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Schwartz-Christoffel Transformation applied to
Polygons and Airfoils

Etsuo Morishita

Abstract—Potential flows around polygons and airfoils are
obtained by the Schwartz-Christoffel transformation. Although the
Schwartz-Christoffel transformation is well known, the application to
the flow problems is limited to relatively simple flows. The present
author extended the method to flows around regular and other simple
polygons. This is possible by mapping a circle to a polygon. It is
reminded that a flat plate from the Joukowsky transformation is also
included in the Schwartz-Christoffel one. It is interesting to note that
the Schwartz-Christoffel transformation can be applicable to a
two-dimensional airfoil approximated as a polygon.
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I. INTRODUCTION

chwartz-Christoffel transformation is introduced in text

books of fluid dynamics [1]. However, its applications are
limited to relatively simple flow fields. The
Schwartz-Christoffel transformation was applied to a flow
around a flat-plate rudder [2]. Present author extended the
transformation to two-dimensional airfoils. A two-dimensional
airfoil can be approximated as a polygon like panel methods [3].
In this paper, first we would like to analyze a potential flow
around regular polygons. This can be achieved by mapping a
circle to regular polygons via the Schwartz-Christoffel
transformation. We then analyze triangular, diamond and
hexagonal cross sections. Finally, given airfoil cross sections
are studied.

I1. SCHWARTZ-CHRISTOFFEL TRANSFORMATION FROM A UNIT
CIRCLE TO A POLYGON

The Schwartz Christoffel transformation from a circle to a
polygon can be obtained from Eq. (1) [4].
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Fig. 1. Schwartz-Christoffel transformation from unit circle (a)
to polygon (b)

where A is a complex constant (Az Kei’“), N is the number of
apexes, Z is the complex coordinate of an original plane,
zj(: e, 0,<0,<..<0;..< HN) is the j-th point on a unit circle,
;s the outer angular ratio to 7z at the j-th apex of a polygon
and {=&+in is the transformed coordinate. A schematic

view is shown in Fig. 1.
The following equations must be satisfied in Eq. (1).
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D H=2, ?)

N
Zu,—zj =0, (3)
=

where Eq. (2) represents the fact that the sum of the angular
rotation at each j-th apex of a polygon is equal to 2z and Eq. (3)
is a necessary condition to avoid singularity by Eq.(1) and to
form a closed polygon . Equation (3) becomes

N
2 #0080, =0. (4)

j=1

N
2_#;sing; =0. (5)

j=1
In the transformed plane,

=V,e™. (6)

©

E

dz ), U.e™ (U, S n)

= = =—1e ‘
)y A
dz ),

Therefore the uniform velocity V_and the angle of attack « in

the transformed plane becomes respectively as follows where
K and « are both real constants.

S_V;‘C%w

U
V, === 7
0= (@)
a=a,+K. (8)

Equation (1) becomes on the unit circle z =e' as follows.

.3 1 :
dé’ =A- 22 . elin . eIE(/4101+/1202+...;tN0N) ,(Sin elz_gjﬂ

Hp HN (9)
: sinu sinM do
2 2
U

The surface velocity on the polygon is given by
UocefiozZ _ 0

dw
dw \ dz
2,-ia,

dg [d?j
dz
+i—
e 27

- .1
22 |2 'E(M‘gﬁﬂﬁz*’---#r\l@w)
’ elf

.6 -0Y" (. 6,-0Y" N A
- SIn -| SIn <. SIN
2 2 2

where the circulation becomes
I'=4U_sine, .

Z:elﬂ

z7=¢

A

(10)
and we get
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sin(0—a, )+sina,

LT 1
v 2.e.g2. e'E"‘l”l*/‘z"z*---ﬂwN)
. 91—9#1 . 02_9 Hy ] HN_Q .
dsint—= | sin2—~| -..|sin N~
2 2 5
(11)
The surface pressure coefficient is readily available from
dw|
c,-1- 5k (12)
VOC

Lift and moment can be calculated theoretically from the
Blasius theorems. Numerical summation is also possible.

