INTERNATIONAL JOURNAL OF PURE MATHEMATICS

On the local property of © —

Volume 3, 2016

| A, pn | summability of factored

Fourier series

H. OZARSLAN, S. YILDIZ

Abstract- In this paper, a more general theorem con-
cerning the local property of ¢ — | A, p,|, summability
of factored Fourier series has been proved. Also some
new results have been obtained.
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I. INTRODUCTION

Let > a, be a given infinite series with the partial
sums (s,). Let (p,) be a sequence of positive num-
bers such that

n

Pn:va—H)o as mn — oo,
v=0
(P_i=p_;=0, i>1). (D)

The sequence-to-sequence transformation

1 n
=5 D Pusv 2)
m v=0

defines the sequence (o7,) of the (N, p,) mean of the
sequence (s, ), generated by the sequence of coeffi-
cients (py,) (see [12]). The series Y a,, is said to be
summable | N, p,|,, k > 1, if (see [3])

00 Pn k—1
3 (p) |Acn_1|* < oo, 3)
n=1 n

where

Aoy = — v—10y, N> 1. “4)
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In the special case, when p,, = 1 for all values
V, p|, summability is the same
as | C,1 | (resp. |N,p,|) summability. Also if we
take k = 1 and p,, = 1/n + 1, summability | N, p,|,
is equivalent to the summability | R, logn, 1|.

Let A = (ay,) be a normal matrix, i.e., a lower trian-
gular matrix of nonzero diagonal entries. Then A de-
fines the sequence-to-sequence transformation, map-
ping the sequence s = (s;,) to As = (A,(s)), where

s) = Z AnpSy, M =0,1,... (5)
v=0

The series > ay, is said to be summable |A|, ,k > 1,
if (see [23])

> nk=1 ‘AATL(S)VC < 00, (6)
=1

and it is said to be summable |A, p,|,, k > 1, if (see
[22])

o] P k—1 _

> (") AAL(s)]* < oc, @)

n=1 \Pn
where

AAL(s) = Ap(s) — An_1(s).
Let (¢n,) be any sequence of positive real numbers.
The series Y ay, is said to be summable ¢ — | A, py |k,
k> 1, if (see [19])

Z¢ HAAL(s)|F < oo ®)

If we take ¢, = 5—", then ¢ — |A, pp|r summabil-
ity reduces to | A, p,|r summability. Also, if we take
Op = % and a,, = B, then we get |N, pp|r summa-
bility. Furthermore, if we take @, = n, apy = %’; and
pn, = 1 for all values of n, ¢ — |A, p,|x reduces to
|C) 1]k summability Finally, if we take ¢,, = n and
any = -, then we get | R, p, |, summability (see [5]).
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A sequence () is said to be convex if A2\, > 0 for
every positive integer n, where A2\, = A(A)\,) and
ANy = Ay — Mgl

Let f(t) be a periodic function with period 27, and
integrable (L) over (—m, 7). Without any loss of gen-
erality we may assume that the constant term in the
Fourier series of f(t) is zero, so that

| swir=o ©)

hE

f(t) ~ Y (ancosnt + bysinnt) = Z Cn(t), (10)
n=1

n=1

where (ay,,) and (b,,) denote the Fourier coefficients.
It is well known that the convergence of the Fourier
series at t = x is a local property of the generating
function f (i.e. it depends only on the behaviour of f
in an arbitrarily small neighbourhood of z), and hence
the summability of the Fourier series at ¢ = x by any
regular linear summability method is also a local prop-
erty of the generating function f (see [24]).

Before stating the main theorem, we must first intro-
duce some further notations.

Given a normal matrix A = (ay,), we associate two
lower semimatrices A = (@) and A = (i) as fol-
lows:

n
Uno = 3 _ i, v =0,1,... (11)
i=v
and
apo = Qoo = A00; Ony = Apy — Qn—1,v5 (12)
n=12..

