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Abstract—We consider the Cauchy problem for the
Schrödinger equation with cubic convolution in space dimension
d ≥ 3. We assume that the interaction potentialV belongs to the
weakLd/σ space with2 ≤ σ < d. We prove that if the initial data
ϕ is sufficiently small in the sense of the Sobolev spaceHσ/2−1

and either ϕ or its Fourier transform Fϕ satisfies a real-analytic
condition, then the solutionu(t) is also real-analytic for anyt ̸= 0.
We also prove that ifϕ and V satisfy some strong condition, then
u(t) can be extended to an entire function onCd for any t ̸= 0.
We remark that no Hσ/2−1 smallness condition is imposed on
first and higher order partial derivatives of ϕ and Fϕ.

Index Terms—Nonlinear Schrödinger equation, Analytic solu-
tion, Hartree term,

I. I NTRODUCTION

I N this paper, we establish an extended result of main
theorems in [23]. We consider the Cauchy problem for the

nonlinear Schr̈odinger equation of the form{
iut +∆u = F (u),
u(0, x) = ϕ(x).

(1)

Here, u is a complex-valued unknown function of(t, x) ∈
R × Rd, d ≥ 3, i =

√
−1, ∆ is the Laplacian inRd, F (u)

denotes(V ∗ |u|2)u, which is called the Hartree term or cubic
convolution, and∗ is the convolution inRd. Throughout this
paper, we assume that2 ≤ σ < d and the interaction potential
V is a given function onRd and belongs to the weakLd/σ

space. In other words, we assume that

sup
λ>0

λµ
({

x ∈ Rd; |V (x)| > λ
})σ/d

<∞, (2)

where µ is the Lebesgue measure onRd. There is a large
literature on the Cauchy problem for nonlinear Schrödinger
equations (see, e.g., [2], [13], [25] and references therein).

To state a global existence theorem for (1), we set some
notation. For q ∈ [1,∞], we denote the Lebesgue space
Lq(Rd) and theLq-norm by Lq and ∥·∥q, respectively, and
we set ∥·∥ = ∥·∥2. Furthermore, fors ∈ R, Hs

q denotes
the inhomogeneous Sobolev spaceHs

q (Rd), we abbreviate
Hs

2 to Hs, the Hs-norm denotes∥·∥(s). For t ∈ R, U(t)

denotes the propagatoreit∆ for the free Schr̈odinger equation
iut + ∆u = 0. Define s(σ) = σ/2 − 1 for 2 ≤ σ < d.
Mochizuki [14] has proved that if the condition

either |V (x)| ≤ C|x|−σ or V ∈ Ld/σ,
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which is stronger than (2), holds and∥ϕ∥(s(σ)) is sufficiently
small, then there exists a time-global solutionu to the integral
equation of the form

u(t) = U(t)ϕ− i

∫ t

0

U(t− t′)F (u(t′))dt′, t ∈ R, (3)

which is equivalent to (1), such thatu(t) behaves like a
free solutionU(t)ϕ+ as t → ∞ in Hs(σ). In particular,
the inverse wave operatorV+ : ϕ 7→ ϕ+ is well-defined
on a neighborhood of 0 inHs(σ). Remark that in the above
existence theorem, noHs(σ) smallness condition is imposed
on first and higher order partial derivatives ofϕ and its Fourier
transformFϕ.

A. Main results

In this paper, assuming that eitherϕ or Fϕ satisfies a
real-analytic condition, we study the analyticity of the small
solution u(t) to (3), the final dataV+(ϕ) and FV+(ϕ).
Remark that we do not impose anyHs(σ) smallness condition
on any partial derivative ofϕ andFϕ. We now briefly state a
part of our main result. We show that

(I) There exists someη > 0 such that if0 < ∥ϕ∥(s(σ)) < η
and

lim sup
|α|→∞

(
∥xαϕ∥(s(σ))

α!

)1/|α|

<∞, (4)

then u(t) is real-analytic for anyt ≠ 0. More pre-
cisely, the mapx 7→ M(−t)u(t, x) can be extended
to a function holomorphic on{z ∈ Cd; |Im z| <
|2t|/C(ϕ, d, V )}. Here, we have defined fort ∈ R\{0}

M(t) : S ′(Rd
x) ∋ f 7→ exp

(
i|x|2

4t

)
f ∈ S ′(Rd

x)

and

C(ϕ, d, V ) = sup
|α|>0

(
(1 + |α|)d+1 ∥xαϕ∥(s(σ))

α! ∥ϕ∥(s(σ))

)1/|α|

.

As a corollary, the following property is proved:
(II) If ϕ and V satisfy some strong condition, then the

mappingx 7→M(−t)u(t, x) can be extended an entire
function onCd for any t ≠ 0.

