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Interiors and Closures of Sets and Applications

Soon-Mo Jung

Abstract—We prove (UUV)° =U°uUvVe, UnNnV =UnNYV,
U°\V = (U\V)®°, and U\V° = U\V under some conditions,
where U and V' are subsets of a topological space. More precisely,
we give an equivalent condition to each of equalities (UUV)° =
U°uve,UnV =UNV,and U\V° = U\V. Furthermore, some
sufficient conditions are given for the intersection of subsets to
be open.

Index Terms—interior, closure, subset, union, intersection.

I. INTRODUCTION

Throughout this paper, let X be a topological space. For
any subset U of a topological space X, we denote by U, U°,
and QU the closure, the interior, and the boundary of U in X,

respectively.
It is well known that
(Tuv)y o U°uUve (1)
oUnv)ye = U°nve
UuV = UUV,
unv Cc UnV (2)

for any subsets U and V of a topological space X (see [1],
[2]), where U C V or V O U means that U is a subset of V/
or V is a superset of U, while U C V or V D U means that
U is a proper subset of V' or V' is a proper superset of U.

For example, let X = R be a (Euclidean) topological space,
U=Q,and let V = R\Q. Then (U UV)®* = R° = R,
U° =Q°=0and V° = (R\Q)° = (. Hence, we see that
(UUV)® D U°U Ve Analogously, we see that UNV =
QNR\Q)=0=0,U=Q=Rand V = R\Q = R.
Hence, we see that U NV C U NV. This example shows that
we cannot expect the equalities in (1) and (2) in general case.

In many practical applications, however, it would be very
useful for us to know under what conditions we can expect
the equalities in the relations (1) and (2). This is a motivation
of this paper, and we investigate some necessary and sufficient
conditions.

The following theorem is well known and it is essential for
proving Corollaries 2.2 and 3.2 and Theorem 4.1.

Theorem 1.1 If U is a subset of a topological space X, then
it holds that

(i) X\U°=X\U; and

(ii) X\U = (X\U)°.

In Section 4, we generalize Theorem 1.1 by proving the
relations U°\V = (U\V)° and U\V° = U\V under some
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conditions. Finally, by using Theorems 1.1 and 4.1, we give
some sufficient conditions for the intersection of subsets to be
open.

II. INTERIOR OF UNION OF SUBSETS

In general, it holds that (UUV)° D U°UV® for any subsets
U and V of a topological space X. The following theorem
deals with a necessary and sufficient condition under which
the interior of the union of two subsets equals the union of
their interiors.

We can easily see that all ‘solid’ subsets of R" satisfy the
condition (b) of Theorem 2.1.

Theorem 2.1 For arbitrary subsets U and V of a topological
space X, the following two conditions are equivalent:

(a) (UUV)> =U°UV®;
(b) U ULV) = (BU\V®) U (aV\U®).

Proof. First, we assume that U and V satisfy the condition
(b). For the boundary 9(U UV') of U UV, it follows from the
assumption (b) that

X\o(U UV)
X\ ((OU\V°)u (aV\U®))
(X\(OU\V)) 1 (X\(9V\U?))
(X\(OUNX\V°)) N (X\(0V N X\U?))
(X\oU)uVe) N ((X\oV)uU®)
(X\oU) N (X\oV)) U (X\oU)NU°)
u(ven(x\ov))u (Venue)
(X\(@Uuav))uu°uve
and by (3), we further obtain

UnXx\oUuuv)

Un((xX\(oUuav))uU°uVve)
U\(OU UaV)UU°U(UNV®)

3)

“4)

and
VNnX\oWUuv)

N ((X\(Uuav))uU°uve)

\(U uaV)u(U°NnV)uVve.

v 4)
=V
We now have

(Uuv)°
UuV\o(UuV)
vuvn(X\oUuv))
(TuV)n(X\oU uV))
(UNX\oUUV))u(VnX\oUuV)).
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Moreover, it follows from (4), (5) and the last relation that

(UuV)°

U\(QU UaV)UV\(oU U V)
Uu@nvyuUenv)u(Ueuve)

= (U°n(0\oV)) U ((V\oU)NV°) U (U°UV®)
= U°uve.

If U and V satisfy (a), then by Theorem 1.1 (i) and (a),
we have

QU\V) U @V\U")

= (OUN(X\V°)) U (oV N (X\U?))

= (U UIV)N (AU U (X\U))
N((X\V°)uav)n ((X\V°) U (X\U?))
QU UaV) N (X\U°) N (X\V°) N (X\(U°NV?))
(U UIV) N (X\U°) N (X\V°) N (X\(UNV)°)6)
QU UAV)N(X\U°) N (X\V)nX\(UNV)

= (QUUIV)N (X\(U°UV))NX\([UNV)
QU UIV)N (X\(UUV)°)NnX\([UNV)

= OUUIV)NX\([UUV)NX\(UNV)

= (QUUIAV)NX\(UUV).

Since QU C U and 9V C V, it follows from (6) that

(dU\V°)u (aV\U°) < (TuV)nX\(UUV)
= TUVNX\(UUV)

AU UV).