It may be noted that A and A are the well-known ma-
trices of series-to-sequence and series-to-series trans-
formations, respectively. Then, we have

An(s) = Z UnySy = Z Ay iy (13)
v=0 v=0
and
AAn(s) = anyay. (14)
v=0

II. KNOWN RESULTS

Mohanty [17] demonstrated that the |R,logn, 1|

summability of the factored Fourier series
C(t)

Z log(n +1) (15
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att = x, is a local property of the generating function
of Y- C,(t). Later on Matsumoto [15] improved this
result by replacing the series (15) by

Cn(t)

2 {loglog(n + 1)}1+e’ € > 0. (16)

Generalizing the above result Bhatt [2] proved the
following theorem.

Theorem 1 If ()\,) is a convex sequence such
that S_n 1)\, is convergent, then the summability
|R,logn, 1| of the series Y Cp(t)A\,logn at a point
can be ensured by a local property.

The local property problem of the factored Fourier
series have been studied by several authors (see [1],
[4], [6]-[7], [9]-[10], [13]-[14], [16], [18], [21]). Few of
them are given above.

Furthermore, Bor [8] proved the following theorem
in which the conditions on the sequence ()\,) are
somewhat more general than Theorem 1.

Theorem 2 Let £ > 1. If (\,) is a non-negative
and non-increasing sequence such that Y p,A, is
convergent, then the summability |N,p,|, of the
series Y C,(t)\, P, at a point is a local property of
the generating function f.

III. MAIN RESULTS

The aim of this paper is to prove a more general
theorem which includes of the above results as special
cases.

Now, we shall prove the following theorem.

Theorem 3 Let £ > 1. If A = (ay,) is a positive
normal matrix such that

Gno=1,n=0,1,..., (17)
Up—1v > Apy, f07’ n>wv+1, (18)
U = O%), (19)

and (%) be a non-increasing sequence. If all the

conditions of Theorem 2 are satisfied and (¢, ) is any
sequence of positive constants such that

m k—1
Z <¢1U3pv> puhy = O(1) as m — oo, (20)

v=1
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o~ (pupo !
Z( ]";) P,AN, = O(1) as m — oo,(21)
v=1 v

then the summability ¢ — |A,p,|; of the series
> Cn(t)Py A, at a point is a local property of the
generating function f.

We need the following lemmas for the proof of
our theorem.

Lemma 4 If ()\,) is a non-negative and non-
increasing sequence such that ) p, A\, is convergent,
where (p,) is a sequence of positive numbers such
that P, — oo as n — oo, then P\, = O(1) as
n — oo and Y P, A\, < oo ([8)).

Lemma 5 Let £ > 1 and s, = O(1). If (\,) is a
non-negative and non-increasing sequence such that
> pnAn is convergent and the conditions (17)-(21)
of Theorem 3 are satisfied, then the series > a, A, P,
is summable ¢ — |A, py, .

Proof of Lemma 5
Let (I,) denote the A-transform of the series
o 1 apAn Py Then, by (13) and (14), we have

Al, = deavPv)\v.
v=1

Applying Abel’s transformation to this sum, we get
that

Al, =

NE

oy Py Ay

v=1

n—1 v n

= Z Av(dm;)\vpv) Z ar + A n P Z Ay
v=1 r=1 v=1
n—1

= Z Av(dnv)\vpv)sv + annAnPnSn
v=1

:ZA
n—1

- Z &n,v—i-lpv-‘rl)\v—‘rlsv + annAnPrsn
v=1
= In,l + In,2 + In,3 + In,4'

n—1

v)A Psv—&—ZanUHA)\ P,s,
v=1

Since
’In,l + [n,Q + In,S + In,4’k
<A (L |* + [Lnol® + [Tn3l* + [1na]"),

to complete the proof of Lemma 5, it is sufficient to
show that

oo
> or M,
n=1

F<oo, for r=1,2,3,4. (22)
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First, by applying Holder’s inequality with in-
dices k and k’, where k > 1 and % + % =1,
we have that