In [23], Properties (I) and (II) withσ = 2 were shown.
Therefore, in this paper we establish an extended result of
Theorems in [23]. For the detailed statement of (I)–(II), see
Theorem I.3(3) and Corollary I.5.

Remark I.1. There are many papers on the analytic Cauchy
problem for nonlinear Schrödinger equations and related
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equations (see, e.g., [1], [3]–[12], [15], [18]–[22], [24],
[27]). In particular, we can use methods in [9], [10], [19]
to show the analyticity of the solutionu(t) of (3) and more
detailed properties. However, it does not seem that we can
prove (I)-(II) by using the methods directly.

To state our main results precisely, we list some notation.
Let 2 ≤ σ < d. For λ > 0, BλH

s(σ) denotes the closed ball
of Hs(σ) with radiusλ centered at 0. PutN0 = N∪{0}. For a
multi-indexα ∈ Nd

0, we denote1 + |α| by ⟨α⟩. Furthermore,
for t ∈ R, we defineJα = U(t)xαU(−t). Remark that the
following identity holds:

Jα =M(t)(2it∂)αM(−t), α ∈ Nd
0, t ̸= 0. (5)

We put r = 6d/(3d − 4). For an intervalI in R, we denote
L3(I;H

s(σ)
r ) and (C ∩ L∞)(I;Hs(σ)) ∩ L3(I;H

s(σ)
r ) by

Y (σ, I) andZ(σ, I), respectively. We defineY (σ) = Y (σ,R),
Z(σ) = Z(σ,R),

Z(σ)∞ =
{
v ∈ Z(σ); ∂αv ∈ Z(σ), α ∈ Nd

0

}
,

Z(σ)∞ =
{
v ∈ Z(σ); Jαv ∈ Z(σ), α ∈ Nd

0

}
and

H(σ)∞ =
{
ψ ∈ Hs(σ); ∂αψ ∈ Hs(σ), α ∈ Nd

0

}
,

H(σ)∞ =
{
ψ ∈ Hs(σ);xαψ ∈ Hs(σ), α ∈ Nd

0

}
.

We set for a Banach spaceX ⊂ S ′(Rd),

L(∂, ψ,X) = lim sup
|α|→∞

(
∥∂αψ∥X

α!

)1/|α|

if ∥∂αψ∥X <∞ for anyα ∈ Nd
0. Similarly, we set

L(x, ψ,Hs(σ)) = lim sup
|α|→∞

(
∥xαψ∥(s(σ))

α!

)1/|α|

, ψ ∈ H(σ)∞,

L(∂, v, Z(σ)) = lim sup
|α|→∞

(
∥∂αv∥Z(σ)

α!

)1/|α|

, v ∈ Z(σ)∞,

L(J, v, Z(σ)) = lim sup
|α|→∞

(
∥Jαv∥Z(σ)

α!

)1/|α|

, v ∈ Z(σ)∞.

Remark I.2. The Sobolev embedding theorem implies that
L(∂, ψ, L∞) ≤ L(∂, ψ, Lq) for any q ∈ [1,∞]. Therefore, if
L(∂, ψ, Lq) <∞ for someq ∈ [1,∞], thenψ can be extended
to a holomorphic function on the domain{z ∈ Cd; |Im z| <
1/L(∂, ψ, Lq)}.

We are ready to state our main results.

Theorem I.3. Let 2 ≤ σ < d. Assume (2). Then a positive
numberη satisfies the following properties:

1) For anyϕ ∈ BηH
s(σ), there exist a unique time-global

solution u ∈ Z(σ) to (3) and a functionϕ+ such that
U(−t)u(t) → ϕ+ as t → +∞ in Hs(σ). Hence the in-
verse wave operatorV+ : BηH

s(σ) ∋ ϕ 7→ ϕ+ ∈ Hs(σ)

is well-defined.
2) If

ϕ ∈ BηH
s(σ) ∩H(σ)∞ and L(∂, ϕ,Hs(σ)) <∞,

(6)

thenu ∈ Z(σ)∞ andV+(ϕ) ∈ H(σ)∞. Furthermore, if
ϕ ̸= 0, then we have

L(∂, u, Z(σ)), L(∂,V+(ϕ), H
s(σ))

≤ sup
|α|>0

(
⟨α⟩d+1 ∥∂αϕ∥(s(σ))

α! ∥ϕ∥(s(σ))

)1/|α|

. (7)

3) If

ϕ ∈ BηH
s(σ) ∩H(σ)∞ and L(x, ϕ,Hs(σ)) <∞,

(8)

thenu ∈ Z(σ)∞ andV+(ϕ) ∈ H(σ)∞. Furthermore, if
ϕ ̸= 0, then we have

L(J, u, Z(σ)), L(x,V+(ϕ),H
s(σ))

≤ sup
|α|>0

(
⟨α⟩d+1 ∥xαϕ∥(s(σ))

α! ∥ϕ∥(s(σ))

)1/|α|

. (9)

We give a remark on the above theorem.

