufficiently large , then we have 11 <σ  ; 

therefore 1d  is a contraction mapping . By Banach fixed point 

theorem , K~  has a unique fixed point which is , of course,  the 
unique solution of Eq.(9) . 
This completes the proof of the theorem .  
(b) Picard's method : 
The formula (9) is equivalent to the following integral 
equation ( see[13]   )  

)20(,),(~))(()()(

)()()(),(

0 0
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0
0

ηθηθηθζηθα

θθθζ

α
α

α
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where )(θζα  is a probability density function defined on 
,),0[ ∞  

,)),(,,()),()(,,(),(~ txWtxFtxutBtxFtxw ==                (21) 
and  

)22(.),(~))(()()()(

)()()()(),(

0 0

1

0
0
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α
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α
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∫
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−

∞

 

Theorem 2: 
The Cauchy problem (1), (2), has a unique solution in the 
Banach space .]),0[( TECE ×  
The proof of this theorem comes as a result of the following 
lemmas . 
Lemma 3 : 
Under the conditions (5) and (7) , the integral equation (20) 
has a solution in .]),0[( TECE ×  
Proof : 
Using the method of successive approximations , the formulas 
(21) and (22) , lead to  

).),(~)))(()()()(

)()()()(,,(),(~

0 0
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0
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θθθζ

α
α

α

α
α
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∫
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Hence , in view of the condition (7) , we get  

[ ] .),(~),(~)))(()(~     where

,~)()(),(~),(~

1

0 0

1
11

ηηθη
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ddwQBttxwtxw
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n
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−

∞
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Using the condition (5) , we obtain 

[ ] )23(,),(~),(~max

)(),(~),(~

1
)(

,

1

0

)(
1

txwtxwe

dteMtxwtxw
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t
x
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−
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−+∗
+

−×
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λ

νηλ ηη
  

where ,  

∫
∞

−∗ >=−=
0

1
1 .1and)(,)1( λθθζθαγαν α

γ dM 

    (24) 

Introducing (13) in (24) ,we have  
[ ]

[ ] .),(~),(~max111

),(~),(~max

1
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We can choose λ  sufficiently large such that  

.1111
<=



 +






∗ µ

νλ

ν
M                                                    (25) 

Hence , the above inequality can be adapted in the form  
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By a successive application of the above inequality , we get  

(22) 
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where  ),(~
0 txw  is the zero approximation which can be taken 

the zero element in the space E. Thus, the series 

∑
∞

=
+ −

0
1 ),(~),(~

n
nn txwtxw converges uniformly in .],0[ TE ×  

Since ∑
=

++ −=
n

i
iin txwtxwtxw

0
11 ,)),(~),(~(),(~  it follows that 

the sequence { }),(~ txwn  converges uniformly in the space 
]),0[( TECE × to a continuous function )),(,,( txWtxF  

which satisfies Eq.(20) for all ],0[),( TEtx ×∈ . 
Consequently, ]),0[(),( TECtxu E ×∈ , where  
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Lemma 4 : 
Under the conditions (5) and (7) , the integral equation (20) 
has a unique solution in ]),0[( TECE × . 
Proof :  
Let ),(1 txu  and ),(2 txu  be two solutions of Eq.(20) , then 
from the formulas (21) and (22) with the aid of condition (7) , 
we have  

[ ] .),(~),(~))(()()()(
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0
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112
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Using the same argument of lemma (3) , we get  
ρµλ ≤−+− ]),(~),(~[max 12

)(
, E

xt
tx

txwtxwe , 

where  ]),(~),(~[max 12
)(

, E
xt

tx
txwtxwe −= +−λρ  

Thus , from (25)  we have  
0]),(~),(~[max 12

)(
,

=−= +−
E

xt
tx

txwtxwe λρ  

This completes the proof of the lemma . 
Lemma 5 : 
Under the conditions (4) , (5) and (6) , the solution ),( txu  of 
Eq.(20) satisfies a uniform Hölder condition .(see [13] ) 
Proof of Theorem 3 : 
By virtue of lemmas (3)-(5) , we deduce that the solution 

