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Abstract—The problem of obtaining estimates of derivatives
with respect to parameters of mathematical expectations of
functionals of diffusion processes with absorbing boundary is
considered in the paper. The problem demands to obtain the
parametric derivatives of first exit times for the random pro-
cesses. These derivatives can be obtained from the differentiation
of the equation which is the result of applying the Ito’s formula
to some function that vanishes on the boundary. The problem
of differentiating the Ito integral, that arises here, is solved
by approximating the Wiener process by a Gaussian one with
exponential correlation function, consistent with the step length
of the Euler method.

Index Terms—diffusion process, first exit time, parametric
derivatives, exponential correlation function, Euler method.

Sually a study of a mathematical model is associated
U with the investigation of the nature of dependence of the
model equations on the parameters. If the problem containing a
diffusion process with absorbing boundary are in the consider-
ation, then estimating the mean values of certain characteristics
of the model is always connected with the first exit time 7
of the process from the domain. This is due to the fact that
theoretically the process can exit from a bounded domain at
any time. Therefore, the first exit time of the diffusion process
is a random value which depends on the parameters, and it
is necessary to study this dependence. In particular, it is of
interest if it is possible evaluating derivatives of 7 with respect
to the parameters. Evaluation of these derivatives is also
important in solution of problems of stochastic optimization
by gradient methods.

In [1] it was proposed an idea of finding estimates of the
parametric derivatives of 7 from the equation that is result of
applying the Ito formula to a function g which vanishes on
the boundary. The main problem here was differentiation with
respect to upper limit of the stochastic integral over the Wiener
process. To overcome this difficulty there was suggested in
this paper to approximate the Wiener process in the stochastic
integral by a Gaussian process with an exponential correlation
function and use the Euler method for the numerical solution
of the stochastic differential equation (SDE). Wherein this
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correlation function matched with the length of the step in the
Euler method. In this paper, the method [1] has been further
promoted and more fully justified.

In [2], [3] a variant of the method is considered when the
function g vanishes on the boundary together with its first
derivatives, but this option requires more stringent constraints
on the smoothness of the input data.

II. STATEMENT OF THE PROBLEM

Let G C R? be a bounded domain with regular boundary
0G. We suppose that we are given a complete filtered probabil-
ity space (Q, F, F;, P), t > 0. Let W. be given d-dimensional
Wiener process W. which is measurable at any ¢ > 0 with
respect to F; and W, — W, for s > ¢ is independent on o-
algebra F;. Let us denote E;, a mathematical expectation
with respect to the probability measure that corresponds to the
random process initiating from the point x at the time item ¢.
Let us introduce for a given time segment [0,7] a space of
random functions h(¢) which are measurable at each ¢ € [0, 7]
with respect to F; and which have with probability one the

T

finite integral [ g°(t)dt.
0

We also enter into consideration Q7 = (0,7) x G a cylinder
in RT xR and an open set U € R™. Forz € G and t € [0, T)
we define a d-dimensional diffusion process X. which depends
on vector parameter § € U, and this process is described by
the following SDE

S

X(0) = LC—I—/a(U7XU(9),9)dU+/U(U7XU(9),9)dWU (1)

t

where @ : [0,00) x R x U — R% and o : [0,00) x RT x U —
R%*? are measurable functions.

We assume that that the following condition holds for the
coefficients of the equation (1).

(A) the functions a, o are bounded and there exists a
constant /C such that for all # € U, v > 0, x,y € Rd,
1,7 € {1,...,d} the following inequality is valid

S

t

|ai(’U, Iye)_ai(v7y7 9)‘+|0ij(vaxa 0)_0'1']'(1}71/7 0)‘ < K‘$—y|

It is supposed in the paper that the absorbing boundary
condition holds, i.e. each path of X. ends when the given
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time interval [0, T] exhausted, or the boundary OG reached.
For such diffusions there are many applications when it is
necessary to evaluate expectations of the type

U’(t7 €, 9) = Et,w [@(XT(G)’ 9)X7'>T
TAT

b, Xr O)xr et + / F0.X,(0),0)d], @)
t

where 7 = inf{v| v > t, X, ¢ G} is the first exit time of
the process X. from G x4 is the set indicator function of a
set A.