Remark I.4. (1) If (6) holds, then it follows that

sup
|α|>0

(
⟨α⟩q ∥∂αϕ∥(s(σ))
α! ∥ϕ∥(s(σ))

)1/|α|

<∞, q > 0

and hence thatL(∂,V+(ϕ),H
s(σ)),L(∂, u(t),Hs(σ)) <

∞ for any t ∈ R. We see from Remark I.2 thatu(t) and
V+(ϕ) are real-analytic.

(2) Assume (8) and thatϕ ̸= 0. Since

L(∂,FV+(ϕ), L
2) = L(x,FV+(ϕ), L

2)

≤ L(x,V+(ϕ),H
s(σ))

≤ sup
|α|>0

(
⟨α⟩d+1 ∥xαϕ∥(s(σ))

α! ∥ϕ∥(s(σ))

)1/|α|

=: C(ϕ, d, V ) <∞,

it follows from Remark I.2 thatFV+(ϕ) is real-analytic.
For any t ̸= 0, we see from the identity (5) that
|2t|L(∂,M(−t)u(t), L2) ≤ L(J, u, Z(σ)) ≤ C(ϕ, d, V ),
and hence that the mappingx 7→ M(−t)u(t, x) can
be extended to a function holomorphic on the domain
{z ∈ Cd; |Im z| < |2t|/C(ϕ, d, V )}.

It is a natural question to ask whether the solutionu(t) can
be extended to an entire function onCd if ϕ satisfies some
strong condition. The following result is a partial answer:

Corollary I.5. Let 2 ≤ σ < d. Assume (2) and that
ϕ ∈ BηH

s(σ), whereη is the positive number mentioned in
Theorem I.3. Letu be the solution to (3).

(1) If

ϕ ∈ H(σ)∞, L(∂, ϕ,Hs(σ)) = 0 (10)

and

∂αV ∈ Ld/σ (α ∈ Nd
0), L(∂, V, Ld/σ) = 0, (11)

then

L(∂, u, Z(σ)), L(∂,V+(ϕ),H
s(σ)) = 0 (12)
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and

lim
t→+∞

sup
α∈Nd

0

∥∂α(U(−t)u(t)−V+(ϕ))∥(s(σ))
α!ε|α|

= 0

for any ε > 0.
(2) If

ϕ ∈ H(σ)∞, L(x, ϕ,Hs(σ)) = 0 (13)

and

∂αV ∈ L∞ (α ∈ Nd
0), L(∂, V, L∞) = 0, (14)

then

L(∂,M(−t)u(t), L2) = 0 for any t ̸= 0. (15)

Remark I.6. Assume (12). We see from Remark I.2 thatu(t)
andV+(ϕ) are extended to entire functions

ũ(t, z) :=
∑
α∈Nd

0

∂αu(t, 0)

α!
zα

and ∑
α∈Nd

0

∂αV+(ϕ)|x=0

α!
zα, z ∈ Cd,

respectively. Similarly, ift ̸= 0, thenM(−t)u(t) satisfying
(15) is extended to∑

α∈Nd
0

∂αM(−t)u(t)|x=0

α!
zα, z ∈ Cd.

Since the functionexp(i|x|2/(4t)) can be extended to an entire
function, the solutionu(t) (=M(t)M(−t)u(t)) is extended to
the entire functioñu(t, z).

The rest of this paper is organized as follows. In Section
2, we list some useful inequalities. In order to show The-
orem I.3(2) (resp. (3)), in Section 3 we define the function
spaceZ(σ)ϕ (resp. Z(σ)ϕ), which is included in the set
of all functions v satisfying thatL(∂, v, Z(σ)) < ∞ (resp.
L(J, v, Z(σ)) < ∞). In Section 4, we establish Theorem I.3.
In Sections 5, we establish Corollary I.5.

II. PRELIMINARIES

In this section, we list some inequalities to prove our main
results. Using Strichartz type estimates for linear Schrödinger
equations (see, e.g., [2], [13], [25], [26], [28]), we obtain the
following time-space estimates:

Proposition II.1. Let I be an interval inRt and fix t0 ∈ I.
Thenfor any f ∈ Hs(σ) andG ∈ L1(I;Hs(σ)), we have

U(t)f,

∫ t

t0

U(t− t′)G(t′)dt′ ∈ Z(σ, I).

Furthermore, there exists a positive numberC independent of
I and t0 such that

∥U(t)f∥Z(σ,I) ≤ C ∥f∥(s(σ)) ,∥∥∥∥∫ t

t0

U(t− t′)G(t′)dt′
∥∥∥∥
Z(σ,I)

≤ C ∥G∥L1(I;Hs(σ)) .