),( txu of Eq.(20) represents the unique solution of the Cauchy 

problem (1), (2) in the Banach space ]),0[( TECE × , and 

1),( Stxu ∈ . 
Now, we will prove the stability of the solutions of the Cauchy 
problem (1) , (2). In other words , we will show that the 
Cauchy problem (1), (2) is correctly formulated . 
Theorem 4 : 
Let { }),( txun  be a sequence of functions , each of which is a 
solution of Eq.(1) with the initial condition )()0,( xgxu nn = , 
where 1)( Sxgn ∈ .,...)2,1( =n If the sequence { })(xgn  
converges to an element 10 )( Sxu ∈ , the sequence { })(xgA n  
converges and the sequence { })()( xgtB n  converges 
uniformly on ],0[ TE × . Then, the sequence of solutions 
{ }),( txun  converges uniformly on ],0[ TE ×  to a limit 
function ,),( txu which is the solution of the Cauchy problem 
(1) , (2) . 
Proof : 
Consider the sequences { }),( txfn  and { }),( txun

∗  , where  

,),(),(),( txftxuA
t

txu
nn

n =−
∂

∂ ∗
∗

α

α
 

,)()0,(,)(),(),( xgxuxgtxutxu nnnnn =−=∗  

,),())(()()(),(
0 0

1 ηθηθηθζηθα α
α

α ddxftQttxu n

t

n −−= ∫ ∫
∞

−∗  

and  
).())()(),()(,,(),( xgAxgtBtxutBtxFtxf nnnn ++= ∗  

Thus , we get  

.)()),(,,()()),(,,(

)()(),(),(

xgBtxuBtxFxgBtxuBtxF

xgAxgAtxftxf

mmnn

mnmn

+−+

+−≤−

∗∗
 

Using the condition (7) , we obtain  

.)()()()()()(

]),(),([)(),(),(

1

1

xgAxgAxgtBxgtB

txutxutBtxftxf

mnmn

mnmn

−+−

+−≤− ∗∗



  

Consequently , 

]),(),([))(()(][

.][)()(

)()()()()()(),(),(

0 0

1
1

1

ηηθη

ηθθζηθα

α

α
α

xfxftQtBffQB

ddffQBt

xgAxgAxgtBxgtBtxftxf

mnmn

t

mn

mnmnmn

−−=−

−−+

−+−≤−

∫ ∫
∞

−




 

In view of the conditions (5) and (24) , the above inequality 
becomes  

.)()()()()()(

),(),()(),(),(

1

0

1

xgAxgAxgtBxgtB

dxfxftMtxftxf

mnmn

mn

t

mn

−+−+

−−≤− ∫ −∗



ηηηη ν
  

Given ,0>ε  we can find a positive integer )(εNN =  such 
that  
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,)1(),(),()(

),(),(

2
0

1 εµηηηη ν −+−−

≤−

∫ −∗ dxfxftM

txftxf

mn

t
mn

  

for all NmNn ≥≥ ,  and ],0[),( TEtx ×∈ . 
Using (13), the above inequality takes the form  

εµµ λλ )()( )1(),(),()1( xt
mn

xt etxftxfe +−+− −≤−−  

Thus , for sufficiently large λ  , we get  

ελ ≤−+− ]),(),([max )(
,

txftxfe mn
xt

tx
. 

Since E is a complete space , it follows that the sequence 
{ }),( txfn  converges uniformly on [ ]TE ,0×  to a continuous 

function ),( txf , so the sequence { }),( txun
∗  converges 

uniformly on [ ]TE ,0×  to a continuous function ),( txu∗ . It 
can be proved that ),( txf satisfies a uniform Hölder condition 

on [ ]T,0  , thus 1),( Stxu ∈∗ .  
This completes the proof of the theorem . 
Corollary 2 : 
The integral equation (20) has a unique solution in the Banach 
space ]),0[( TC ×ℜℜ . 