It is known that for any fixed # € U under some the value
(2) at the point (t,z) € Qr coincides with a solution of the
parabolic boundary value problem

Lu+ f(t,z,0) =0, te€(0,7), (t,x)€Qr, (3)
uw(T,z,0) = ¢(x,0), =G, 4)
u(t,z,0) = (t,x), (t,x) € Sr, (5)

where St = (0,T) x 0G.
The operator L in the equation (3) is defined as

L= 8t+ Zb”twe Ilmj‘f'zaztmeaxﬁ (6)

1,5=1 i=1

where b;; the elements of the matrix B = oc™.

Sufficient conditions for existence and uniqueness of the
solution of the problem can be found in [4].

We introduce the following assumptions providing existence
and uniqueness of the solution of the problem (3) — (5)
and the possibility of differentiation of the mathematical
expectation (2):

(B) the matrix function B(t,z,6) in (6) satisfies for all
(t,z) € Qr, 0 € U to the condition:

B(t,z,0) > apl @)

for some ag > 0.

(C) the derivatives
da  8%a da 8%a do  9%*c o ot da  do
ox® 0x2° 00;' 0xd0;’ Oz’ 0z’ 00;° 0xzd0;> It° It
are bounded and continuous in [0, 00) x R? x U;

(D) there exist continuous derivatives g—f g“g for all
(x,0) e @ x U;

(E) the function f is continuous on [0,7] x Q for all
0 € U and there exist continuous derivatives % % for all

(t,z,0) € Qr x U.

III. APPLYING THE EULER METHOD FOR THE NUMERICAL
APPROXIMATION OF THE FUNCTIONAL

We define on the interval [¢, T a grid with knots ¢; = ¢+ hi
(i =0,...,N), h = It The approximation of a random
process, obtained by the Euler method, will be denoted by a
bar above. Value of a function at a grid point will be denoted
by the superscript that is equaled to the corresponding node
number.
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Using the notation adopted above, we write the Euler
scheme of calculations

d
+ ha" + \/EZ or&ls

j=1

Xty =X ®)

where o7 is j-th column of the matrix o
standard normal random variables.

Let us denote by 7%V = inf{t; : X;, ¢ G} and by 77 the
corresponding node number, i.e. t;- = 7V

; f;‘ are independent

For all (¢t,z) € (¢,T) x G we will define the approximated
values u(t, z) by the formula
uN (t7 JJ) = Et@ [(p(YtN)XTN>tN + 1/J(TN7 YtN>XTN>tN
N-1
+ Z X~ s, f (i Xo) (b — )] - ©))
i=0

IV. DETERMINATION OF du/900

Further for simplicity we assume that € is a scalar parameter
and U C R is an interval. Sometimes for brevity formulas the
argument 6 is omitted.

Let us differentiate (2) with respect to 6

) 0 )
aﬁqg(twm) = Et,a: [(690 (T XT7 Q)ZT + 87(5(717 XT70>)XT>T
) )
+(SL X, 07, + S8 (r X, 0) ) xeer
TAT
of af
+/ (550, X0, 0)Z, + S5 (0, X,,6) ) dv]| + @(6) , (10)
t
where
0+ AO) — (0
®(0) := A E””<T< Aé 2 )(f(TaXﬁ
)
+£(T,X7))XT<T>. (11)

Our main problem in the paper is to prove that the limit (11)
exists and to obtain a formula of Ju/90 which does not contain
the derivative 97/06.

The process

j( %Y o /( 8

is mean-square derivative 2 80 . It is known that the assump-
tions made previously ensure existence of this derivative [5],
and it can be obtained from the SDE system (1), (12).

In the book [6] it is considered a possibility of change of
white noise in the Wiener integral by a stationary Gaussian
process A having an exponential correlation function

=D -exp(—Plta — t1])

with sufficiently small correlation time.

da
ox

Oa
00

Jo
ox

Oo

Z,(60) o

Z,(6) + 2,(0) + ) W (v)

R (t1,t2) (13)
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In according to [7] a Gaussian process A with zero expecta-
tion and exponential correlation function can be obtained from
the SDE

—BAdv +9dW (v) (14)

where A(0) = Ao is a Gaussuan random value with zero
expectation and variance equaled to . At this )\ the process

A has constant disperion which is equald to D= 2;.
The exact solution of the SDE (14) is the following

t
At) = e P + e_ﬂt/eﬁsﬁdW(s).