We use the following lemma in the proof of Proposition II.3
below:

Lemma II.2. Let 1 < q1, q2 <∞. Assume (2) and that

1 +
1

q1
=
σ

d
+

1

q2
.

Then

∥V ∗ f∥q1 ≤ C ∥f∥q2 , f ∈ Lq2 .

Proof. SinceV belongs to the Lorentz spaceL(d/σ,∞), the
desired inequality follows from Theorem 2.6 in O’Neil [17].

In order to estimate the nonlinearityF , we use the following
two propositions:

Proposition II.3. (1) Assume (2). Then

∥(V ∗ f1f2)f3∥(s(σ)) ≤ C
3∏

k=1

∥fk∥Hs(σ)
r

.

(2) If h ∈ L∞, then

∥(h ∗ f1f2)f3∥(s(σ)) ≤ C ∥h∥∞
3∏

k=1

∥fk∥Hs(σ) .

(3) If h ∈ Ld/σ, then

∥(h ∗ f1f2)f3∥(s(σ)) ≤ C ∥h∥d/σ
3∏

k=1

∥fk∥Hs(σ)
r

.

Proof. We use the generalized Hölder inequality

∥fg∥Hs
q
≤ C ∥f∥Hs

q1

∥g∥q2 + C ∥f∥q3 ∥g∥Hs
q4

,

where s > 0, 1 < q, q1, q2, q3, q4 < ∞ and 1/q = 1/q1 +
1/q2 = 1/q3+1/q4. For the detail, see, e.g., Nakanishi–Ozawa
[16]. Put

r(σ) =

(
1

2
− 2

3d
− s(σ)

d

)−1

,

q1 =

(
−1 +

σ

d
+

1

r
+

1

r(σ)

)−1

,

q2 =

(
−1 +

σ

d
+

2

r(σ)

)−1

, q3 =

(
1

r
+

1

r(σ)

)−1

.

By Lemma II.2, we have

∥(V ∗ f1f2)f3∥(s(σ))
. ∥V ∗ f1f2∥Hs

q1

∥f3∥r(σ) + ∥V ∗ f1f2∥q2 ∥f3∥Hs
r

. ∥f1f2∥Hs
q3

∥f3∥r(σ) + ∥f1f2∥r(σ)/2 ∥f3∥Hs
r

. ∥f1∥Hs
r
∥f2∥r(σ) ∥f3∥r(σ) + ∥f3∥Hs

r
∥f1∥r(σ) ∥f2∥r(σ)

+ ∥f2∥Hs
r
∥f3∥r(σ) ∥f1∥r(σ) .

We see from the embeddingHs
r ↪→ Lr(σ) that (1) holds true.

Similarly, we can obtain (2) and (3).
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Proposition II.4 (Proposition 2.4 in [23]).If p > d, then

sup
α∈Nd

0

∑
β+γ=α

(
⟨α⟩

⟨β⟩ ⟨γ⟩

)p

<∞,

sup
α∈Nd

0

∑
β+γ+δ=α

(
⟨α⟩

⟨β⟩ ⟨γ⟩ ⟨δ⟩

)p

<∞.

III. F UNCTION SPACES

In this section, we introduce some function spaces to prove
our main results. Fix2 ≤ σ < d. By 0, we denote the zero
multi-index ind-dimensions. Forϕ ∈ H(σ)∞ \{0}, we define
gϕ(0) = 1,

gϕ(α) =

max
β≤α
|β|>0

 ⟨β⟩d+1 ∥∥∂βϕ∥∥
(s(σ))

β! ∥ϕ∥(s(σ))

1/|β|


|α|

if α ∈ Nd
0 \ {0}, and

Z(σ)ϕ

=

{
v ∈ Z(σ)∞; ∥v∥Z(σ)ϕ := sup

α∈Nd
0

⟨α⟩d+1 ∥∂αv∥Z(σ)

α!gϕ(α)
<∞

}
.

For ϕ ∈ H(σ)∞ \ {0}, we definegϕ(0) = 1,

gϕ(α) =

max
β≤α
|β|>0

 ⟨β⟩d+1 ∥∥xβϕ∥∥
(s(σ))

β! ∥ϕ∥(s(σ))

1/|β|


|α|

if α ∈ Nd
0 \ {0}, and

Z(σ)ϕ

=

{
v ∈ Z(σ)∞; ∥v∥Z(σ)ϕ

= sup
α∈Nd

0

⟨α⟩d+1 ∥Jαv∥Z(σ)

α!gϕ(α)
<∞

}
.

IV. PROOF OFTHEOREM I.3

Using the method in [23], we give a proof of Theorem I.3.
It suffices to consider the case whereϕ ∈ Hs(σ) \ {0} and
V ̸= 0. Set a ∨ b = max{a, b} (a, b ∈ R). Let C be some
constant independent ofα.