I1l. REGULAR POLYGONS

A. Flat Plate

It is not common to call a flat plate a polygon, but in the
present context a flat plate can be regarded the first polygon
(equilateral bi-angle). We may put

6,=0. (13)
6,=r. (14)
=, =1 (15)
Therefore Schwartz-Christoffel transformation becomes
dd =-2Asin6do.
¢ =2Acos® (0<6<2r) (16)

Integral constant is taken to be zero in Eq. (16). We can set the

complex constant A= Ke" = K (x =0) and

¢=¢=Kcos® (-K<E<K), (17)
Equation (17) represents a flat plate in the ¢ -plane.
The complex conjugate velocity is given by
dw
(dg’j_sin(6?—ozz)+sinozZ . (18)

V sin@

The Schwartz-Christoffel transformation includes the
simplest case of the Joukowsky transformation [5]. A normal
flat plate can be analyzed similarly.

B. Regular Triangle

Regular triangle case 1. A unit circle is transformed to a
regular triangle by

A+ =2 (19)
14,C0S 6, + 11,008 0, + 14,0056, =0, (20)
14SING, + 14,5IN6, + 1,85IN6, =0, (21)
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We may choose the next three points on the unit circle.
2 2

91=0 92=§7Z' 63=—§7Z'. (22)

Equations (20) and (21) becomes
1 1
H _E/lz _E,US =0.
0- + ﬁ — ﬁ =0
H 2 Hy 2 Hs
With Eq.(19), we get
2
M= Hy =M= 3 (23)

The Schwartz-Christoffel transformation on the unit circle is
2

220 3 )s
A-23j3 smEH _

i

9 _

dz e

w | N

2 3 5
dg“zA-Z{sinEQJ i*d@. (24)

To form a regular triangle, one may put one of the three apexes
at

¢=¢=(0). (25)
In this particular example, Eq.(25) represents the rear stagnation
point. The rest of the remaining apexes can be at

(143

¢, = [—5.7} (26)
(1 B3

&, {-E.-TJ. 27)

The side length of the regular triangle becomes | = /3.
Equation (24) is integrated numerically from

2
¢ to g, {036’3?”] as follows.

2 % 3 % i§ﬂ
K20 (sinEQJ do|=1-e° . (28)

6

5
¢ -& =eiK’eIE”

In this integration, singezo and ¢ must be on a straight line

with inclination angle 5 /6 relative to the & axis. From these
conditions, we have

k=0, (29)
|

2 0, 2
2 (sinsejsde'
2

6

K =
(30)

In the integration from &, to &; (27r/3£ f< 2><27z/3),
Eq.(24) must be
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2 2

.5 =
d¢=K-e*-e® .(-1)-K ~23(—sin29)3 dg. (D)
Also for &to &, (2x27/13<0<27),
2
) iz 4 3
df=K-.e*.e® -(—1)3-(sin§¢9j3~d6' (32)

The complex conjugate velocity along the side of the regular
triangle in the transformed plane is (a =a,+K= az) (Fig. 2)

i) [a)
d¢ d¢ :zé'sin(e—a)+sina_ei%

= 2 (33)
Ve (UWJ sin 39 3
I .
K 2
In Eq.(33),
sin§9=sin§0 (OSHSZ—”j
2 2 3
=(-1) (—sm—&j [2—”s032 2—”)
3 3 (34)

.

Regular triangle case 2. We may select in Egs. (19)~(21)

VR
N
X
N

IN
N
IN
N
B

T V3

O=—"7,0,=—,0,=r. 35
1 3 2 3 3 ( )
Then
1 1
M§+ﬂz'§—/¢3=0.
— .ﬁ_}_ ﬁ—o
Ha 2 H3 2 .
So we get
2
M:ﬂ2:ﬂ3:§~
Therefore
2
) 2
d—§:A23 cosge et
dz 2
iz 2 3 3
d¢ = Ae 223(00559j de- (36)

We may choose three apexes in the transformed plane for
| = /3 as follows.

o-(2-2)

2 2

1 43
¢, _(E""TJ.
g3 =(_1'0)
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We integrate from ) to &, and the argument must equal C. Square

to /2. This means
We can imagine from preceding examples

) Square case 1.