0

(15)

To obtain estimates of expectation of the functional contain-
ing derivatives of 7 with respect to , we use this type random
processes for a change white noises in the Wiener integral.

Let f € H[0,7]. We con51der the integrals
Iy = fOT f()dW(v) and I, = fo v)A,dv as integrals
defined in the mean-square sense.

We approximate the integrals Iy and Iy by the correspond-
ing integral sums defined on the uniform grid with the step
h=2.So, Iy, (f) = 02 f(ta) AW,, where AW,, =
W (tny1) = W(tn), and I2(f) = h N0 F(t)A (). Ttis
assumed that f(¢o) is nonrandom or random value independent
of )\0.

It is shown in the theorem below that at specified parameters
of the process A the convergence in distribution of the integral
sums I%(f) to the integral sums I}, (f) is possible.

Theorem 1: Let the process X is a solution of the SDE

2

—BAdv + AW (v). (16)

Then for a given h > 0 the following representation of A
values at the grid points is valid

~¢

e )
Vh
where €, are normal random variables having zero expecta-

tion and variance %; &, are mutually indepen-
dent normal N(0,1) random values. In this case, there is a
convergence in distribution I¥(f) — I (f) at B — oo.
Proof. We will define the parameter ¢ in (14) so that the
approximate equality with sufficient accuracy is valid

1)h)

where &, are mutually independent N (0, 1) normal random
values. At the same time we note that A\((n + 1)h) are
correlated normally distributed random values.

Let us take ¢t = (n + 1)h in(15) and represent A\((n + 1)h)
in the following sum

Atn) =€en + n=1,...,N,

BA((n+ 1)h) = h2E,, (17)

/\((’/l-‘r 1)h) =€n t+ Vn, (18)

ISSN: 2313-0571

57

Volume 2, 2015

where
nh
en = e PIMHDR ) 4 o= BntDh / P2 9dW (s)  (19)
0
(n+1)h
Yp = e~ AFDR P 9dw (s) (20)

nh
The random values ¢,, are correlated , they are normally
distributed, have zero expectation and the variance D,
e 2B 1295 The random values +,, are independent and normally
distributed with zero expectation and the variance D, =
9> (1 —e—28h)
28 , .
We define ¥ from the condition of the second moments
equality
2
Tn)

Using the property of the second central moment of an integral
over the Wiener process we obtain the equality

h?E(1,)% = E(AW (t,))° = h. 1)

(n+1)h (n+1)h
hQE(Vn)2 _ h26—25(n+1)h / 6258192d5 _ / ds.
nh nh
1 22)
28 2

Hence, we obtain 9 = . At this value 1 the

h(1—e—28h
random values h~,, and Aw((tn) are i)(%g’ntically distributed, and
the variance ¢, is equaled to h(le —sry . 1t is evident that
by increasing 3 at the fixed value h it poss1b1e to decrease
the contribution of the random value ¢, into A((n + 1)h),
and respectively to decrease error § obtained as the result of
replacing Aw(t,) on hA((n + 1)h). This error is defined by
the random values ¢,, and it is equaled to

N—-1
§=hY_ fltn)e
n=0

It follows from the definition &,, in (19) that, as f — oo
the mathematical expectation & goes to zero. Indeed, because
the function f a.s. bounded on [0,T] (as f € Hz[0,7]) then
with probability one max f2(tn) < Cy for some Cy > 0.