On the other hand, by (1),

AU UYV)

= TUVnx\(UuV)

= (DuV)n(X\(UuV)°)
(TuV)n(X\(U°UV?))
(TUV) N ((X\U°) N (X\V?))
(TN (X\U®) 0 (X\V))
U (VN (X\U°) N (X\V?))
= (WU N (X\V) U (FAVE) N
= U\ U (V\D°),

we have

1N

(X\U®))

which completes the proof.

The following two conditions are sufficient for subsets U
and V to satisfy the condition (b) in Theorem 2.1, and hence,
to satisfy the relation (U UV)° =U° U V®.

Corollary 2.2 Let U and V be arbitrary subsets of a
topological space X. If U and V satisfy the following both
conditions

(a) OU\V° =U\(UUV)°; and

(b) OV\U° =V\(UUV)°,

then it holds that (UUV)° =U°UV®°.
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Proof. For the boundary (U U V') of U UV, it follows from
Theorem 1.1 (¢) and the conditions (a) and (b) that
AU uUY)
TUVNX\(UUV)
(TuV)n(X\(UUV)°)
= (Un(X\(UuV)°)u(Vn(X\(UUV)°))
= (O\OUVP)u(\UULYVY)
(OU\V*) U (0V\U").

and the assertion of this corollary immediately follows from
Theorem 2.1.

III. CLOSURE OF INTERSECTION OF SUBSETS

It is well known that UNV C U NV for any subsets U
and V of a topological space X. In the following theorem,
we study a necessary and sufficient condition under which the
closure of the intersection of two subsets equals the intersec-
tion of their closures. Roughly speaking, this theorem is a
counterpart of Theorem 2.1 for the relation UNV =UNV.

We can also see that all ‘solid’ subsets of R™ satisfy the
condition (b) of Theorem 3.1.

Theorem 3.1 For arbitrary subsets U and V' of a topological
space X, the following two conditions are equivalent:

(@) UNV =UNV;

() AUNV)=(UUIV)N

(Unv).
Proof. Tt follows from the assumption (b) that
unv

= (UNV)°uaUnv)

= (U°nVouU(uuav)n(UnV))

= ((U°nVHyu@UUV))N(U°NV)u(UNV))

= (U°nv)u@UUIV))N(UNV)

= ((U°udUuuav)Nn(Veuau uav))n(UNV)

= ((Tuav)n(Vvuau))n(UnV)

= (UnV)u(UnaUu)u(dVvNnV)u (oV naou))
NUNV)

= ((UnV)udUuuovu(@UNoV))n(UNV)

= UnV.

On the other hand, if we assume that (a) is true, then by
using Theorem 1.1 (i), we get

8(U nv)
Tnvnx\(Unv)
UNV)nX\(UNV)°
(UNV)n(X\(U°NV?))
TNV N (X)) U (X))
(UNV)n(X\U*) U ((UnV)
(
(

N(X\V?)

(\U°)NV) u (TN (V\V?))
aUNV)u(Unav)
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= (Uul)n(BUuuaV)N(UUV)N(VUuav)
= Un@Uuuav)n(uV)nVv
= (UuaV)Nn(UNV),

which completes the proof.

In the following corollary, we introduce some conditions
by which the condition (b) of Theorem 3.1 is satisfied. Under
those conditions, the subsets U and V' of a topological space
satisfy the relation UNV =UNV.

Corollary 3.2 Let U and V be arbitrary subsets of a
topological space X. If U and V' satisfy the following both
conditions

(@) UNOV =UNV\U®; and

(b) VNoUu =UnNV\Ve,

then it holds that UNV =UNV.

Proof. For the boundary (U N V') of U NV, it follows from
Theorem 1.1 () and the conditions (a) and (b) that

AU NV)
= UnvnXxX\(UnvV)

= UnVn(X\(UnV)°)

= UnVn(X\(U°nV?)

= TAVA((X\U?)U(X\V?))

= (UnV\U°)U(UNV\V°)

= (Unov)u(Vnou)

= (OuV)n(Uuau)n (dVUV)N(OU UV)
(
(

guv)n(UnV)n@Uuav)
ouuov)N(UNV),

and the assertion of this corollary immediately follows from
Theorem 3.1.

IV. GENERALIZATION OF THEOREM 1.1

We are now in the position to prove a variation of Theorem
1.1 for subsets of a topological space. Indeed, we prove that
U°\V = (U\V)° and U\V° = U\V under some additional
assumption.

Theorem 4.1 If U and V' are subsets of a topological space
X, then U°\V = (U\V)°. In addition, the following two
conditions are equivalent:

(a) T\V° =U\V;
(b) (X\U)UV)® =(X\U)°UV°.

Proof. By Theorem 1.1 (i¢), we have

U\V = U°n(X\V) = U°N(X\V)°
(UNX\V)° = (U\V)°.
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Moreover, if U and V satisfy the condition (b), then it
follows from Theorem 1.1 (7) that
X\U\V = X\UnX\V = (X\(UnX\V))°
(X\U)uV)® = (X\U)°uVv®
= (X\D)uV® = (X\U)U (X \(X\V?))
= X\([@nEx\V?) = X\O\V°),
which implies that U\V° = U\ V. On the other hand, if we
assume that U\ V° = U\V, then we have

X\(U\V°) = X\U\V.