0. ad
L T i that
Cr—61= K'ZE'J‘ COSEH 3dt9 e*.e2.=].e2 37 !
2 . @37 . _
’ ei:E(l—l) (1£|S4)_ (42)
We get therefore
k=0, (38) M:% (L<i<4). W
| We have therefore on the unit circle
° ; dg L (sinze)%
| : 2o = i) SRR (44)
2] (00536’j3d9- (39) @ M
2
1

o
The complex conjugate velocity is given by (see Fig. 2,
lateral coordinate inverted.)

3
d¢ = A-22-i2 (sin26): -d6- (45)

We choose for a square with the side length | = /2 as follows.

5
di 1 g _ i iz
Vé/ =23 .sm(b? a)+szlna -e? ) (40) - Z(:LO)! S =(O,1), ¢ =(—1,0), C4= (Or_l)
) 3 5
[COS 2 0} Integration from ¢ to &, is on the straight line and
The denominator must be interpreted as follows. 16 1 I i3
& —¢i=| K27 [ (sin20)z-do|-e™-e ¥ =1-e4" . (46)
2 2 6
COSEH : = CosE@ Sz <@< r We therefore get
2 2 3 3
2 |
2 3 3(~«x =
=(-1)3| —cos=0 | | =<0<rx 10
Y [ 2 ) (3 j ~ (41) 25~I (sin20)%~d9- (47)
2 6,
4 3 )3 5z
:(—1)3(—cosE¢9J [ﬁﬁ@ﬁ?) xk=0. (48)

The complex conjugate velocity along the square surface is
obtained as follows (see Fig. 3).

g de =2§'sin(0—a)+sina'ei§_ (49)
=] vV . 1
g = (sin20)2
s )
S
2 4
e
f// : M |
-%\\k 0 2
>< -Cp_left face
-1 - -1 0.5 0 1
Fig. 2. Regular triangle —-C, B
(case 1/case 2, uniform flow either from left or right) Fig.3. Square (case 1) -C,
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-Cp_sides

/6/
iV | |
-‘i&k\s\& 0 1 - ija ces 2
\9\*\9%

-1 -

Fig. 4. Square (case 2) —C,
(uniform flow either from left or right in Figs. 3 and 4)

The denominator is treated in the same manner as that of the
regular triangle.

Square case 2. We can imagine from preceding examples
that

6—-T+Z(i-1) (1=iza) 0
4 2
n =% (1<i<4). (51)
We have therefore on the unit circle

1 1
d_§:A22(co§ 20): (52)
dz e'

05 z 53
d¢ = A22e 2(cos 26)2d6- (53)

We may choose for | =+/2 as follows.
o) o)
(gt} ()

Integrate from ¢;to ¢, and the path is vertical.

14 1 ; i~ iz
gz—g“l:{K-Zz-J‘ (cosZH)zde]'e”“e2 =l-e? (54)
o

Then we have

ISSN: 2313-0571

Volume 2, 2015

K= !

14 1
2¢-[ (cos20)2d0 - (55)
o,
xk=0. (56)
The complex conjugate velocity becomes (see Fig. 4)
%)
d¢ :2%-Sin(9_a)+lsina-ei%‘ (57)
Ve (cos 26)2

D. General Regular Polygons

From above calculations, we found for regular polygons as
follows (see also Ref. [5] and [6]).