IV. 3BTHE NUMERICAL SOLUTION OF NONLINEAR FRACTIONAL 
EVOLUTION EQUATION  

In this section , we will use the product Nyström method 
(see Linz [21] , and Dzhuraev [22] ) , to obtain numerically , 
the solution of the Cauchy problem (1) , (2) , in the Banach 
space ]),0[( TC ×ℜℜ , where  

.,],0[

,),(max),(
,]),0[(

∞<<∞−∈∀

=ℜ×ℜ

xTt

txutxu
txTC  

For this , we write Eq.(20) in the form  

∫ ∗∗ +=
t

dxuBxFtQtptxftxu
0

,)),()(,,(),(),(),(),( ηηηηηηα  

(26) 
where ,  

 ∫
∞

∗ =
0

0 ,)()()(),( θθθζ α
α dxutQtxf                     (27)              

∫
∞

∗ −=
0

,))(()(),( θθηθζθη α
α dtQtQ                    (28) 

and the bad kernel 
.);0,10(,)(),( 1 ∞<≤≤≤<<−= − TTtttp ηαηη α  

(29) 
Here , the unknown function ,]),0[(),( TCtxu ×ℜ∈ ℜ while 

),( txf ∗ , ),( ηtQ∗  and ),( ηtp are known functions and 
satisfy the following conditions : 
(1') ),( txf ∗  is a continuous function in .]),0[( T×ℜ  

(2') ),( ηtQ∗  with its partial derivatives are continuous 
function in [ ]T,0 .  
(3') ),( ηtp is a badly behaved function of its arguments such 
that : 

(a) for each continuous function ),( txu and ttt ≤≤≤ 210 , 
the integrals  

( ) ,),()(,,),(),(
2

1

∫ ∗
t

t
dxuBxFtQtp ηηηηηη  

and 

( ) ,),()(,,),(),(
0
∫ ∗
t

dxuBxFtQtp ηηηηηη  

are continuous functions in ]),0[( T×ℜ  . 
(b) ),( ηtp is absolutely integrable with respect to η  for all 

Tt ≤≤0 .  
(4') the given function )),()(,,( txutBtxF is continuous in 

],0[ T×ℜ , and satisfies Lipschitz condition  

.)),(max(;)),(),(()(),(

)),()(,,()),()(,,(

,
∗∗∗ ≤−

≤−

LtxNtxvtxutBtxN

txvtBtxFtxutBtxF

tx

 

(30) 
for all ]),0[(),(,),( TCtxvtxu ×ℜ∈ ℜ , where ∗L  is a positive 
constant . 
Remark 1 : 

In view of Corollary (3), the integral equation (26) has a 
unique solution in the Banach space ]),0[( TC ×ℜℜ . 

Applying the product Nyström method , then putting 
xxtt iii ==== η  , hiti = , ,1 ii tth −= + Ni ,...,1,0( = , 

)evenisNand and using the following notations  

,),(,),(,),( ,,,
∗∗∗∗ === iiiijiiiiiii fxtfQtQuxtu η  

,)()),()(,,( ,, iiiiiiiiii uBFxuBxF =ηηη  

the integral equation (26) can be transformed to the 
following nonlinear algebraic system 

)31(),...,2,1,0(                                           

,)( ,,
0

,,,,

Ni

uBFQwfu jjjjj
N

j
jijiiiii

=

+= ∑
=

∗∗ α
 

where , 

)32(.)(,)()(

)(2,)(

2,12,

112,10,

iNiijijji

ijjiii

twttw

twtw

N∗
+

∗

++

=+=

==

αβα

γβ
 

And 

∫

∫

−

−

−−=

−−=

−

−−
∗

j

j

j

j

t

t
jjiij

t

t
jjiij

dtp
h

t

dtp
h

t

2

22

2

22

,)()(),(
2

1)(

,)()(),(
2

1)(

2122

12222

ηηηηηηβ

ηηηηηηα
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)33(.)()(),(
2

1)(
2

22

2222 ∫
−

−−= −

j

j

t

t
jjiij dtp

h
t ηηηηηηγ  

Evaluating the integrals of Eq.(33), where 1)(),( −−= αηη ttp , 
and introducing the results in the values of sw' , we get  