Further, it follows from Theorem 1.1 (47) that

X\(T\V°) = X\([Tn(X\V°) = (X\T)uv®
(X\U)°uve
and
X\O\WW = (X\([U\V))°" = (X\(Un(X\V)))°

= (X\U)uUV)".

By using the last three equalities, we conclude that (b) is true.

If U =V and U # (), then U and V do not satisfy
the condition (b) of Theorem 4.1. In this case, we see that
U\Ve=0U #0=U\V.

We remark that the condition (b) of Theorem 4.1 is equiv-
alent to

UNX\V)=UnX\V.

We now introduce some specific conditions by which the
condition (b) of Theorem 4.1 is satisfied. Under those condi-
tions, the subsets U and V of a topological space satisfy the
relation U\V° = U\V.

Corollary 4.2 Let U and V' be arbitrary subsets of a topo-
logical space X. If U and V satisfy the following conditions

(a) U\V° =X\U\((X\U)UV)°; and
() Unav =V \((X\U)uUV)",
then it holds that U\V° = U\V.

Proof. We know that OU = 9(X \U) and, by Theorem 1.1
(i1), we have
X\N(UNV)=(X\U)U(X\aV) = (X\U)°U(X\aV).
Hence, we get

Unov

= X\E\TNaV)) = X\((X\0)° U (x\V))
X\(X\U)° NV = IV\(X\U)°.

Thus, it follows from the conditions (a), (b) and the last
equality that

HX\UN\V® (= 0U\Ve) = KT\ ((X\U) U V)",

IV\(X\U)° (=T NaV) =V \((X\U)UV)".
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Let us substitute X \U for U in Corollary 2.2. Then, in view
of (7), it follows from Corollary 2.2 that

(X\U)UV)” = (X\U)°uVve.

By using Theorem 4.1, we conclude that our assertion is true.

V. APPLICATION OF THEOREM 4.1

First, we will introduce some sufficient conditions under
which the intersection of two subsets of a topological space
is open.

Theorem 5.1 Let U and V be arbitrary subsets of a
topological space X containing at least 2 points. If U and
V' satisfy the conditions

(a) UNV NIV =0; and

(b) U is open,

then U NV is open.

Proof. The assertion is obviously true for the case UNV = ()
or UNV = X. We now assume that UNV # 0, UNV # X,
and z € UNV. Then the assumption (a) implies that x & 9V,
and since z € V it follows that x € V°, which means that
UNV CUNVeor UNV = UnNV®. Finally, by (b),
UNV =UnNVe is open.

In the following theorem, by using Theorems 1.1 and 4.1,
we will introduce some sufficient conditions for the intersec-
tion of subsets to be open. The first part of this theorem is
analogous to the first part of the proof of preceding theorem.

Theorem 5.2 Let U and V be arbitrary subsets of a
topological space X containing at least 2 points. If U and
V' satisfy the following properties

(a) (X\U)UV)® = (X\U)°UV°;

(b) U is open; and

(¢) U\V is closed,

then U NV is open.

Proof. Obviously, the assertion holds for the case UNV =
or UNV = X. Hence, we assume that UNV # (), UNV # X,
and that U NV were not open. Then, U NV would include at
least one of its boundary points. Let x be the point with the

property

zedUNV) and zeUNV. (8)

If z € U, then x ¢ U because of (b), which is contrary
to (8). Hence, we notice that x ¢ QU. Since x € J(UNV) C
oU U 0V, it should be

zedV. ()
By Theorem 1.1 (i), we have
Uunov = Un((Vnx\V)
= Un(VnX\V°) = Vn(U\V°) (10)
C U\Ve.
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Furthermore, by (8), (9), and (10), we get

relUNdV CU\V° CU\V°. (11)

By Theorem 4.1, (a), and (11), we get
zeU\Ve=TU\V.

Since Ui\V is the ‘smallest’ closed set including U\ V' and,
by (¢), U\V is a closed set including U\ V, we have

reU\V CU\V. (12)

Eowever, in view of (8), we see that € V, and hence, = ¢
U\V, which is contrary to (12). Therefore, U NV should be
open.

VI. CONCLUSIONS

The relations (1) and (2) are true with the ‘strict inclusion’
for some specific subsets U and V of a topological space
X; for example, let U = Q and V = R\Q be subsets
of the (Euclidean) topological space X R. In many
practical applications, it seems very important to investigate
conditions under which the equality holds in relations (1) and
(2). Unfortunately, the author could not find any literature
concerning this subject. One of the main purposes of this paper
is to resolve this problem by introducing some necessary and
sufficient conditions. Moreover, the author prove the relations
U°\V = (U\V)° and U\V® = U\V for subsets U
and V of a topological space under an additional condition
in Theorem 4.1. These equalities are of great importance in
practical uses for investigating subjects of general topology
or set-theoretic topology; for example, they are used to show
the openness of the intersection of two subsets under some
additional conditions (see Theorem 5.2).
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