(23)

Using the Cauchy-Bunyakovskii inequality for mathematical
expectations, we have

1 1
EI5\<hZE|f En\<hz E|f(tn)?)* (Elenl?)®
n=0
1 Te—bBh
<O 0 8 = oo 24)
h(1 — e—28h)
Let us consider the variance of ¢
N-1
QE[ Z FA(tn)e + Zf ElEJ):| (25)
n=0 i#£]
The following inequality for E[f?(t,)e2], n=0,...N —1
is valid _2ph
e
(26)

E[f?(tn)e]] < Cfm-
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Then we define an evaluation of E[f(t;)f(t;)eic;] (4,5 =
0,...,N;i # j). With the help of the Cauchy-Bunyakovskii
inequality we have

E[f(t:)f(t;)eie;] < Cy(Eleie]

2
J

N

)

@7

Let us write the expression for £2e
ih

N+ 23] /
0

2

£ 52 — ¢ 28(i+j+2)h

ePs9dW, +

jh

/

ih jh

e gaw,] + X3 / eBSﬂdWS)ZJr ( / eﬂSﬁdWs)Q}

0 0
ih jh

+4)\§( / eﬂsﬁdws) ( / eﬁdes)

0 0
ih jh

+2)\02K / eﬂSﬂdWS) ( / eﬁsodWS)Q

0 0
ih jh

Jr(/eﬁsﬁde)z(/eﬁsﬁde)]

0 0
2‘|

ih ih
(28)
Hence we obtain the expectation of 7¢?

+( / eﬁsﬁdWs)z( / e gan,)

0 0

94 _ . o
2_2 725 i+j+2)h Zﬁzh 2Bj5h 2B(iNG)h
Eleiej] = e (F+i+2) 452[ + 2Pih | 7¢280NI)
Jr(e?/i(mj)h _ 1)(62ﬁ(1vj) _ e%(l’M’)h) —6
_agn O
— e—4B8h L Ve + Ry;, (29)

where R;; are infinitesimal (at large values Sh) compared to
—46h
e .

Thus, based on (27), (29), we obtain the inequality

o—26h

E[f(t:) f(tj)eics] < thi,gghy (30)

(1

We obtain from (25), (26), (30) the estimate of the variance

of §
C T2 —2Bh

S =y (31)

It follows from E|6| — 0 and Ds — 0 under 8 — oo a.s.
convergence § — 0 when 5 — oo.

Because I7(f) 0 + hZfVOl f(tg)vE, the sum
hZfV 01 f(te)ye is distributed as well as I"(f) and
0 — 0 a.s. when 8 — oo (hence convergence in probability).
Then based on Remark 5 on the page 124 [8] I#(f) — I!(f)
when 8 — oo in distribution. The proof is complete.

Because the normal distribution is uniquely determined by
its expectation and variance, the random values h~y, with
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defined parameter ¢ from the condition (21) can be considered
as increments of the Wiener process.

Let W7 be designation of this process. Similarly,
for an arbitrary set of points {t1,...,t,} C [0,T]
increments W? are defined as AW, _, | =

2B(tk—tk—1)

1
(175(—)) 2 o—Bt ff,f_l ePsdW,.
Random values AW,! _,  are independent for disjoint in-
tervals, they are normally dlstrlbuted with zero expectation and
variance t; —tx_1, i.e. they are distributed as increments of the
Wiener process. Hence, finite-dimensional distributions W7
coincide with finite-dimensional distributions of the Wiener
process. Set of finite-dimensional distributions of the random
process completely define its properties. By the theorem of
Kolmogorov (see, for example, [9], page 110) there is a
random process on [0, 7] that has the same finite-dimensional
distributions as 7. We will for him to use the same notation
W?7. The process W7 is the Wiener process.

Note, if increments of the random process are modeled
using A instead of the Wiener process on a non-uniform grid,
then the variance of W must change according to the length
of the step of the grid. Therefore, it is necessary to define a
new process A\ with parameter ¥ corresponding to the new step
length when the step of grid changes. With this, new process
A starts to move from the node in which the step changes.

It is shown in the next theorem that Ito’s integral
fo v)dW?7(v) can be approximated by the integral of the
type fo V) Apdv.

Theorem 2 Let f:]0,T] x Q@ — R be a random function
from H5|0,T). Then for any € > 0 the parameters of \ can
be defined so that for each t € [0,T)] the following inequality

is valid
/ fw

Proof. Because f € H[0,7] there is a sequence of step
functions f,, that it takes place the mean-square convergence

’/fm YAW ™ (v /f YAW (v

And there are many ways to construct such a sequence. Any
function f,, from the sequence of step functions corresponds
agrid 0 =1t <t < ... <ty =T. We will consider in
the theorm a sequence of step functions defined on uniform
grids. Each function f,,, we assign an integer N, such that
the corresponding step is defined from the equality h,, = Nlm
And it is supposed that N,, — co as m — oo.