{
}

{ }
{

} ,2222222)2(6

22)2(22)2(
)2)(1(2

,222]222[)2(

)2)(1(
2

,])2()1(2)2(32[

2]222[
)2)(1(2

221

11
2,

2211

12,

2

1
0,

+++

++

++++

+

+

+−−−−+−++

−−+++−+
++

−
=

−−−−+−+−−+

++
=

++++−−

−−++−
++

−
=

ααα

αα
α

αααα

α

α

α
α

α

αα
ααα

α

ααα

ααα

α
ααα

jijiji

jijihw

jijijiji

hw

iii

iihw

ji

ji

i

 

and  

{

} )34(.2222)2(

)2(3)2()1(2
)2()1(2

221

1
,

+++

+

+−−−++−++

−++−++
++

−
=

ααα

αα
α

α

ααα
ααα

niNiNi

NiNihw Ni  

The nonlinear algebraic system (31) represents 
)1( +N equations in iiu , . Therefore , the approximate solution 

of ),( txu  can written in the vector form  

.)(BUFWFU ∗∗ += α                                                (35) 
Or in a matrix form as  

.

)(
.
.
.

)(
)(

...
......
......
......

...

...

.

.

.

.

.

.

,,

1,111,1

0,000,0

,,1,1,0,0,

,1,11,11,10,10,1

,0,01,01,00,00,0

,

1,1

0,0

,

1,1

0,0





















































+



























=



























∗∗∗

∗∗∗

∗∗∗

∗

∗

∗

NNNNNNNNNNNNN

NN

NN

NNNN

uBF

uBF
uBF

QwQwQw

QwQwQw
QwQwQw

f

f
f

u

u
u

α

(36) 
Theorem 5 : 

The algebraic system (31) has a unique solution in the 
Banach space ∞


, under the following conditions : 

)constanta(,sup , isqqf ii
i

≤∗  .                (37) 

)constanta(,sup
0

,, isqqQw
N

j
jiji

i

∗∗

=

∗ ≤∑ .           (38)   

)constanta(,supsup ,, isMuMuB ii
i

iii
i

≤ .      (39) 

The known functions )( ,, iiiii uBF , for the constants 

21 , DDDD >> satisfy  

,sup)(sup ,1,, iii
i

iiiii
i

uBDuBF ≤                         (40) 

.)(sup)()(sup ,,2,,,, iiiii
i

iiiiiiiiii
i

vuBDvBFuBF −≤−  (41) 

Then the algebraic system (31) has a unique solution in the 
Banach space ∞


. 

Proof : 
Let Y~  be the set of all functions { }iiuU ,=  in ∞


 such that 

11 , γγ≤∞


U  is a constant . Define the operator ∗T by  

.)( UBFWFUT ∗∗∗ += α                                        (42) 
From the formulas (31) and (42) , we have  

iuBFQwfuT jjjjj
i

N

j
jiji

i
ii

i
ii ∀+≤ ∑

=

∗∗ ,)(supsupsup ,,
0

,,,, α  . 