m+1

> on Hnalt
n=2

m—+1 k
< D e {Z\A MP\SUI}
n=2
m+1
= 0(1) ng’;l{va(an kPklsv!k}
n=2 v=1

n—1 k-1
X { Z ’Av(dnvﬂ}
v=1

v=1 n=v+1 Py
- oy (90;””) NePEa,
v=1 v
“ PP\ \kok Po
= O(l)Z( ) NephZY
v=1 Py Py
- PoDv ol k—1
— 0(1)2( 5 ) AoP)* ™ pude
v=1 v
m k—1
Pv
- o> (%)

by virtue of the hypotheses of Lemma 5 and
Lemma 4.
Now, using Holder’s inequality we have that

m—+1

Z ‘Pl;;_lunﬁ‘k
n=2

IN

m+1 n—1 k
Z ‘szil {Z |&n,v+1‘A)‘vPv‘5v|}
n=2

v=1

m—+1 n—1
= 0(1) Y et {Z &n,v+1|kA)\vPv|Sv|k}
n=2 v=1

-1

n—1 k
X {Z A)\UPU}
v=1

m+1 n—1
= O(l) Z 901’271 Z |&n,v+1”&n,v+1‘kilAAvPv
n= v=1
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m+1 n—1
= Z‘PEL ! k 1XZ‘GTLerﬂA)\ P,

w1 enpn \ !
— ZA)\P > ( ””) [—

n=v+1

k—1 m+1
_ ZA)\ P, (901@)) 3 anws]

n=v+1

k—1
_ 0(1)Z<“)]‘f’“) ANP,

= 0() as m— oo,

by virtue of the hypotheses of Lemma 5 and
Lemma 4.
Again, we have that

m+1

> o 8lf
n=2

IN

m+1 n—1 k
Z przil {Z |dn,v+1pv+1Av+13U}

v=1
m+1

= Z‘Pﬁ 12|anv+1’pv v

. _—
X {va)\v}
m+1
= Z(pﬁ 1Z‘anv+1’
m+1

= Z SOk ! k ! Z |an v1[Po Ao
_ (AR Spnpn A
= Z Pov Z |an,v+1|

n=v+1

_ va v<90vpv>

’U

— omy. (“Dpp) Ry

v=1

’dn,v—&—l ‘pv)\v

k—1 m+1

Z |dn,v+1|

n=v+1

= 0(1) as m— oo.

Finally, since P, \,, = O(1) as n — oo, we have that

m
Z 1|In4‘k
m

— Z )\kPk|Sn|k

nnnn

klkl k—1 kpn
§<p An) " p
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— Z lkIP)\) n)\n

n=

m k—1
_ Z (@n}%) Prdn

= O(1) as m — oo,

[y

by virtue of the hypotheses of Lemma 5 and
Lemma 4.
Therefore, we get

m
Z (Pf;l”mr‘k =
n=1

This completes the proof of Lemma 5.

IV. PROOF OF THEOREM 3

The convergence of the Fourier series at ¢ = z is
a local property of f (i.e., it depends only on the
behaviour of f in an arbitrarily small neighbourhood
of ), and hence the summability of the Fourier series
at t = x by any regular linear summability method
is also a local property of f. Since the behaviour of
the Fourier series, as far as convergence is concerned,
for a particular value of x depends on the behaviour
of the function in the immediate neighbourhood of
this point only, hence the truth of Theorem 3 is a
consequence of Lemma 5.

V. CONCLUSIONS

Corollary 1. If we take ¢, = 5—", then we get a
theorem dealing with |A, p, |, summability.

Corollary 2. If we take ¢, = % and a,, = %Z, then
we get a theorem dealing with |V, p,, |, summability.

Corollary 3. If we take a,, = %“, then we have

another result dealing with ¢ — | N, p,, | summability.

Corollary 4. If we take a,, = P and p, = 1 for
all values of n, then we get a result dealing with
— |C, 1|, summability (see [20]).

Corollary 5. If we take ¢, = n, ap, = P—“ and
pr = 1 for all values of n, then we get a result for
|C, 1| summability (see [11]).
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