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On the m-term best approximation of functions and
greedy algorithm

Martin Grigoryan

Abstract- 1t is proved that the trigonometric system pos-
sesses the L'-strong and greedy property. Also it is described
the class of Lebesgue integrable functions such that the error
between function and m-term best approximant with respect
to the trigonometric system has the following behavior -
0 (=), 6> 0.

Keywords-m-term best approximant, trigonometric system,
greedy algorithm.

I. INTRODUCTION

Linear approximations project the function on m vectors
selected a priori. The approximation can be made more
precisely by choosing the m orthogonal vectors depending on
the signal properties.

Non-linear algorithms outperform linear projections by ap-
proximating each function with vectors selected adaptively
within a basis. Let {¢,,(z)} be an orthogonal basis in L?[0, 1]
, and let { f,,,(x)} be the projection of f over m vectors whose
indices are in A,,.

> <[k > r(x), where
kEA,

< f,or >=di(f) ::/0 f(t)er(t)dt.

The approximation error have the form

1
2

rmuw=|f—ﬁﬂgz[éﬁﬂm—ﬁ%mn%4

(5

To minimize this error, the indices in A,,, must correspond
to the m vectors having the largest inner product amplitude
| < f,pr > |- They are the vectors that best correlate f(z)
. So they can be interpreted as the “main” features of f(z) .
The resulting 7,,(f) is necessarily smaller than the error of
the linear approximation, which selects the m approximation
vectors independently of f(z). Let us sort {|dk(f)|}x>1 in
decreasing order

> 1P

k€A,

ldU(k)(f)| 2 |da(k+1)(f)|’ k= 1,2,...5.
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The best non-linear approximation is
Foe (@) = do(ry (F) oty (@).
k=1
For any f(z) € L'[0,1] and m = 1,2, ... we put
1
cr(f) :/ f)e 2™ at k=0,41,42, ... ;
0

Sm(f) = Y erl(f)e®™

|k|<m

We call a permutation o = {o(k)}2, of natural numbers
decreasing and write o € D(f), if

o) (D] 2 eoterny(F)ls k=1,2,... 5 o(=k) = —o(k) .

In the case of strict inequalities here D(f) consists of only
one permutation. We define the m-th greedy approximant of f
with respect to the trigonometric system 7' = {e?7kz} >
corresponding to a permutation o € D(f) by formula

Gm(f) = Gm(f, T, O') = Z Co(k) (f')el??ra(k)x

1< |k|<m

This nonlinear method of approximation is known as greedy
algorythm (see for example [1], [2]).

The greedy algorithm of a function f € Lo 1) with respect
to the trigonometric system is said to converge to f in the
norm of L'[0,1] if

lim
m—00

1
AI&AﬂTJ%*ﬂwwmzﬂ,

for some o € D(f). For more on that algorithm , see [3]-[20].

The above mentioned definitions are given not in the most
general form and only in the generality, in which they will be
applied in the present paper.

Note that G,,,(z, f,T') gives the best m-term approximation
in L?[0,1]— norm

HGm(falllva)_f‘b = Rm(f) = \rlL\nefA ” Zaneﬁﬂkx_fHQ =

1
2
2)

where inf is taken over coefficients a,, and sets of indices

o0

< Z |Ca(n)(f)|
n=m-+1

Awith cardinality |A| = m, and 0 = {o(n)}>2, € D(f)
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It is clear that for each f(x) € L2[0,1], R (f) —

Oasm — oo .
V.N.Temlyakov [3] proved the existance of a function
fo(x) € L 1), such that

lim
m— 00

/ |G77L(fo,T7 0')|d,]j‘ = +oo .
0

In this paper we prove the following results.

Theorem 1. (L-strong and greedy property). For any € > 0
there exists a measurable set E C [0,1], with measure
|E| > 1 — € such that for any function f(x) € Ljo 1) one
can find a function g(x) € L[0,1] equal to f(x) on E such
that its Fourier series and greedy algorithm with respect to the
trigonometric system converges to g(x) in the Lio,11- norm.