We first prove (1). We see from Proposition II.3(1) that

∥F (v)∥L1(R;Hs(σ)) ≤ C ∥v∥3Y (σ) ≤ C ∥v∥3Z(σ) , v ∈ Z(σ).

It follows from Proposition II.1 that the mapping

Z(σ) ∋ v 7→ ṽ := U(t)ϕ− i

∫ t

0

U(t− t′)F (v(t′))dt′ ∈ Z(σ)

is well-defined and that

∥ṽ∥Z(σ) ≤ C ∥ϕ∥Hs(σ) + C ∥v∥3Z(σ) , v ∈ Z(σ). (16)

Similarly, we obtain

∥ṽ1 − ṽ2∥Z(σ) ≤ C
(
∥v1∥Z(σ) ∨ ∥v2∥Z(σ)

)2
∥v1 − v2∥Z(σ)

for any v1, v2 ∈ Z(σ). Therefore, we see that for anyϕ ∈
BηH

s(σ), the mappingv 7→ v̂ becomes a contraction provided

that η is sufficiently small. Moreover, we see that the fixed
point u becomes a time-global solution to (3) and unique in
the sense ofZ(σ). Define

ϕ+ = ϕ− i

∫ ∞

0

U(t− t′)F (u(t′))dt′. (17)

Then it follows from the proof of (16) thatϕ+ ∈ Hs(σ) and

∥U(−t)u(t)− ϕ+∥Hs(σ) ≤ C ∥u∥3Y (σ,[t,∞))

→ 0 as t→ ∞.

Hence we haveϕ+ = V+(ϕ).

We next show (2). Letη be the positive number appearing
in the proof of (1). Putϕ ∈ H(σ)∞, v ∈ Z(σ)ϕ andα ∈ Nd

0

with |α| > 0. We see from the Leibniz rule and Proposition
II.3(1) that

∥∂αF (v)∥L1(R;Hs(σ))

α!

≤
∑

β+γ+δ=α

∥∥∥∥(V ∗ ∂
βv

β!

∂γv

γ!

)
∂δv

δ!

∥∥∥∥
L1(R;Hs(σ))

≤ C
∑

β+γ+δ=α

∥∥∂βv∥∥
Z(σ)

β!

∥∂γv∥Z(σ)

γ!

∥∥∂δv∥∥
Z(σ)

δ!
.

By Proposition II.4, we obtain

⟨α⟩d+1 ∥∂αF (v)∥L1(R;Hs(σ))

α!gϕ(α)

≤ C
∑

β+γ+δ=α

(
⟨α⟩

⟨β⟩ ⟨γ⟩ ⟨δ⟩

)d+1
{
⟨β⟩d+1 ∥∥∂βv∥∥

Z(σ)

β!gϕ(β)

×
⟨γ⟩d+1 ∥∂γv∥Z(σ)

γ!gϕ(γ)

⟨δ⟩d+1 ∥∥∂δv∥∥
Z(σ)

δ!gϕ(δ)

}
≤ C ∥v∥3Z(σ)ϕ .

Here,we have used the estimate

gϕ(α) ≥ gϕ(β)gϕ(γ)gϕ(δ), β + γ + δ = α

in the first inequality. Using Proposition II.1, we haveṽ ∈ Zϕ

and

∥ṽ∥Z(σ)ϕ ≤ C
⟨α⟩d+1 ∥∂αϕ∥(s(σ))

α!gϕ(α)
+ C ∥v∥3Z(σ)ϕ

≤ C ∥ϕ∥(s(σ)) + C ∥v∥3Z(σ)ϕ . (18)

Similarly, we obtain

∥ṽ1 − ṽ2∥Z(σ)ϕ

≤ C
(
∥v1∥Z(σ)ϕ ∨ ∥v2∥Z(σ)ϕ

)2
∥v1 − v2∥Z(σ)ϕ

for any v1, v2 ∈ Z(σ)ϕ. Therefore, we see that ifη′ is
sufficiently small andη′ ≤ η, then for anyϕ ∈ Bη′Hs(σ),
the mappingv 7→ v̂ becomes a contraction and∥v∥Z(σ)ϕ ≤
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C ∥ϕ∥(s(σ)). Moreover, we see that the fixed point coincides
with the unique solutionu to (3). We also obtain

lim sup
|α|→∞

(
∥∂αu∥Z(σ)

α!

)1/|α|

≤ lim sup
|α|→∞

(
∥u∥Z(σ)ϕ g

ϕ(α)

⟨α⟩d+1

)1/|α|

≤ lim sup
|α|→∞


(
C ∥ϕ∥(s(σ))
⟨α⟩d+1

)1/|α|

× max
β≤α
|β|>0

 ⟨β⟩d+1 ∥∥∂βϕ∥∥
(s(σ))

β! ∥ϕ∥(s(σ))

1/|β|


≤ sup
|α|>0

(
⟨α⟩d+1 ∥∂αϕ∥(s(σ))

α! ∥ϕ∥(s(σ))

)1/|α|

.