For case 1 (6’1 = 0)

Flat plate dg _ Aw
dz e
220 5]
Regular triangle g ¢ 23i3 (Slnzej
47 A i0
dz e
11 .
212 (ai -
Square d_é, = Aw )
dz e

For case 2 (6, =—x/n)

d 2cos @
Flat plate de _ A C?gs .
dz e
2 2
: 2
Regular triangle g = AZ—G cos 3 0 ? .
dz e' 2

1 1
d¢  22(cos26):
Pl
dz e
Then we can assume for n-th regular polygon for g, =0

Square

22 2
dg 2"i"( . n _\n
——=A——|sin— 58
dz e'g[ 2 j (58)
dw
d¢ _21—§‘i1—§.sin(9—a)+sina
v, N (59)
(siné’j
2
For a n-th regular polygon for 8, = -z /n
2
) 2
q 2”(00529)
9 A\ 2 (60)

dz e’
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Fig. 5. Regular polygons with even sides N =2m(m=1,2,3,...)
(cf. Eq. (2.6) of Ref. [6])

dw
d¢) _ 217% n sin(0—a)+sina

\V; 2
(cos n&jn
2

In the present setting, A=K and x=0.

It is very interesting to note that the maximum velocity
(maximum for a circular cylinder only) at the shoulder side
surface parallel to the uniform flow is given by equation below
for regular polygons for N=2,4,6,8,..2m,..., where m is an
integer (cf. Eq. (2.6) of Ref. [6]).

i
dZ) _ e

V

©

(61)

(62)
The specific value becomes

for a flat plate (n=2),

22 for a square (n = 4),

o3 forahexagon (n=6),

o4 foranoctagon (n=8),

om for an general regular polygon

with even sides (n =2m).

Note that the power is rather striking, and 2 for a
circle(n—>00).
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IV. POLYGON AIRFOIL SECTIONS

A. Triangular Airfoil Section

For a triangular airfoil, we get

oy + =2 (63)

14,C0S 6, + 11,008 0, + 14,0056, =0, (64)

1SING, + 14,S8IN6, + 1,8IN6, =0, (65)

For a triangle in Fig.6, we get

R (66)
T V4

w=1-2. (67)
T
Vi oa+p

1y =1-L =28 o (). (68)
T T

We can choose 6, arbitrary and 6, =0 and 6, and &, can be

determined numerically.

It can be shown that for0<8<6,

i émii -ijajw(ﬂz,l/rjl 3 0. —6 Hi
dcj=K-22~eL iE T Tfsin- .d@. (69)
=
and from the inclination of the first side
1 3
K=- —7H——Zyj-9] (70)
2 245
We get
6, 3 9 _plH .
S -Gy = K-ZZ-I [ ]sin— do|-e™”
6 = (71)
=1, -e""
Ford, <6<,
6, 3 0. -0 Hj )
Gi-Go=| K22 [ T]6in2 2| do | eilamr
6, = (72)
=1, ,ei‘(lﬁﬂlz)”
Foré,<6<2r
2r 3 9. -6 Hj
C—Cs= K.zz-j]‘[sin j -do
o, i . (73)
LeHlmrmri)r |

3

The constant K can be determined either of the above three
equations.

The complex conjugate velocity is given as follows and a
result for a triangular airfoil by Yonezawa et al. [7] is shown in
Fig.7.
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dw
d¢ =£sin(¢9—az)+sinaz i
vV, 2 31 @-0/" (0<0<6,). (74
[1sin—
i
d in(o— i o
¢ :lsm(g 0,’2)-i-S|nO!Z em—myl—lzfyz(ezseses)' (75)
V. 2 = _gl
I sin—
21

1sin@-a,)+sing, i,

6__6”1' € (93S6S27Z'),
sin—!

Fig. 6. Triangle generation

-1 -
Fig. 7. Triangular airfoil -C, at o =8
(t,/c=0.05at £/c=03 [7])
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Equations (63), (64) and (65) could be equivalent to the
geometrical conditions below.

a+pB+y=2r. (77)
l,cosa +1,cosy =I, . (78)
l;sina =L,siny . (79)

B. Diamond Airfoil Section

A diamond airfoil section is a very popular academic subject
in high-speed aerodynamics. It may be worthwhile to
investigate the low-speed characteristics of the airfoil. A

symmetric diamond airfoil is analyzed as follows.