Theorem 2.Let f € L?[0,1] be a periodic function with
period 1 and let 6 > 0, if

/1 / [f(e+1) -
0 0

then

dxr < o0,

fla—tP 1
(In 2)6

Ri(f) =

Z lex(f

fll2)* <

1
)(lnk —1In2)?

(NGm(f, ¥, 0) -

lnk:

and

R2(f) = o (mﬁk) (R2(F)Ink)") = Oask — o)

Theorem 1 is a consequence of the more general theorem,
wich is stated as follows.

Theorem 3. For any € > 0 there exists a measurable
set E C [0,1], with measure |E| > 1 — € such that for
any f(x) € Lo}, some g(x) € Ly, g(z) = f(z) on E
and a rearrangement {o;(k)}2°  (o0p(—k) = —os(k)) of
integers 0,+1,+2, ... can be found, such that

D o) (9)] > |¢o k1) (9)]; VR 20

2) ||ﬁm(9)\| <3llgll < 12|f1l 5 limyseo [[Gin(9) —
g|l=0

3) |||5"m(9)\| <3llgll < 1201f1 5 limy oo [[Sim(g) —
gll =0

With respect to the theorem 3 the following questions
remain open.

Question 1. Can one take modified function g(z) and
rearrangement {os(k)} to satisfy conditions 1)-3) as well as

series Z Cop(k)(9)e

k=—o00

i2mo (k)x converges almost everywhere?

Question 2. Is it possible to choose the rearrangement
o (k)Y in the theorem 3 independent of f?
f

k=—o0
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Question 3. Is it possible to choose the function g(x) in the
theorem 3 such that

lek(9)] > lexr(9)ls Yk =0

In connection with questions 2 and 3 we know the following
results

Theorem 4. Let T = {e??™*@} 7>  the trigonometric
system.Then its elements can be rearranged so that the result-
ing system {e?2m@(K)2} > hag the folowing property:

for any 0 < e < 1 there exists a measurable set E C [0, 1]
with measure |E| > 1 — ¢, such that for any function
f(z) € LY0,1] there exists a function g(z) € L'0,1]
coinciding with f(z) on E and such that the sequence
{le,u, (@)] s k € spec(g)} is monotonically decreasing and the
seriesy o 1 Co(n) ()€™ ®Zconverges in  L'[0,1] ( where
spec(f)) is the support of cx(f), i.e. the set of integers where
ck(f) is non-zero).

Note that in 1939 Men’shov [21] proved the following
fundamental theorem.

Theorem (Men’shov’s C-strong property). For every
measurable, almost everywhere finite function f on |0, 2]
and every € > 0, there is a continuous function f. such that
Hz € [0,27]; fe(x) # f(x)}| < € and the Fourier series of
the function f. converges uniformly in [0, 27].

In 1988 we were able to show that the trigonometric system
possesses the L-strong property for integrable functions: for
each ¢ > 0 there exists a (measurable) set E C [0, 27| of
measure |E| > 2m — € such that for each function f(z) €
Lo 2] there exists a function g(x) € L[lo’%] equal to f(z) on
E and with Fourier series convergent to g(x) in L[0 27)” DOTM
(see [25)).

After Men’shov’s proof of the C-strong property, many
“correction” type theorems were proved for different systems.
We are not going to give a complete survey of all the research
done in this area. For details we refer to [22]-[27].

Remark. In the D. E. Men’shov’s above theorem, the
”singular” set e, where f(z) is changed, depends on f(x).

Whereas in the theorems 1 and 3 of this paper the “’singular”
set does not depend on f(x).

For ¢ > 0, we put

flleaney = HF Ik

Z|Ck

G(In?) = {f(x) € L*[0,1];

with Z len(f

?In?k < oo}
and

G™>(In?) = {f(z) € L*0,1]; with i |co ) (f)? In? k < oo},
k=1
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where {o(k)}?2, the permutation of natural numbers such A. Proof of Theorems 3 and 4

that [co k) (F)| = |¢o(h41)(f)], Vhk = 1 and Let 0 < € < 1. An application of lemma 1 with regard

