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Prime geodesic theorem for compact
even-dimensional locally symmetric spaces of real
rank one

Muharem Avdispahi¢ and DZenan Gusié

Abstract—We improve the error term in DeGeorge’s prime
geodesic theorem for compact, even-dimensional, locally symmet-
ric Riemannian manifolds of strictly negative sectional curvature.

Index Terms—locally symmetric spaces, prime geodesic theo-
rem, Selberg zeta and Ruelle zeta function.

I. INTRODUCTION

ETY =T'\G/K =T'\X be a compact, n—dimensional

(n even), locally symmetric Riemannian manifold with
strictly negative sectional curvature, where GG is a connected
semi-simple Lie group of real rank one, K is a maximal
compact subgroup of G and T' is a discrete, co-compact,
torsion-free subgroup of G.

We assume that the Riemannian metric over Y induced from
the Killing form is normalized so that the sectional curvature
of Y varies between —4 and —1.

As well known, a prime geodesic C, over Y corresponds
to a conjugacy class of a primitive hyperbolic element v € I.

Let 7 (x) be the number of prime geodesics C., of length
1(vy) whose norm N (y) = €'7) is not larger than x (see
Section 3).

DeGeorge [7] derived the following form of the prime
geodesic theorem with an error term

logz
eau
mr (z) = / —du+ O (z") (1)
u
1
as x — +o0o, where 7 is a constant such that (1 — 5-) o <

n<aada=n+q—1, with ¢ =0, 1, 3, 7 depending
on whether X is a real, a complex or a quaternionic hyper-
bolic space or the hyperbolic Cayley plane, respectively (see,
sections I and V of [7]).

Integrating (1) by parts, one easily deduces a weaker form
of the prime geodesic theorem
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as ¢ — +oo, where f (z) ~ g (z) means lim,_, | o 1.

Note that (2) was also proved by Gangolli [12] and by
Gangolli-Warner [14] when Y has a finite volume.

By adapting Hejhal’s techniques [16], [17], Park [19] refined
the corresponding result of Gangolli-Warner [14] for real hy-
perbolic manifolds with cusps. Inspired by Randol’s approach
[20], we [1] further improved Park’s result [19] to the form

@)= Y (=Dl (xsm)
2do<s;(k)<2do (3)
+0 (x%do (logx)_l)

as r — +oo,
where dy = 1 (n—1), (s; (k) — k) (2do — k —s; (k)) is a

small eigenvalue in [O, %d(ﬂ of Ay on 7, x (k) With s; (k)
= d() + 1)\] (k) or s; (k) = do - IA] (k) in (%do,Qdo}, Ak
is the Laplacian acting on the space of k—forms over Y and
Tou A, (k) 18 the principal series representation.

Note that the error term in (3) is in accordance with the
best known estimate in the case of compact Riemann surfaces
(see, e.g., [20], [4]).

The main purpose of this paper is to improve the error
term in the prime geodesic theorem (1) of DeGeorge [7]
for compact, even-dimensional locally symmetric Riemannian
manifolds of strictly negative sectional curvature so to corre-
spond to (3).

We shall use the zeta functions of Selberg and Ruelle
described by Bunke and Olbrich [6]. In particular, we utilize
the fact that for even n these functions are meromorphic
functions of order not larger than n (see, [2], [3]).

II. PRELIMINARIES

In the sequel, we follow the notation of [6].

Assume that G is a linear group.

Let g = € ® p be the Cartan decomposition of the Lie
algebra g of (G, a a maximal abelian subspace of p and M the
centralizer of a in K with the Lie algebra m.

Let ® (g, a) be the root system and ®* (g,a) C @ (g,a) a
system of positive roots. Let

n= Ny

D

aedt(g,a)
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be the sum of the root spaces. Then, the Iwasawa decompo-
sition G = K AN corresponds to the Iwasawa decomposition
g = £ @ a @ n. Define

Z dim (ng) a.

aedt(g,a)

1
P=3

Let a™ be the half line in a on which the positive roots take
positive values. Put AT = exp (at) C A.

Let o € M.

By [6, p. 27], there is an element v € R (K) such that i* ()
= o (see also [6, p. 23, Prop. 1.2]). Here, i* : R(K) — R (M)
is the restriction map induced by the embedding ¢ : M — K,
where R (K') and R (M) are the representation rings over Z
of K and M, respectively.

In [6, p. 28], the authors introduced the operators A4 (7, o)
and Ay, (v,0). These operators correspond to spaces Xg
and Y, respectively. Here, x is a finite-dimensional unitary
representation of I' and X, denotes a compact dual space of
the symmetric space X.

Let F4 (.) be the family of spectral projections of a normal
operator A. Put

my (8777 U) =Tr EAY,X(’%”) ({S}) ’

and

ma (8,7,0) =Tr Eayy,0) ({})
for s € C.