Each m specifies a step function f,, that is defined for any
t € [0,T] as follows:

)dv‘ <e.

E‘/f YW (v

—>0 m — oo, (32)

ng—1

= Z f(t’rw w)XtEAtn + f(tnta w)XtZtnta

n=0

fm(t,w
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where n; [:5]; Aty = [tn,tn+1). And the integral Ito
over Wiener process is continuous function with respect to
t € [0, 7] and it is defined by the equality

IW’Y /fm dWV Z .f tnaw)AWt nt1—tn
n<ng

+f( nes W )AWt tn? (33)

WhereAWJ b, = w(u) — w(v) = ,/%e Bu .

feﬂde(s). For any 8 > 0 and u > v the random value

AWJ , is normally distributed and AW, € N(0, (u —
v)%-%). It follows from the Cauchy-Bunyakovskii inequality
for mathematical expectations and mean-square convergency
(32) that for a given ¢ > 0 there exists an integer number

mq(€) such that for m > my () the inequalities hold

/fm )W (v ‘
P

Using the random values ~,, defined for an uniform grid by
the equality (20), the integral of f,, over the process W7 can
be represented as follows:

E’/f YAW ™ (v

E’/f YAW ™ (v % (34)

ng—1

) = him ji: F(tn

- t’ﬂt )f(tnt )’?nt ’

(35)

0/f o (0)AW (v

where 7,, € N (0 (ﬁ

In (35) the length of the last step is less than h,,. Therefore,
in accordance with the comments regarding the non-uniform
grids made before the statement of this theorem it should
define for ¢,,, <t < t,, + hn, the process A\ with parameters
corresponding to the length of the segment [0,t — ¢,,]. This

process denoted as \ is defined by the equation

- N 20
_ —ﬁ(t—tnt)
Mot = €PN+ \/u )1 )
t—tn,
XC_B(t_t"t) GBSdW(S + t’nt)ﬂ (36)
0
where S\tnf is a normal distributed random value with zero

expectatioh and the variance e )(1_:—2%*@—%))'
We obtain from (18), (35) the following

ne—1
hm Z f n n+1 (t - tnt)f(tnt)/\(t - tnt)
nyg—1 _
= 3 F(t)en + (E =t ) f (b, )e 70T,
n=0
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T
+ / fm (0)dW7 () 37
0
As it follows from the proof of the theorem 1, the presence
the factor exp(—pfh,,) in the random values ¢,, entails con-

vergence to zero as 3 — oo of the variance of the random
ng—1

value h., Z f(tn)en

Let us show that for any t € [t,,tn, + hp,] the variance
of & = (t — tn,) f(tn,)e Pt X, converges to zero as
B — oo.

Indeed, the variance of &; is

2 ( tnt>672ﬁ(
f ( Vlt) 1 _2ﬁ(t_tnt)

The limit (38) under ¢ \ tn, can be defined using L'Hopital’s
f* (tn )
d J \"ng )

tny)

Dé, = (38)

rule, and it is equale
The derivative DgE, w1th respect to t is defined from the
equality
—2B(t —t,,) — e~ 2B(t=tn,)
(1— e 2B(t=tn)))2
(39)
From (39) it is clear that the derivative of the function

Dé; becomes negative on the half-interval (ty,,tn, + hm].
Therefore, the variance of &, decreases on (tn,,tn, + huml,

1
(Dz); = (tn)e 00

and its values do not exceed ’cz%l‘) Because f2(t,,) is a.s.
bounded, it takes place the convergence Dé; — 0 as § — oo.
From this fact and from the theorem 1 it follows that the
variance of the random value

ng—1
(tn)en + (¢ — tm)f(tm)eiﬁ(titnt)j‘tnt

n=0
converges to zero as 3 — oo. Consequently, there is a
convergence

nyg—1
E’h Z F(tn)ent(t—tn,) f(tn, e *B“*tmitnt\ 50 8- o0
(40)
because the following inequality is valid
ng—1
E‘h Z ftn)en + (t — tm)f(tm)eiﬁ(tit"t))‘tnt ‘ =
n=0
ng—1