to the sequence of trigonometric polynomials with rational

1l ney = Z |Co(i) (f)|* In? k. coefficients that we denote by
k=1
{fe(@)}iZ0, (1
In [28 ] it is proved that if Y ;- | |cx(f)[P < 0o, p<2 then b=t
hold Jachson inequality: leads to some sequences of functions {gx(x)}72 ;| sets {Ej}
, and polynomials
IAlls, 1 A )
Ri(f) < . , (where ||fll, = [ Y lex (/)] Tl _
P ]{? -1 =1 Z ak;n elQﬂkm — Qn(flf') —
|k|l=mp_1
and Ri(f) =0 —=— ).
* oW ®) ) _ ()
n i2mo T n —(n
= a ereman ,mo=1,a ;=a;,’; (2)
Conversely, if Ri(f) = O(——) then Z lek ()7 < oo, Z on (k) 0 k k (
= [k|=mn_1
for all p < g. where {0, (k) km:",;iil (on(—k) = —on(k)) is some rear-

In this paper we prove rangement of natural numbers m,,_1, m,—1+1, ..., my, —1 (for

any fixed n). Besides, the following conditions are satisfied:
Theorem 5. If a function f(x) € G>(In?), ¢ > 1 then

£l 1 9 (@) = fulx), x€ En, 3)
Ry (f) < —
g—1 (Ink —1n2)e
and ) |Bp| > 1 — e4 8002 4)
Ri(f)=o <h1‘1—11<:>
Conversely, if Ri(f) = O (1) then f(z) € G(In?) for any / | foo ()| da </ 19, (z)|dz < 3- / fo(@)|dz,  (5)
p<q-—1.
1/2
II. PROOF OF THE THEOREMS </ ’Q )’ dm) < 478(n+2) (6)

In the proof of Theorem 3 we will use the following

Lemma 1. For any ¢ > 0, any f(z) € L[0,1] with 1 iawan(t) 1
fol |f(z)|dx > 0 and any Ny > 1, there exists a measurable mn—?i%(<mn/(; Z ao'n we S 3/0 | fr(2)|de,
set E C [0,1], a function g(x), as well as a polynomial Q(x) -

(7
N .
_ Z akeﬂﬂ'kw
|k|=N, (n) pi2mke <
0 m”i{rg}\)fzm”/ Z a, dr <3 |fn )|dx,
and a rearrangement {o(k)}f_y, of natural nambers F=mn 1 ®)
Ny, ..., N, which satisfy the conditions:
D) |E[>1—¢ a, >a > oY) > 0,
2) g(z) = f(z), z€E ) o (k)| as, ’““‘ 192, 41|
3) %fo ‘f(fﬂ)|df£ S fo |g(£§)|d1} S 3 f() |f(l’)‘dl’, vk € [mn—lamn - 1]7 n 2 1. (9)
1 3
4 [y 1Q(@) - gla)dz]* < e,
0 e (n) 2H4780ED 8(n+2
5) Yiki=no laxl*Te <, ‘ ‘ < 4=8(n+2), (10)
6) |aory| > lagks1)l >0, Yk € (No, N), k| =mn_1
1 m 2k
K HNosman Jo |Eiki=n, axe™™ ‘dm < Taking
3f0 |f(x)|dx. -
1 i2mo(k)x
8) maxny<m<n fy |2 (kj=np Gotiye """ < E=()E., (11)
1
3f0 |f(l‘)|dl‘ n=1
9) o(—k) =—oa(k) we have |E| > 1 —e. (see (4)).
Proof. This lemma is proved analogously to lemma 2 of Let f(z) € L'[0,1]. Then by (1) one can easily choose a
[29]. subsequence { fi, (x)}52; such that

ISSN: 2313-0571 28
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1| N
A/ n;fkn@c) — f(z)|dz =0, (12)
1
/ | fr, (2)| do < E-47830F2) > 9, (13)
0
where € = min{g; || f||} and fx, (z) is of the form
ml,l—l A My, —
Z bkezQﬂ'k}w _ Z b*( )6227ro
|k|=0 |k|=0
[bk| > [brt1] >0, VK| € [1,m, ], (14)

and & (|k|)- is some rearrangement of natural numbers
1,2,.my, — 1 (@(—k) = —&(k)).
We evidently have