By (17), the proofs of (18) and the above estimate, we have
V+(ϕ) ∈ H∞,

⟨α⟩d+1 ∥∂αV+(ϕ)∥(s(σ))
α!gϕ(α)

≤ C ∥ϕ∥(s(σ))

and

lim sup
|α|→∞

(
∥∂αV+(ϕ)∥(s(σ))

α!

)1/|α|

≤ sup
|α|>0

(
⟨α⟩d+1 ∥∂αϕ∥(s(σ))

α! ∥ϕ∥(s(σ))

)1/|α|

.

Hence(2) holds.

We next show (3). Letη be the positive number appearing in
the proof of (1). Putϕ ∈ H(σ)∞, v ∈ Z(σ)ϕ andα ∈ Nd

0 with
|α| > 0. We see from (5), the Leibniz rule and Proposition
II.3(1) that

∥JαF (v)∥L1(R;Hs(σ))

α!

=
|2t||α| ∥M(t)∂αM(−t)F (v)∥L1(R;Hs(σ))

α!

≤
∑

β+γ+δ=α

∥∥∥∥∥
(
V ∗ J

βv

β!

Jγv

γ!

)
Jδv

δ!

∥∥∥∥∥
L1(R;Hs(σ))

≤ C
∑

β+γ+δ=α

∥∥Jβv
∥∥
Z(σ)

β!

∥Jγv∥Z(σ)

γ!

∥∥Jδv
∥∥
Z(σ)

δ!
.

Therefore,as in the proof of (2), we see that (3) holds.

V. PROOF OFCOROLLARY I.5

Using the method in [23], we give a proof of Corollary I.5.
It suffices to consider the case whenϕ ∈ BηH

s(σ) \ {0} and
V ̸= 0, whereη is the positive number mentioned in Theorem
I.3. We fix ε ∈ (0, 1).

We first prove (1). Suppose (10) and (11). Then it follows
from Theorem I.3 that the time-global solutionu to (3) and
the final dataV+(ϕ) satisfy thatu ∈ Z(σ)∞ andV+(ϕ) ∈

H(σ)∞. We see from (10), (11) and the embeddingH3
d/2 ↪→

L∞ that

lim
|α|→∞

(
⟨α⟩d+1 ∥∂αϕ∥(s(σ))
α!ε|α| ∥ϕ∥(s(σ))

)1/|α|

= 0

and

lim
|α|→∞

(
⟨α⟩d+1 ∥∂αV ∥q
α!ε|α| ∥V ∥q

)1/|α|

= 0 (q = d/σ,∞).

In particular, there exists someL ∈ N such that

sup
|α|>L

⟨α⟩d+1 ∥∂αϕ∥(s(σ))
α!ε|α|

≤ ∥ϕ∥(s(σ))

and

sup
|α|>L

⟨α⟩d+1 ∥∂αV ∥q
α!ε|α|

≤ ∥V ∥q (q = d/σ,∞).

We define

Kϕ = sup
α∈Nd

0

⟨α⟩d+1 ∥∂αϕ∥(s(σ))
α!

and

KV,q = sup
α∈Nd

0

⟨α⟩d+1 ∥∂αV ∥q
α!

(q = d/σ,∞).

Then we have

sup
α∈Nd

0

⟨α⟩d+1 ∥∂αϕ∥(s(σ))
α!ε|α|

≤ ε−LKϕ

and

sup
α∈Nd

0

⟨α⟩d+1 ∥∂αV ∥q
α!ε|α|

≤ ε−LKV,q (q = d/σ,∞).

Sinceu solves (3), we see from the Leibniz rule, Proposi-
tions II.3(2) and II.4 that for anyα ∈ Nd

0 and t ≥ 0

⟨α⟩d+1 ∥∂αu(t)∥(s(σ))
α!ε|α|

≤
⟨α⟩d+1 ∥∂αϕ∥(s(σ))

α!ε|α|
+

∫ t

0

⟨α⟩d+1 ∥∂αF (u(t′))∥(s(σ))
α!ε|α|

dt′

≤ ε−LKϕ +
∑

β+γ=α

(
⟨α⟩

⟨β⟩ ⟨γ⟩

)d+1 ∫ t

0

∥∥∥∥∥ ⟨γ⟩d+1
∂γu(t′)

γ!ε|γ|

×

(
⟨β⟩d+1

∂βV

β!ε|β|
∗ |u(t′)|2

)∥∥∥∥∥
(s(σ))

dt′

≤ ε−LKϕ + ∥u∥2L∞(R;H(s(σ))) C

(
max
β≤α

⟨β⟩d+1 ∥∥∂βV ∥∥∞
β!ε|β|

)