Using the conditions (37- 40), we get  

)(, 11 MDqUqUT ∗∗ =+≤ ∞∞
αλλ





.         (43) 

Inequality (43) shows that , the operator ∗T  maps the set 

Y~ into itself , where  .
1 1

1 λ
γ

−
=

q  

Since 0,01 >> qγ , therefore 11 <λ . Also , the inequality 

(43) involves the boundedness of the operator ∗T . 
For the two functions U and V in ∞

 , the formulas (31) and 
(42) lead to  

ivBFuBFQw

vTuT

jjjjjjjjjj
j

N

j
jiji

i

iiii

∀−

≤−

∑
=

∗

∗∗

,)()(supsup ,,,,
0

,,

,, α

 

Using the conditions (38) , (39) and (41), we obtain  

∞∞
−≤− ∗∗





VUVTUT 1λ .                                  (44) 

The previous inequality (44) proves that , the operator ∗T  

is continuous in ∞
 , and under the condition ∗< T,11λ  is 

contractive . Hence , by Banach fixed point theorem , ∗T  has 
a unique fixed point which is the unique solution of the 

nonlinear algebraic system in ∞
 . 

Theorem 6 : 
If the conditions (38) , (39) and (41) are satisfied , and the 

sequence of functions { } { }miim fF )( ,
∗∗ =  converges uniformly to 

the function { }∗∗ = iifF ,  in 
∞
 . Then , the sequence of 

approximate solutions { } { }miim uU )( ,=  converges uniformly 

to the exact solution { }iiuU ,=  of the nonlinear algebraic 

system (31) in ∞
 . 
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Proof : 
In view of Eq.(31) , we get  

.,))(()(supsup

)(sup)(

,,,,
0

,,

,,,,

iuBFuBFQw

ffuu

mjjjjjjjjjj
j

N

j
jiji

i

miiii
i

miiii

∀−

+−≤−

∑
=

∗α
  

The above inequality with the aid of conditions (38) , (39) 
and (41), takes the form  

)1(;
1

1
1

1
<−

−
≤−

∞∞
∗∗ λ

λ 



mm FFUU   . 

Since ∞→→−
∞

∗∗ masFF m 0


, so that 

0→− ∞


mUU  . 

This completes the proof of the theorem . 
When ∞→N , the sum 

;)( ,,,
0

, jjjjjji
N

j
ji uBFQw ∗

=
∑ Nji ≤≤ ,0 becomes

∫ ∗
t

dxuBxFtQtp
0

)),()(,,(),(),( ηηηηηη ,consequently 

the solution of the algebraic system (31) is the same solution 
of the integral equation (26) . The next theorem shows the 
convergence of the sequence of approximate solutions to the 
exact solution of Eq.(26) in the Banach space 

]),0[( TC ×ℜℜ . 
Theorem 7 : 

If the sequence of continuous functions { }),( txfn
∗  

converges uniformly to the function ),( txf ∗  , and the 

functions ),(,),( ηη tptQ∗  and )),()(,,( txutBtxF satisfy, 
respectively , the conditions (2') , (3'- b)  and (30). Then, the 
sequence of approximate solutions { }),( txun  converges 
uniformly to the exact solution of Eq.(4.1) in the Banach space 

]),0[( TC ×ℜℜ . 
Proof : 

The formula (26) with its approximate solution give 

)45(.,0

,),(),(

),(),(max),(),(max

*

0

,,

∞<<∞−≤≤≤∀

+

−≤−

∫ ∗

∗∗

xTt

dFtQtp

txftxftxutxu

t

n
tx

n
tx

η

ηηηα  

Where 

)),()(,,()),()(,,(max
,

* ηηηηηη
η

xuBtFxuBtFF n
x

−=  

In view of the conditions (2') and (3'-b) , there exist two 
constants 21  and cc , such that 

 andctQ ,),( 1≤∗ η  2
0

),( cdtp
t

≤∫ ηη .        (46) 