Definition 1. /6, p. 49, Def. 1.17] Let o € M. Then, v €
R (K) is called c—admissible if i* (y) = o and my (s,7,0)
=P, (s) forall 0 <se L (o).

Here, P, (s) resp. L (o) denote the polynomial resp. the
lattice given by [6, Definition 1.13, p. 47; see also p. 40]. In
particular, L (¢) = T (e, + Z), where T  and €, € {0, 5} are
given by the same definition.

By [6, p. 49, Lemma 1.18], there exists a oc—admissible
v € R(K) for every o € M.

III. ZETA FUNCTIONS

Since I' C G is co-compact and torsion-free, there are only
two types of conjugacy classes: the class of the identity e € "
and classes of hyperbolic elements.

Let I'y, resp. PI'}, denote the set of the I'—conjugacy classes
of hyperbolic resp. primitive hyperbolic elements in I'.

It is well known that every hyperbolic element g € G is
conjugated to some element agm, € ATM (see, e.g., [12]-
[14]). Following [6, p. 59], we put I (g) = |log (ag)|-

For s € C, Re(s) > p, the Selberg zeta function is defined
by the infinite product (see, [6, p. 97])

ZS,X (S, U)

+o0
T T det (1= (0 (my,) ® X (0) @ S* (Ad (myya5),)) €~ (F0HO0))
Yo €PT, k=0
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where o and x are finite-dimensional unitary representations
of M and T, respectively, S¥ is the k—th symmetric power of
an endomorphism, n = fn and @ is the Cartan involution of
g.

For s € C, Re(s) > 2p, the Ruelle zeta function is defined
by the infinite product (see, [6, p. 96])

Zna(s,0) =TI det (1= (o (msy) ® x (70)) e=*100)) "
~Yo €PI'y

As known, the Ruelle zeta function can be expressed in terms
of Selberg zeta functions (see, e.g., [9]-[11]). By [6, pp. 99—
100], there exist sets I, = {(T, N |rebM e R} such that

n—1
1) 4
ST Zstepnren” @

p=0 (r,\)€I,

Let A resp. T denote the set of all elements A resp 7 that
appear in (4).

Note that [6, p. 113, Theorem 3.15] gives precise descrip-
tion of the locations and the orders of the singularities of
Zs (s,0).

We have proved the following theorem.

Theorem A. [2, p. 528, Th. 4.1] If v is c—admissible, then
there exist entire functions Zy (s), Za (s) of order at most n
such that

ZS,X (5, O’) =

where the zeros of Zy (s) correspond to the zeros of Zs . (s, 0)
and the zeros of Zs (s) correspond to the poles of Zg , (s, 0).
The orders of the zeros of Z1 () resp. Zs (s) equal the orders
of the corresponding zeros resp. poles of Zg ,, (s,0).

IV. AUXILIARY RESULTS

Lemma 2. If v is c—admissible, then

n_1
Py(w) =Y pnooraw" 71,
k=0
where
2T n
n—2k—1 = n 7]€:071, .,7—17
Dn—2k—1 (% . 1)!0—(5—k) D)
N )L
2T

and the numbers cy, are defined by the asymptotic expression
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oo
_ 2 t—0 .
Tre tAa(r.0)” 2 E cpt®.
k—_n

Proof. By [6, pp. 47-48], P, (0) = 0, P, (—w) = —P, (w)
and P, (w) = w - Q, (w), where @, is an even polynomial.
Hence, P, is an odd polynomial. Moreover, P, is a monic
polynomial of degree n — 1 (see, e.g., [5, pp. 17-19], [22,
pp- 240-243]).

Put

n_y

) = Z Poak—1w" T p, =1
k=0

P, (w

21

Z dn—2k—2W
=0

2 — 1. In other words,

n—2k—2

By [6, p. 118], Q. (w) = , where ¢o;

2T -
= Tc—(i-‘rl)’ 1 = 0, ].,

B B 2T
Pn—2k—1 = Qn—2k—2 = (% “E_ 1)!67(g7k)7

k= 0,1,...,% — 1. This completes the proof.

Lemma 3. Let H be a half-plane of the form Re(s) <
—(2p+¢), € > 0, minus the union of a set of congruent
disks about the points —s, s €T (N — €;95,) + p— A A€ A,
7 € Y. Then there exists a constant C'r such that

Zr (s,0)

S CR s n—1
ZRx (s,0) sl

for s € H.
Proof. The identity (4) implies

/

ZR’X(S,U)

ZRy (s,0) 5
"Z_: Z ZSX stp—AT®o0) )
p=0 (T, N)ET, Zsx(s+p=AT®0)

Recall [6, p. 113, Theorem 3.15]. Now, it is enough to prove
that if K is a half-plane of the form Re (s) < — (p+¢),e > 0,
minus the union of a set of congruent disks about the points
—s,8 € T(N—¢€,49,), 7 € T, then there exists a constant
C's such that

Z:S',x (s, 7®0)

TS\ =TT <C Sn—l
Zsy (s, T®0)| ~ s sl

forse Kandall 7 €Y.