×
∫ t

0

max
γ≤α

⟨γ⟩d+1 ∥∂γu(t′)∥(s(σ))
γ!ε|γ|

dt′

≤ ε−LKϕ

+ ε−LCKV,∞

∫ t

0

max
γ≤α

⟨γ⟩d+1 ∥∂γu(t′)∥(s(σ))
γ!ε|γ|

dt′. (19)
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Using the Gronwall inequality, we obtain

sup
α∈Nd

0

⟨α⟩d+1 ∥∂αu(t)∥(s(σ))
α!ε|α|

≤ ε−LKϕ exp
(
ε−LCKV,∞t

)
for any t ≥ 0. Furthermore, by Propositions II.1 and II.3(3),
we have for anyα ∈ Nd

0 andT > 0

⟨α⟩d+1 ∥∂αu∥Z(σ,[0,T ])

α!ε|α|
≤ C

⟨α⟩d+1 ∥∂αϕ∥(s(σ))
α!ε|α|

(20)

+ C

∫ T

0

⟨α⟩d+1 ∥∂αF (u(t′))∥(s(σ))
α!ε|α|

dt′

≤ ε−LCKϕ

+ ε−LCKV,∞

∫ T

0

sup
α∈Nd

0

⟨α⟩d+1 ∥∂αu(t′)∥(s(σ))
α!ε|α|

dt′

≤ ε−LCKϕ exp
(
ε−LCKV,∞T

)
(21)

and

⟨α⟩d+1 ∥∂αu∥Z(σ,(T,∞))

α!ε|α|
≤ C

⟨α⟩d+1 ∥∂αu(T )∥(s(σ))
α!ε|α|

+ C

∫ ∞

T

⟨α⟩d+1 ∥∂αF (u(t′))∥(s(σ))
α!ε|α|

dt′

≤ ε−LCKϕ exp
(
ε−LCKV,∞T

)
+ C ∥u∥2Y (σ,(T,∞))

{ ∑
β+γ=α

(
⟨α⟩

⟨β⟩ ⟨γ⟩

)d+1

×
⟨β⟩d+1 ∥∥∂βV ∥∥

d/σ

β!ε|β|

⟨γ⟩d+1 ∥∂γu∥Y (σ,(T,∞))

γ!ε|γ|

}
≤ ε−LCKϕ exp

(
ε−LCKV,∞T

)
+ ε−L ∥u∥2Y (σ,(T,∞))

× CKV,d/σ max
γ≤α

⟨γ⟩d+1 ∥∂γu∥Z(σ,(T,∞))

γ!ε|γ|
. (22)

ChooseT (ε) > 0 so that

ε−L
(
∥u∥Y (σ,(−∞,T (ε))) ∨ ∥u∥Y (σ,(T (ε),∞))

)2
CKV,d/σ ≤ 1

2
(23)

andput

Cε = ε−LCKϕ exp
(
ε−LT (ε)CKV,∞

)
.

Then we obtain

sup
α∈Nd

0

⟨α⟩d+1 ∥∂αu∥Z(σ,(T (ε),∞))

α!ε|α|
≤ 2Cε.

It follows from (21) that

sup
α∈Nd

0

⟨α⟩d+1 ∥∂αu∥Z(σ,[0,∞))

α!ε|α|
≤ 3Cε.

Similarly, we see that

sup
α∈Nd

0

⟨α⟩d+1 ∥∂αu∥Z(σ,(−∞,0])

α!ε|α|
≤ 3Cε

and hence thatL(∂, u, Z(σ)) ≤ ε. Using (17) and the proof
of (22), we have

⟨α⟩d+1 ∥∂αV+(ϕ)∥(s(σ))
α!ε|α|

≤ ε−LKϕ +

∫
R

⟨α⟩d+1 ∥∂αF (u(t′))∥(s(σ))
α!ε|α|

dt′

≤ ε−LKϕ + ε−L ∥u∥2Y (σ) CKV,d/σ max
γ≤α

⟨γ⟩d+1 ∥∂γu∥Z(σ)

γ!ε|γ|

≤ ε−LKϕ + 6ε−L ∥u∥2Y (σ) CCεKV,d/σ, α ∈ Nd
0,

which implies thatL(∂,V+(ϕ),H
s(σ)) ≤ ε, and we obtain

⟨α⟩d+1 ∥∂α(U(−t)u(t)−V+(ϕ))∥(s(σ))
α!ε|α|

≤
∫ ∞

t

⟨α⟩d+1 ∥∂αF (u(t′))∥(s(σ))
α!ε|α|

dt′

≤ 6ε−L ∥u∥2Y (σ,(t,∞)) CCεKV,d/σ, α ∈ Nd
0.

Since we can chooseε arbitrarily, (1) holds.