€
[ 156 - fu@lae < 5 (1s)
Now set
bk, ke [17m,,1);
=1 (16)
a,’, k€mp_1,my), n>v+1
o(k), ke|l,my,);
o (k) (k) [ ) an
on(k), k€ mp_1,my), Yn>uvy + 1.
my, —1
g1(z) = Qi(x) = fr,(z) = Z aa(k)emm(k)”. (18)
|k|=0

Suppose we already have determined the numbers v <

<uq1,m,1—1fl()<l(2)< < lq —

1), {bl(k)}k 1» the functions g, (z), fu, (z), 1<n<g¢g-1
and the polynomials

M’V‘L M?’I,
Z akeiQ‘n'kw _ a (k)eiZTrU(k)a:
- (e b
|k‘:Mn ‘kl:M"
Mn =My, -1, Mn =My, — 13 Ml > Nl
satisfying the conditions:
gn(x):fkn(x): xEEvnv 1§n§q_1a
1
[lon@lds <47 e 1<nq-1
0

)y (@) + by 10) — gy ()

k=2

dr <

/

<48t < p<g—1, (19)

I(n)=min{k e N: k¢]I[l,m,]U

ISSN: 2313-0571 29
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U, 7,1 ) U ot

i N
max / Z 12”‘7(1")“' dr < 473" 1<n<qg-1.
M,<N<M, v
N
227rk;1: 3n
max__ dr <47" 1<n<qg-1.
M, <N<M, v

lagz, | > |biny| > lanr, |

We choose a natural number v, and a function f, (x) from
the sequence (1) such that
1
{(Qn(x) +0

/ o) - () - 3

') ei?ﬂa(l(n))w) _

—gn(x)D do < 4780a+2), (20)
laary)| < Ibig—1)l, where My =m,, 21
(see (10) and (16)). Then by (13) and (19) we have
1 q—
/ Z |:< + bl zQ'n’U(l(n)):c) _
0 —
—gn(x)] dr < 478171,
Therefore by (20) we have
1
/ | fo, (@)| da < 4739 (22)
0
We define
Mq
Qur) =Q,,(x) = D ape®™*
k=M,
Mq =My, — 1, Mq = My,—1, (23)
gq(.’L') = fkq(‘r) + [guq<x) - fl/q(‘r)L (24)
() =min{k e N: k¢][l,m,]U
q—1
u (U [Mn,Mn}> U{l(s)} 21}, (29)
n=2
bi(g) = min (48(q+3); ;lanl) : (26)
Then in view of (3)-(7), (16), (19)-(26) we get
9q(z) = fi, (), =€ By, (27)
1 1 q—1
@it < [ [~ (50 - X [(@+
=2
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)

erl( )GZQWUU( i)z ) — gj(:Z?):| de <4734,

1
+bl(j)ei2m(l(j))x> — gj(x) d:):—i—/ 9, (x)|dz+
0

[ S (o

Jj=2

(28)

q—1

Z [(Q] x) + by )612”“( e ) —g;(z)

/ 1 du <
gllm( (
~50)))

|:<Qg +bl 12770(1(]))90)

9o, (@)|dw < 478D,

q

-2

Jj=

1
dt+ by |+ / Q. ()
0

(29
1 N )
maxﬁ/ Z aa(k)ezZﬂ'U(k)x dr <
MySN<MqJ0 |13,
1
<3 [ If,@ldo <47, (0)
0

max__ / Z akeﬁrrkx dx<3/ |fy )|de < 4~ 3q
Mg<N<Mg4Jo
! ‘ |k|=M,
(€2
lag(ar,| > - > Aoy > ... > |agz, | >
> |bl(f1)| > |an+1|7 Vg > 1. (32)

Clearly, we can use induction to determine a sequence
{gq(z)} of functions, numbers {I(q)}52s, {bi(q)};<> and a
sequence {Q,(x)} of polynomials satisfying the conditions
(25)- (32) for all ¢ > 1.