Mg+ + sy =2, (80)
£4,COS O, + 11, COS O, + 145,COS Oy + 11, €08 6, =0 (81)
14SING, + 14,SIN6, + 14,5ING; + 11,5In6, =0 (82)
Vid V4 V4
6,=0,0,=1x=,0, =2x—,0, =3x—
1 2 X2 3 X2 4 XZ' (83)
The half apex angle is given by ¢ and
T—=20
=ty = =4 (84)
Vid
7—\r—-26
ﬂz=#4=——L;——)=1—ﬂ- (85).

For the first panel 6, (: O) < 0 <6, from the trailing edge with

an inclination 7 — & , we get

0 4 gl
¢, =6 = K'ZZ'J. HSin ! -d@
& . (86)
g3 1
I{Hiﬂgé ﬂjﬂﬁw} —|.gi(m)
where
¢ 1
2 coso ' (87)
Therefore we get
B |
h & 4 0. — 0"
2? I sin —2 -de . (88)
a A 2

3 1
K=7Z'—§—[E7Z'+EE ﬂj9j+ﬂlﬁJ:0' (89)
=l

The complex conjugate velocity is given by
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2 -

-1

Fig. 8. Diamond airfoil section —Cp at ¢ =10°,5 =10°

%)

sin(0 —a,)+sina,

Vv {z i35, m} N 4 (90)
0 2+2 K . 9_0 .
2-e E 1 || sin—t—
[1fn",")
More specifically
dw
d¢ :sin(e—az)+sinaz.e_w
A N -0 . o1
2-| [|sin—
[sn=5
0<0<Z B=-5

gﬂ'SHSZ?Z' =7+

Figure 8 shows a diamond airfoil with the half apex angle

6 =10° and an angle of attack ¢ =10° .

C. Rudder

A rudder problem was solved by Fukatsu [2] many decades
ago and we repeat the solution here because it is one of the most
beautiful solutions of the Schwartz-Christoffel transformation
to the present author’s knowledge.

The conditions are given as follows.

My + g+ =2, (92)
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14, COS 6, + 11, COS B, + 14,008 G, + 11,086, =0, (93)
14SING, + 14,8IN6, + 1,SING, + 14,5In6, =0, (94)
where
o T
=y = [=—J, Ho =y =1 [=—J. (95)
T T
We can choose &, arbitrary and we put as follows.
6 =-0;. (96)
From this we get
0,=7-0,. 97)
using, =sing, | (98)
The Schwartz-Christoffel transformation becomes
—ig; \H i0,
d_:zA.(l_e J .[1_6 J
dz z z
Qlts TH ei(ﬂ—Hz) ' (99)
1= J1-
z z
It was shown elegantly by Fukatsu that
. T+pu H l-u
d e—|¢93 eI03
— Az |1- 11—
4z [ . j [ . J . (100)
—ig, \# ig, \#
z z
i6, -i(z-6,)
z z
We therefore get a closed analytical solution in this case.
e it Lru Qits 1w
;:Az(l— . J [1— - ] +B. (101)

We may choose the root of the rudder locates at the origin
¢= 5:(21): 4(23): 0 (21 =% =" = 23). (102)

and therefore B=0 . Equation (101) can be simplified as
follows.

;{K.zz(sm%)“‘.(smﬂj“}
2 2 . (103)

. eiﬂ . ei(r(—/ﬂg)

The leading edge locates at & =6, = r—6,and

ézl.e.zl'eiir

S 6,-0, )" 0,+06,"
=|K-2 (cos 32 2] (cos%j . (104)
5 eiﬂ . ei(r(—,u03)
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So we can determine x and | as follows.