Hence, the inequality (45) with the aid of (15), (46) and (30) 
takes the form  

.)(;),(),(

)1(
1),(),(

21]),0[(

]),0[(

∗∗
×ℜ

∗∗

∗×ℜ

=−

×
−

≤−

ℜ

ℜ

LMccDtxftxf

D
txutxu

TCn

TCn

α
  

.0),(),(thatso

,as0),(),(  Since

]),0[(

]),0[(

→−

∞→→−

×ℜ

×ℜ
∗∗

ℜ

ℜ

TCn

TCn

txutxu

ntxftxf
 

Definition 1 : 
The consistency error NR  of product Nyström method is 

determined by the following equation  

(47)                                   , )(

)),()(,,(),(),(

0
,,,,

0

∑

∫

=

∗

∗

−

=

N

j
jjjjjjiji

t

NNN

uBFQw

dxuBxFtQtpR
N

ηηηηηη

also, Eq.(47) gives  

[ ] .)),()(,,()),()(,,(

),(),(),(
0

,

NjiNjjjjjjjj

N

j
jijiN

RxuBxFxuBxF

tQwtxutxu

+−×

=− ∑
=

∗

ηηηηηη

η
 

(48) 
Where ),( txuN is the approximate solution of Eq.(26) . 
Theorem 8 : 

Assume that , the hypothesis of Theorem (7) are satisfied , 
then  

0lim =
∞→

N
N

R  .                                                              (49) 

Proof : 
The formula (48) leads to  

.))(()(supsup

)(sup

,,,,
0

,,

,,

Njjjjjjjjjj
j

N

j
jiji

i

Niiii
i

N

uBFuBFQw

uuR

−

+−≤

∑
=

∗
 

Using the conditions (38) , (39) and (41) , we get  
.,...3,2,1, =∀−+−≤ ∞∞∞

∗ NUUMDqUUR NNN


 

Since ∞→→− ∞ NasUU N 0


 (see Theorem (7) ) , it 

follows that 0→∞


NR . 

This completes the proof of theorem .  
Application I : 

In Eq.(26) , let : 

.)()),()(,,(,1),(,10 2txtxutBtxFtQ +==<< ∗ ηα
Thus , we get a nonlinear Volterra integral equation of the 
second kind with Abel kernel 
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)50(,)()(

)2()1(
2

)1(
2)(),(

0

21

2
2

∫ +−+












++
+

+
+−+=

−
t

dxt

txtxttxtxu

ηηηα

αααα

α

α

 

where the exact solution .),( txtxu +=  
The results are obtained numerically in Table 1. which lists 

various values of ]8.0,0[, ∈tx  together with the values of the 
exact and approximate solutions and the error of Eq.(50) . It 
can be observed from this table that : 

1. The error is 0 for 0== tx  . 
2. As x and t are increasing through [0,0.8] , the error is also 

increasing for 98.0=α , 8.0=α and 4.0=α . 
3. As the values of α  are increasing , the values of error are 

also increasing for ]8.0,0[, ∈tx . 

x=t Exact 
4.0=α  8.0=α  

Approx. 
Solution Error Approx. 

Solution Error 

0 0 0 0 0 0 
0.08 0.16 0.079507 0.000493 0.079929 7.0828e-05 
0.16 0.32 0.158409 0.001591 0.159404 0.000596 
0.24 0.48 0.234257 0.005743 0.238186 0.001814 
0.32 0.64 0.312337 0.007663 0.315773 0.004227 
0.4 0.8 0.376563 0.023437 0.39183 0.008170 

0.48 0.96 0.452405 0.027595 0.466214 0.013786 
0.56 1.12 0.513083 0.046917 0.538719 0.021281 
0.64 1.28 0.589233 0.050767 0.608666 0.031334 
0.72 1.44 0.621711 0.098289 0.675075 0.044925 
0.8 1.6 0.693685 0.106315 0.739096 0.060904 

      

x=t        Exact 
98.0=α  

Approx. 
Solution Error 

0 0 0 0 
0.08 0.16 0.079973 2.6855e-05 
0.16 0.32 0.159638 0.000362 
0.24 0.48 0.238938 0.001062 
0.32 0.64 0.31712 0.002880 
0.4 0.8 0.394762 0.005238 

0.48 0.96 0.470214 0.009786 
0.56 1.12 0.545146 0.014854 
0.64 1.28 0.616527 0.023473 
0.72 1.44 0.687461 0.032539 
0.8 1.6 0.753268 0.046732 
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