1
B(t_tnt)j\ 2

2
t’”t )

(41)

Therefore, there exists 8(g) that under 8 > S(¢) it follows
from (37) and (40)

ne—1

+ (t - tnt)f(tnt)e_

(E’h Z F(tn)e

E'hm Z f n+1 (t - tnt)f(tm)j‘(t - tnt)
nyg—1
/ Jn AW ()| = Ellon 3 f(tn
n=0
H(t =t ) f(tn, e PUTEIN, | < 9 . (42)
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By definition, the integral fOT f(s)A(s)ds is a mean-square
limit of integrals of step functions. Therefore, there exits an
integer ms(¢) that under m > my((¢) the following inequality
is valid

T

ne—1
‘/f( s)ds — hu, Z ) A (tn41)
0
F(t =t ) f b )Mt —tn,)| < %. (43)

From the inequalities (34), (42), (43), in which 8 > j(e)
and m > max (mq (), ma(g)), it follows

E‘/f )W (v /f

)dv‘ <e.

The proof is completed.

Further we use two lemmas from [3].
Lemma 1: . For any integer p > 1

E,;|T(0+ A8) —1(0)|P - 0 as A — 0 . (44)

Lemma 2: There exists a constant K > 0, such that, as

A — 0
(0 + Af) — 7(0)
Af

For a function r(x, §) such that r € C’l(RdJrl — R) we use
the designation -%r(X.(6),0) = g; 9. (0) + 5 Where 8‘)2'0(9)
is a mean-square derivative.

We shall now proceed to the construction of a method for the
determination of estimates of functional (2) using the change
the Ito integral over Wiener process by the integral of the type
[T f(s)A(s)ds

0 .

It is further assumed that the processes X., Z4(0) are
defined on the base of the Wiener process W7, i.e. X., Z(0)
are solutions of the equations:

< K.

Ei (45)

S S

X;(0) = :v+/a(v,Xv(Q),G)dv+/a(v,XU(Q),G)dW"Y(v)
t t (46)

Z,(0) = / (ggzv(e) + g;‘) dv
+/ (gaz,,(e) + ‘;;) AW (v) 7)

We define a multidimensional stationary Gaussian process

A = (A1,...,Aq). Each component X\;, j = 1,...,d is a
solution of the equation

d/\j = —,8/\de + ﬂdW] (1}) R 48)
where A;(0) = Ajo is a Gaussian random value with zero

. . 2
expectation and the variance ‘29—6.

The formula for du/0 in the next theorem can be considered
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as a variant of the main result in [3], but it was obtained under
less restrictive conditions than in [3] on the smoothness of the
solved problem.

Theorem 3: Let g(t,x) be a function twice continuously
differentiable with respect to x and continuously differentiable
with respect to t. The function g vanishes on OG, and Lg is
not equaled to zero on 0G.

Let the coefficients of the SDE (1) and the functions p, f
satisfy to the conditions (A) — (E).

Then estimates of 3y 9% can be obtained from the equation

Ju B dp dp
550 = Bro| (G20 X0,0)Zr + S2(T. X1, 0) ) xror
s 51/1
(G (7 Xr 02, + So (7. X0, 0) ) xrer
TAT 8f af
+ / (55 (0. X0, 002, + 5 (v, X,.0) ) do] (49)
t
7<f(T7 X,) + G (r, Xr) ]dR(u X(©))dv)x(r < T)) (50)
R(T, X,) g " X
t
where
R(v, X (v)) = (Lg +3 99, -)\4) (51)
I - axl 137%] b
9 (v,X (v))
Aj is a solution of the SDE
d\; = —pA;d 28 dw. 52
j = —BAjdv + h(1L = e 265 i), (52

B is a constant such that 3 > %
Proof. We introduce the designation R/ (v,0) =
Z (6 2(9)) .015(v, Xy (6),0) for a function p € C*(R x

L R).
Applying the Tto formula to g(¢, ) we obtain the equality:

0=g(t ) +/Lg(v,Xv)d“+/ZR§4de(u) (53)
t J

t

()
We add and subtract in (53) the integral [ > RY(v,6) -
t g

Aj(v)dv and rewrite this equation as follows:

T

0=g(t,x)+ /R(U,X(U))d’v + /ZR?(v,e)dW](v)

t J

(54)

—/ZR?(U,Q)/\,(U)dv
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We designate 7(6, Af) = 7(8) AT(6+ Af). Using equations ——R(v X,(0) )} ‘dv
obtained from (54) for 6 and 6 + Af we write the equality dg )
7(6.46) +C’E { 9 R, X,(0), 0)dv] (57)
0=d5| [ (R0, X,(0+20),0 + A0) — R(v, X, (0),0)) dov te do v
c(0+88) (0) 7(0.50) o
H  R(v,X,(0+A0),0+A0)dv— [ R(v,Xu(0),0)dv where C — sup %
f(ﬂé?g) A0) 7(0,A0) (v,2,0)€[0,T)xdG xU " B
7 The derivatives of a;, 0;;, g x, 6 are continuous in G
g 04 19 17 b
+ ff zj: Rj (v,6 + AF) de (v) and hence they are bounded , then for X. the conditions of
7(6,00) mean-square differentiability with respect to 6 are met. The
— [ Y RI(v,0+4 A0)N;(v)dv processes A; have a bounded variance on [0,7] and do not
# et A0) (0,06 dependent on 6, therefore it is easy to show that the first term
_ f Z Rg(v g)de( )+ f S RY(v, 0)A;(v) in the right-hand side of (57) converges to zero as A6 — 0.
t t b J ! Let us show that the second term in the right-hand side (57)
T(3+A9) . . converges to zero as Af — 0. It follows by the definition of
+ ~(9£0) ZJ: Rj(v, 0+ AG)dW (v) the function R that
(600 7(9) J 7(9) J
- (GJ"A ) > RI(v,0 + A0)A;(v)dv <5 (0, Xo(0), 0)dv 25 Lo(v. Xu(0).0)dv +
(0, J
(6) (0) 7(0,00) 7(6,A6)
— [ S Rw0)dW) () + [ ZR?(U,@))\j(v)dv} . () ,
7(0,00) J 7(0,00) ] g
. (55) / > de( 5 (0. X0(0),0)) A, (). (58)
Let us multiply (55) by )ﬁcrw where 7 #(0.00)

R(m, X,
is taken at the parameter value 6. Then we consider a limit

as Af — 0 of the expectation of the right-hand send of the
obtained equality.
Let us show that

lim E { [ Xo) + 57 (1 Xx)
Aboo B [XTO)<T R(t, X;)
7(6,A8)
/ R(v, X,(0 + A6), 0 + AB) —R(v,XU(O),H)dv]
Y,
t
fr, X,) + 92 (r, X,)
= Et,:r |:XT(9)<T R(T )?i) :
o
/ R, X, (9),0)61@} . (56)

t

For this object we write the inequality which is followed
f(r X))+ (r.X5)

from the fact that the random value X, (g)<7* R0

is a.s. bounded.

[ X) + % Xs)

‘Et,m [XT(9)<T

R(r, X;)
#(0,A0)
( / R(v, X, (0 + A8),0 + AB) — R(v, X,,(0),0)
dv
AO
t
7(0)

T
_/ jg R(v, X,(0), 0)dv) || < C/\Em- [Xo<r0.00)
t

R( v, X,o(0+ A), 0+ AB) —
( A9

R(v, X,(6),0)
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Because the derivatives of Lg are continuous in G, the
value - Lg(v, X,(6),0) is bounded. Therefore, mathematical
expectation of the first term in the right-hand side of (58)
converges to zero as Af — 0 by Lemmal

7(0)
‘Em[ / d%Lg(v X, (9)70)dv” < CLE,.|7(8) — 7(0, A0)
7(0,A0)
< ClEt’;E’AT‘ —0 A6 —0 s
where Cy = sup 4 Lg(v, Xu(0),0)|, Ar=

(v,2,0)€[0,T)x0GxU
T(0 4+ A0) —7(0) .
The convergence of the expectation of the second term in
(58) as AG — 0 follows from the inequalities

(0)
Br.| / Zda(ggaw))\jdv}
7(0,00) I
7(0) . 7O i
<3 m|( | (Game) @) (] He)]
7(6,A6) 7(0,A0)
7(0) . 7(0) .
<S[o | (Glae) @]’ 5 [ e
(aAe) 7(0,40)

< Cg(Z/Em/\ﬁdv)Et,w (r(6) — 7(6,A8))* -0 (59)
J

as Af — 0, where Cy = max

ii=1,..., ‘d&(@xﬁ”)
(v,2,0) € [0,T] ><G><U
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We use further the designation R, = R(T, X, 6).
Let us prove that under Af — 0
f(r, Xr) + G (. Xr)
AOR.