K=o (105)

T+pu 1-pu
|=2%2.K (cos%} (oos@j . (106)

The trailing edge locates at @ = 6, and

T+pu
(o =160 =K 22 -(sin—63+92j
- 2
-y
'(Sin 93 ;sz .eiﬂ(l—,u) _eizr

T+u 1-u
I’:K~22~(sin¥] -(sin%j . (108)

(107)

The circulation is determined by the fact the trailing edge is
the rear stagnation point and we have

T=470 (o, =0) o, =470 (2, -6,).  (109)

The final form of the complex conjugate velocity is given by

aw sin?=% '

d¢ ) _sin(6-a,)-sin(6, —a,) 2

V. sin@—siné, [ gﬂgsj”' (110)

sin
2
We repeat
a=a,+k
V=
K

I =47KV, sin(a —x—6,).

C - PV, x47KV Sin(a—K—Hz) _ 82K -Sin(a—K—Hz)

1 ..,
—pV-oxce
2pw

The chord length may be defined as follows.

c=l+I

L+pu 1-pu
=K .22 -(cos O _92) -(cos%j

2

1+ [
+K~22~(sin93+92j #-(sin‘%_ezj '
2 2

(111)

The lift coefficient is given by
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2 -
o
<
1
-1 -0.5 0 0.5
élc
-1 <

Fig. 9. Rudder analytical solution—-C, ata =57, 5 =-10°

27 -sin(a—x - 6,)

T o (6o
cos 372 | .lcosB "2
2 2
L+p 1-u (112)
+sin%tl% ) [in®=%
2 2
A good approximation is
C, ~2xsin(a —x—6,)=2x(a - ub, - using,) . (113)
The rudder length to chord ratio is given by
I+u 1-pu
sin?t% ) [gin%=f
" 2 2
¢ 0,-6,)" ( 6,+6,"
3 2 . 3 2
(cos > j (cos 5 j (114)

T+u 1-u
+ Sinu . Sinu
2 2

We can determine 6, and 6, numerically for a given I'/c
together with the relationship usiné, =sing, . From these

angles, we can finally obtain 6, and 8, , then the problem is

solved. A rudder with 6 =—10"at a=10"is shown in Fig. 9.

D. Hexagonal Airfoil Section

A symmetric hexagonal airfoil is used as a stabilizer and the
general relationship becomes as follows.

My o + ey + g+ s+ g =2 (115)
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6
D U =w+25, (126)

j=1
The complex conjugate velocity is given by (see Fig.10
foro6 =15"ata =5")

dw
df ) _sin(0-a,)+sina,
vV, _gl : (127)

N .
” 2~Hsin ’2
j=1

0<6<y

B
y<O0<m—y i
T—y<0<rw Y
B
B
p=

T<O0<m+y o
T+y<0L2r—y

2r—y<0<2rx

0
o
-
T

-1
Fig.10. Hexagonal airfoil -Cjata=5",5 =15
V. GIVEN AIRFOIL SECTIONS
14 COS 6, + 11, COS 6, + 11, COS 6,

+ 1, COS 6, + 11,C0S O + 11,005 G, =0 (116) A given airfoil was analyzed by the Schwartz-Cristoeffel

transformation and it may be called the Schwartz-Christoffel

14,5IN0, + 11, 5IN6, + 11, 5in 6 panel method [2]. The method is repeated here in a more
R ) (117) simpler procedure than that of the original one.

+ 144 SING, + 115 SIN G + 45 Sin G =0 An airfoil is approximated by N panels and along the panel

We may put surface

6,=006,=yx,60,=m—y,
O,=rn,0,=n+y6=2n—y"

&:l

{Ezﬁ Z U; 0J+K} N _6 Hi
(118) d¢=K-2%.¢e = sin -d@. (128)