choice of {o(k)}?2,,

Takinig into account the
{[My, M,]}52, and {l(q)}32, (see (17), (23), (25)) we

obtain, that the sequence of natural numbers

o(1)...o(m,, —1); 1(1),0(M3)...0(Ms);
s 12), e l(n—1),0(My)...0(k)...o(My); 1(n).... (33)
is some rearrangement of sequence 1,2, ...,n, ....
We may write the sequence (33) in the form
o3 (1), 03(2),...,05(k), ...
o .
We define function g(z) and series Z da;(k)e””f(k)r in the
k=1
following form
ng z); =Q1(z) = fr, (2) =
ml,lfl
— akeiQTra(k)x7 (34)
k=1

ISSN: 2313-0571 30
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o] ) my, —1 -
Z dU?(k)ezZﬂ'crf(k):c _ Z ag(k)6127TJ(k)I+
k=1 k=1
oo Mn )
+ Z aa(k)ezZﬂ'a(k)x + bl(”)eﬁﬂa(l(n))m (35)
n=2 |k|:Mn
where {dg;(k)}g’;l-is a sequence
Ao(1)+++Ao(m,, 1) Vu(1)s Qo (M0 a7 )3 bi2) s -+ i(n—1)s

s Ao(My)-Qo (k) -0gar 3 Di(n)s Qo (M)

From this and from (11), (12), (21), (26), (27), (32)-(35)
follows that

ldoo )| > ldosory], VE 21,
Z |di|" < 00, Vr > 2,
k=1

g(z) € L[lo,l]v

Let N > M; be an arbitrary natural number. Then for some
natural ¢ we have

g(z) = f(z), =z €E.

N, <N < Ngii,

where

q
Ny=M +1+ ) [My— M, +2] Vq>2.
k=2

The relations (26),(28)-(35) imply that

w20 ()| do <
< / Z [(QJ(:E) + bl(j)eﬂm’(l(mw) - gj(:c)} dx+
N o
1 m
+ / s(x)|dx+ max g€ 2R qpt
Z |g | M, <m<M 0 |k|¥M (k)
+|bl(q)| <271,
IIGn(9)||L = Zc o(k)esz ®)z| gy
00 1 N
< max g€ 2R g | +
*,; MHSNSM,L/O ,E%[ ®

0o 1 [e'S)
+Z|bp<k>\s2/ g (@)[de + €3 4™
k=1 0 n=1

1 1
<3 [ lotoldr <12 [ 1i@de



INTERNATIONAL JOURNAL OF PURE MATHEMATICS

Similarly, one can show that

1S () mf/

1SN (9)l] < 3/0 lg(z)|dx < 12/0 |f(z)|dx .

Consequently

i2rkx

dr <2719,

(z)

1
0

1
(A= [ glo)e ™o = i(9)
0
Theorem 3 is proved.
Now we will prove that the system {e?27o(k)z} 2 and
set £ (see (11) and (17)) satisfy the conditions of theorem 4.
Repeating the arguments in the proof of theorem 3 for each

f(z) € L'[0, 1] we can use induction to determine a sequence
of polynomials {Q,(z)} from the sequence (2) of the form

my, —1

>

|k|=

Qn()

i2mwo(k
270 ( )ac7 ‘CLU(

Ag(k)e 0| > o1y >0,

My, —1
k S [mVn—17mVn)7 n Z 171/71 /‘

and a function g(x) € L'[0,1] coinciding with f(x) on E
satisfying the conditions

31

1

My, —

i27ra(k):r:)

Ag(k)€ —g(x)|dx < 272 i >1

=My, -1

/

m

>

|k|=rma, 1

a”(k)ei%ro(k)w) _ g(x) dr <

max

My, —1<m<m,,,

<27 . mn>1

Theorem 4 is proved.

B. Proof of Theorems 2 and 5

We need the following elementary result:
Lemma 2. Let m be an arbitrary natural number. Given

any finite sequence {xj}}7_, of non negative integers and a
monotonically increasing finite sequence {yx}}_,. Then

m m
Z To(k)Yk < Z TrYk,
k=1 k=1

where {o(k)}7", is a permutation of positive integers such
that To(1) > To(2) > .2 To(m)-

ISSN: 2313-0571
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Proof Let m = 2 and let x5 > 27 and y; < y2. We have
0 < (22 —21)(y2 — y1) = 2y2 + 2191 — (T2v1 + T1Y2),

hence

Z To(k)Y

It is not hard to see that using the mathematical induction
methods we can obtain inequality a) for each natural m.