Et,x X7(0)<T

7(0+A0) (0)
/R(v, X, (0+ A9), 0+ Af)dv —/R(v, X, (0), 0)dv

7(0,A0)

_Et,:c |:XT(9)<T (f(T’X )

7(6,00)
3¢ AT
(60)

The following equality holds for the integrals in (60)

7(64+A6)

/R(U,

7(0,A0)
T(0+A06)

R(v, X, (6 +nAb), 6 +nAb)dv,

~(6)
X,(0+ A0), 0+ Ab)dv — /R(v, X,(0),0)dv

7(0,A0)

(61)
(6)

where 5 — { 1, if 7(0) < 7(0 + Af),
0, if 7(0 + Af) < ().
Because R is continuous, then by the mean value theorem
there exits v, v € [7(0) AT(0 + AB), 7(0) V 7(0 + AB)] such,
that the equality holds

T(0+A0)
/R(% X, (0 +nA0),0 + nAb)dv
7(6)
= R(v, X, (0 +nA0),0 + nAd)AT. (62)
Let us denote C3 = sup 1]; ((l;fiz))  We
(v,2,0)€[0,T)xOG XU =

rewrite the difference of the mathematical expectations in (60)
taking into account (61), (62) and obtain the following estimate

f(r X0) + 527, Xy)
Et,a: X7(0)<T AOR,
(R(7, X,(6 +1A0), 0+ yA6) — Ry) Ar] <
R(7, X, (0 +nA0),0 + nAB) — Ry12 )\ 2
Ch <Em[ N | a0) "
(ar)*

Ad ) %' (63)

R(v,X(041A0),040A0)— R,

(Et,x

The value of N is bounded when
A6 — 0 because of the continuously of derivatives R in all
arguments and the existence of the mean-square derivative 3{5 .

The value Et,m[(AATe)z} is bounded when A — 0, be-
cause the inequality (15) from [3] for any integer p is valid
Ep2|7(0 + A0) — 7(0)]7 < C(p) #(0,00)(0 + Af) —
X:0,00)(0)] , where 7(0,A0) = 7(0) A7(0 + AB), C(p) is
a constant depending on p.
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So, we have
(AT)? X+(9 26)(0 + Af) — Xz9,00)(0)
< d u <
E’*“’[ Ad } CR)E A6 ‘
X70.00 (9 + A0) — Xz9,00)(0)\2\ 2
et (12002 0=

0X,\2\3
= c)(Fur(535) )

Thus, it has been shown that under A — 0 the right-hand
side of (63) converges to zero, and, consequently the assertion
(60) is valid.

Let us show that under Af — 0 the sum of terms containing
integrals with R? can be close to zero by selecting parameters
of )\7

Really, we have under A6 — 0

7(0,A0)
S S RIw,0+ AW ()
t
7(0,00) !
— [ Y Ri(v,0+ A0)\;(v)dv
y :
7(0,A0) ’ 7(0,A0)
- tf > RY(v,0)dW] (v) + { > RY(v,0)A;(v)dv
J J
7(0,A0) 7(6,A6)
[ S a0V ) =[S R 0 ()
J J
(65)
By the Theorem1 the difference
7(0,40) 7(0,A0)

J

J deeRg(v 0)dW] (v) — f ngRg(v )\ (v)dv

can be approached to zero by selectmg the parameters of ;.

Based on the above considerations, the convergence to zero
of the sum of terms in (55) containing the rest integrals with
the functions Rg in the integrands is evident. The proof of the
theorem is complete.

V. CONCLUSION

The paper proposed and justified a numerical statistical
method for estimating parametric derivatives of functionals of
diffusion processes with absorbing boundary conditions.
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