A half apex angle is 6 and we get [ Z Hy O+ }
d¢=K.22.¢!* o ) Y O SO
= _7r—2x5_l 25 (119) . . } )
=y =—=1-2— _ h _ 2] ) _ 4
7 7 <T1 sin =0 |sin %20 in% =9
5 j=i+l
Mo =y = g = Hg =—. (120) #“
0;,-0\"
g (sm J .do . (129)
L =l,=1,=l,=I (121) 2
l,=l,=c—2-1-cos& _ (122) From these equations, for the panel j
F th f t 1 G4 N g 9/‘1
or the first pane Con—Ci = K.22. J‘ H sin .do
5 % [ —9“ =
&5 K2 j Hsm .do B . (130)
6 = ) (123) {27”%21 -yj-61+rc+7rzl,ul} s
M k+—mt= ) g0+
e 2 21:1/1 “ :I.ei(zz—()‘) where
04 N 9. 9”1
We can show that IizK~22-I sin— do (1<i<N) (131)
o J=1
| and
K:
2P 0" 5 =3 1% 0 +x+xyu (L<i<N)
=—T+—= O K+ U <i<
2 j H do - (124) =TSR M 24, . (132)
e

xk=0. (125) The panel length is |, and the panel inclination is &; ofthe i -th
where we use

ISSN: 2313-0571 10
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panel, respectively.
We have to find proper angle ¢, (1< j<N) on the unit
circle so that the panel length I, becomes exactly the same value

as that of the given airfoil. Therefore for a given airfoil, the
governing equation of the Schwartz-Christoffel panel method
becomes

O

N
.2.
szg

o

Hj

0,-0
2

sin

do=1, (1<i<N). (133)

The initial angle &, on the unit circle can be chosen arbitrary
and we can set ¢, =0. We have N -1 unknown angles
6;(2< j < N). Also we have to determine extra two unknowns,
i.e., the real constant K and x . Therefore we have
N—-1+2=N+1 unknowns altogether, although we have

only N equations. The final equation is a requirement that a
polygon must be closed one and given by

N ) N N
Zﬂjelej[:z p; 0080 +i- ) ﬂjSi”QJ}:O- (134)
=1 i=1 j=1

In the original version, we used this equation [2]. But during the
course of the development, it was found that this equation could
be replaced by

N
> =P,
i=1

where P is the perimeter of the given airfoil approximated
by N panels and it is a constant.

The governing equations are non-linear and the iteration is
necessary to determine 6, (2<i< N), Kand «.

(135)

A possible solution procedure is as follows. A given airfoil
chord locates on the & -axis (O <&lce< 1). The initial guess for

6,(2<i < N) may be given on the unit circle as follows.

9 =2W”-(i—l) (2<i<N).

(136)

The first panel (i :l) inclination measured counterclockwise
from the & axis is =0, and the geometrical condition
becomes

tar1(7r—51)=u

&6 (137)

where the right-hand side is caluculated from the given airfoil

panel coordinate and

T, =T

o, =n—tan
51_52 '

(138)

From Eq. (132) for the paneli , 6, satisfies
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N
o E§7z+12 W0 K+

2 2ja (139)

From Egs, (138) and (139), we can determine x as follows.

3 1N
K=§1—|:E7Z'+7ZM+EJZ_1 -,ujﬂj] (140)

Once « is determined, each panel inclination &(2<i<N)is

also obtained.
We can evaluate each tentative panel lengthl/ relative to K

from Eq. (133) although we do not know the specific value of
the real constant K at this stage.
I_! 5 fa N .
+=22| T pin
K R

[=16.6.)] @<is<N)

Hj

i

(141)

The right-hand side of the above equation is a constant
expressed by 1(6,,6.,,).

For the given airfoil, the exact total panel length, i.e. the
perimeter is given by

(142)

j=1
On the other hand, the perimeter during the iteration is given by

Pr=> Ij=KX, 1(6,,6,.)= K 1(0.27). (143

j=1 j=1
The geometric requirement is P'=P and therefore K is
determined as follows.

P
~1(0,27)
The above procedure is the first iteration (see Fig.11).
We then update the angles 6, (ZS i< N). A simple update

method can be as follows.