We next prove (2). Suppose (13) and (14). Then it follows
from Theorem I.3 that the time-global solutionu to (3) and
the final dataV+(ϕ) satisfy thatu ∈ Z(σ)∞ andV+(ϕ) ∈
H(σ)∞. We see from (13) and (14) that

lim
|α|→∞

(
⟨α⟩d+1 ∥xαϕ∥(s(σ))
α!ε|α| ∥ϕ∥(s(σ))

)1/|α|

= 0

and

lim
|α|→∞

(
⟨α⟩d+1 ∥∂αV ∥∞
α!ε|α| ∥V ∥∞

)1/|α|

= 0.

In particular, there exists someN ∈ N such that for anyα ∈
Nd

0 with |α| > N

sup
|α|>N

⟨α⟩d+1 ∥xαϕ∥(s(σ))
α!ε|α|

≤ ∥ϕ∥(s(σ))

and

sup
|α|>N

⟨α⟩d+1 ∥∂αV ∥∞
α!ε|α|

≤ ∥V ∥∞ .

We define

Kϕ = sup
α∈Nd

0

⟨α⟩d+1 ∥xαϕ∥(s(σ))
α!

.

Thenwe have

sup
α∈Nd

0

⟨α⟩d+1 ∥xαϕ∥(s(σ))
α!ε|α|

≤ ε−NKϕ

and

sup
α∈Nd

0

⟨α⟩d+1 ∥∂αV ∥∞
α!ε|α|

≤ ε−NKV,∞,

whereKV,∞ is the positive constant defined in the proof of
(1).
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Set ⟨τ⟩ =
√
1 + τ2 (τ ∈ R) and fix t > 0. Sinceu solves

(3), we see from the Leibniz rule, (5), Propositions II.3(2) and
II.4 that for anyα ∈ Nd

0

⟨α⟩d+1 ∥Jαu(t)∥(s(σ))
α!ε|α| ⟨2t⟩|α|

≤
⟨α⟩d+1 ∥xαϕ∥(s(σ))

α!ε|α|

+

∫ t

0

⟨α⟩d+1 ∥M(t′)(2it′∂)αF (M(−t′)u(t′))∥(s(σ))
α!ε|α| ⟨2t⟩|α|

dt′

and

⟨α⟩d+1 ∥M(t′)(2it′∂)αF (M(−t′)u(t′))∥(s(σ))
α!ε|α| ⟨2t⟩|α|

≤
∑

β+γ=α

(
⟨α⟩

⟨β⟩ ⟨γ⟩

)d+1
{
|2t′||β| ⟨2t′⟩|γ|

⟨2t⟩|α|

×

∥∥∥∥∥
(
⟨β⟩d+1

∂βV

β!ε|β|
∗ |u(t′)|2

)

× ⟨γ⟩d+1
M(t′)(2it′∂)γM(−t′)u(t′)

γ!ε|γ| ⟨2t′⟩|γ|

∥∥∥∥∥
(s(σ))

}

≤ ε−N ∥u∥2L∞(R;Hs(σ)) C

(
max
β≤α

⟨β⟩d+1 ∥∥∂βV ∥∥∞
β!ε|β|

)

×

(
max
γ≤α

⟨γ⟩d+1 ∥Jγu(t′)∥(s(σ))
γ!ε|γ| ⟨2t′⟩|γ|

)

≤ ε−NCKV,∞ max
γ≤α

⟨γ⟩d+1 ∥Jγu(t′)∥(s(σ))
γ!ε|γ| ⟨2t′⟩|γ|

for any t′ ∈ (0, t). Therefore, we have

⟨α⟩d+1 ∥Jαu(t)∥(s(σ))
α!ε|α| ⟨2t⟩|α|

≤ ε−NKϕ + ε−NCKV,∞

×
∫ t

0

max
γ≤α

⟨γ⟩d+1 ∥Jγu(t′)∥(s(σ))
γ!ε|γ| ⟨2t′⟩|γ|

dt′

for anyα ∈ Nd
0. Using the Gronwall inequality, we obtain

sup
α∈Nd

0

⟨α⟩d+1 ∥Jαu(t)∥(s(σ))
α!ε|α| ⟨2t⟩|α|

≤ ε−NKϕ exp
(
ε−NCKV,∞t

)
.

It follows from (5) that

∥∂αM(−t)u(t)∥2
α!

= |2t|−|α| ∥Jαu(t)∥2
α!

≤
(
ε ⟨2t⟩
|2t|

)|α|
ε−NKϕ

⟨α⟩d+1
exp

(
ε−NCKV,∞t

)
,

and hence that

lim sup
|α|→∞

(
∥∂αM(−t)u(t)∥2

α!

)1/|α|

≤ ε ⟨2t⟩
|2t|

.

Sincethe above estimate holds even ift < 0, we obtain (15).
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