2

oY1 + To2)Y2 = T2y1 + T1Yy2 < Zxkyk
k=1

Lemma 3. Given any sequences {zj}72; and {yx}3,,
with

>0, and 0<y; <yo < ...<yp < ...

then
(o] oo
T yk <D TRk,
k=1 k=1

where {o(k)}72, is a permutation of natural numbers 1,2, ...,
such that {5} \«

Proof. We may assume that

o0
Z TrYr < O0.
k=1

Let {o(k)}72, be a permutation of natural numbers 1,2, ...
such that

To(1) 2 To(2) 2 v 2 To(k) = -

For any natural number s we set
N, =max{o(k); 1<k<s}.

N, for {:ck}kNil and {yk}kNi1 we

Ny Ng oo
Zl’a(k)yk < Zfﬂkyk < Zxkyk-
k=1 k=1 k=1

Since z > 0 and y; > 0 we obtain

Using lemma 2, with m =
get

Z%(k)yk < Zxkyk, for all s>1,

k=1 k=1

what completes the proof of lemma 3.

From lemma 3 we obtain the following
Lemma 4. G(In?) C G™>(In?) for all ¢ > 0, and ||f||g~ <

1l

Proof . Using lemma 3 with 2, = |c,(f)|? and yp =
In’k, ¢ > 0, Vk > 1 we have if f(xz) € G(In?) then
f(x) € G>(In?) and || f]|e~ < ||f||lg (see definitions G (In?),
G >(In%)).

It is not hard to see that there exists a function fo(z) €
G™(In?) but fo(x) ¢ G(In?), ¢ > 0.

Proof of Theorem 5. Let f(z) € G >(In?),q > 0.
From the definition of G ™>(In?) we get ||f|lc~
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Z |co*(k

the natural numbers 1,2, .

|Ca(k)(f)| > |Ca(k+1)(f)| > ..

2In?k < oo, where {o(k)} is a permutation

, which

We put

Z |Ca(k) |2 In? k.
From this we have
2k—1
Fleoy (NP Ik < oo ()7 In?s < A(f)-

Hence

)\k(f)
kEln?k’

|Cote+1) (P < leou (F)I? <

From an approximation’s error we obtain

= Z |Ca'(s)(f>
s=k

1
Z sln?s =

=141

|2 < )\[g](f)

 dx 1
< Au(f / — = <A ()
2] ) (x) zInfz (2] (g —1)(In[%])a-
Since lim x(f) = 0 and Me(f) < |17l -

We get
1
Ri(fy=o——]),
20 =0 (g
/1~ 1
Ri(f) < g—1 (lnkj—an)q—l’Vk>2'

Conversely suppose that there exists C > 0 such that

RAf)<C—r, a> 0,k > 1.

1
In? k
Since

00 2k

Z |Ca(s)(f)|2 >

s=k+1

Ri(f) =

s=k-+1
then
1

[Cotrrn) (FI* < leaan (I < Crrss k(lnk)e’

Hence,if p<g—1(@—p>1)
1

Z |Ca(k) hlk p < QCZ W

which completes the proof of Theorem 5.

< 00,

In the proof of Theorem 2 we will use the following theorem

of P.L. Ul‘yanov [30].

Let a w(t) be a nonnegative function, increasing in (0, 1]
x)dx=00 and let for an constant C and for all § €

with fo
(0, 1]

% f06 2?a(z)dr < C f; «

—2/ z2a(x)dr < C / a(x)dz,
0% Jo 5

ISSN: 2313-0571
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Then the condition

/01 /Ol[f(x +1) = fz - t)Pa(z)dr < o,

is equivalent to

) < oo

S e ()Pl
k=1

From this theorem we obtain that the condition

Aiﬁ%ﬂx+w;

fw =P 50,

1
(In ;)5dx < 00,

is equivalent to

E]%

lnk) * < o0

Hence and from Lemma 4 and Theorem 5 (with ¢ = 1+)
we have the proof of Theorem 2.
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