Sy I,}

e_new:a_k_[jl - j=1

i-1

(144)

l; . (145)

=1

Eei—k-(ﬁl (2<i<N)

S

where k is a positive constant and may be determined
empirically. The above equation means that when the sum of the
panel length up to i -th panel during the iteration
i1 i-1

Z I}(E s/) exceeds that of the panel lengthz Ij(E s,), the
= =

corresponding 6, is reduced and vice versa. Convergence is

reached when
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0.15 4

airfoil thown
=
0 T 4 |
b 05 1 15
-0.05 - g

in Fig.12. L .

[1] airfoil N panels given

z =e”
aa

[2] assumed,===-(i-1) (2<i<N), determine « from 5,

multiply K

panel length

0

1 11 21 31 41 51 61 71 81
node i

[3] K determined from integral | from airfoil perimeter P

0.004 - A
9{%—:9!70(_51
N
0.002 -
dl= o A e
1((11 21 31 41 51 61 71 81
-0.002 -+ node i
-0.004 -~
-0.006 -
-0.008 -

[4] update &, (2 <i < N)from excess panel length (As/s), and
obtain new x
[5] repeat [3] and [4] to achieve |As/ s|i < & and restore original

airfoil
Fig. 11. Schwartz-Christoffel panel method iteration procedure
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-0.5
Fig.12. 51223 airfoil surface |V| at C, ~1.95 (cf. [8])

-l
| )

(146)

where ¢ is a small positive constant (5 << 1) and we finally
determine 6, (2<i<N), K andx .
The panel surface velocity is given by

)
ij/g = sin(&imid—az)Jrsinaz i

B N 0.—0 . |" . (147)
2-] [lsin 24
[Tfin=
where
g +6
Oy = =, (148)
2
ﬂi=—m—ﬂ+51+7f21ﬂj. (149)
j=
and K
C, :4-(—)~2ﬁsinaz_ (150)
C

The average velocity along the i -th panel can be calculated as
follows.

g—vgv-dg”:(u—iv)-(déﬂdn)
—u-dé+v-dy+ifudyp—vde)- (15D

=V-dl=Vdl

When we integrate counterclockwise along the panel surface,
we get
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L
6 ) 6 dé]

-2KV, [cos(0 - a,)-0-sina, [

Therefore the average velocity along the each panel i becomes
VK [oos(6—a,)-cos(6 ~a)
S '{—(@ﬂ—ﬂ)‘smaz } (152)

v, |
The moment around the leading edge can be derived as
follows.

v
Y

©

2
dCy =-C_ndn-C, &S = ( j ~1|(&dE+mdn) (153)
When the panel average velocity is used, the moment becomes
(excluding -1 term)
— \2 — \2
\ Vil
dCy, ~ [V—J (d& +ndn)= (V—J Ed(éz 7). (154)

So the panel moment contribution can be approximated as

follows.
— \2
1(V
ACy, zz[gj ﬁ§i+1|2 _|§i|z]-

Note that the present method can analyze airfoils with very
sharp leading and/or trailing edges, e.g. Joukowski airfoil [9]
and Gurney flap [10]. The conventional panel methods
generally suffer to solve these problems [11],[12].

(155)

VI. CONCLUDING REMARKS

We apply the Schwartz-Christoffel transformation to
regular polygons and airfoils.

For the regular polygons, the Schwartz-Christoffel
transformation is expressed in a concise simple form and the
aerodynamic characteristics are obtained semi-analytically. For
a regular polygon with even sides n=2m(m=12,3,..), the
maximum velocity at its own shoulder surface is expressed as
2" [(m—l)/m] relative to the incoming uniform flow.

Triangular, diamond and hexagonal airfoils are also
analyzed. A rudder analytical solution is repeated here to show
the usefulness of the transformation.

A given airfoil section is also calculated. An improved
numerical solution procedure is shown.

In spite of the numerical nature of the present method, lift is
expressed in a closed analytical form. Moment is also obtained
numerically (and semi-analytically) based on the analytical
average of the velocity on the each panel.
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