The proof is independent of the choice of 7. We simplify
our notation by omitting the latter.

By [6, p. 118, Th. 3.19], Zs (s, o) has the representation
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_ 2dim(0)x(Y)
x(Xa)

Zsy (s,0) = det (Ayx (v,0)? + 82> det (Aq (v,0) + 5)

eXP( Z Com T (

Hence, (see, [6, pp. 120-122])

m—1

>

dim()x(Y)
X(Xa)

Zsy (—s,0)
_ 2dim()x(Y)
s (5,0) det (A4 (v,0) — 8) x(Xa)
= §,0) -
S % det (Aq (v,0) + )
D+( ) _2dim((x))3(Y)
S x(Xq
~ Zalme) <D<s) ©)
- ZS7X (57 U) '
S tan (Z2), FU:% 72(";‘((;2;)(”
s tan (—‘L , € =1 }
—ZS7X(S 0’) 0 —cot 7), e =0 )

Consider the case ¢, = % The case ¢, = 0 is discussed
similarly.

The identity (6) implies

ZSx(_s70) ZSX( ) ) TS
’ =25 + KP, (s) tan ( ) .
Zox (o) Zsy(so) OV T
Since i S is bounded on every half-plane Re (s) > p+e,

x(8,0)

€ > 0, we conclude that (

75)

=50) is bounded on K. More-

over, tan (7}5) is bounded on the complement of the union
of congruent disks about the points T (k+ 1) = T (k + ¢,),
k € Z. This completes the proof. O

Lemma 4. Let c,d € R, ¢ < d. If v is c—admissible then
there exists a sequence {y;}, y; — +00 as j — +oo, such
that

Zpy (@ +iyj,0) B
Zry (x +1y;,0)

for z € (c,d).

Proof. Consider the identity (5).
It is enough to prove that there exists a sequence {yj},
y; — +00 as j — +oo, such that

Z/S7X (x+iy;, T®0)
Zsy (x+1iy;,T®0)

=0 (y7")

for x € (a,b) and all 7 € T, where a = ¢ — p, b =d + p.
We consider the interval [; given by it, to—1 <t <tp+1,
where £y > 2p is fixed.
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It suffices to prove that there exists y € (t9 — 1, ¢ + 1] such

that ,
Zs, (x+iy,T®0)

Zsy (x+iy, T®0)

for z € (a,b) and all T € T.

Let S be the set of all singularities of all zeta functions
Zsy (s, 7®0), 7€ T.Let Ny (t) be the number of elements
in Sg on the interval iz, 0 < x < t.

Let N (t) be the number of singularities of Zg , (s,0)
on the same interval. By [6, Th. 3.15], these singularities
are given in terms of eigenvalues of Ay, (7,,0) for some
o—admissible 7, € R (K). Hence, according to [8, p. 89, Th.
9.1.1, N(t) = D1t + O (t”_l (logt)_l) for some explicitly
known constant D;. However, the O—term does not improve
our result. For the sake of simplicity, we take N (¢) = O (¢™).
Consequently, Ny (t) = O (t").

It follows immediately that the number of singularities of
Zs (s,0) on Iy is O (tf).

Similarly, the number of elements in Sg on I; is O (tf),
i.e., it is at most |C1tj | for some constant C.

Denote by I5 the interval it, ty — % <t<tyg+ %.

Since I C I;, the number of elements in S on I, is at
most [C1t7 .

Let us divide the interval I into 1 + |C1¢f}| equal intervals.
By the Dirichlet principle, one of them does not contain any
element from Sg. Let iy be the midpoint of such an interval.
We shall prove that y satisfies (7) for = € (a,b) and all 7 €
Y. The proof does not depend on the choice of 7 € T. We
simplify our notation by omitting it, i.e., we prove that

Zg (x+iy,0)
Zsy (x+1iy,0)

=0(y™")
for z € (a,b).

By Theorem A, Z; (s) and Z5 (s) are entire functions of or-
der at most n. Hence, there are canonical product expressions
for Z; (s) and Z5 (s) of the form (see, e.g., [9, p. 509])

"
nam

Zi(s)=s"es®) [T (1—2)exp (i—i—%—i—,..ﬁ- ),

acR;\{0}
i =1, 2, where R; is the set of zeros of Z; (s), n; is the order
of the zero of Z; (s) at s = 0, g; (s) is a polynomial of degree
at most n.

Therefore,
Zg (s,0) 1 , ,
X _ 2 _ _
ity N CRIORTAORIAC
i1 S\ " 1
FY T S ()
, al s—a
1=1,2 a€R;\{0}
We have
i > 1 3 23 1
1 _— a —_—.—— _— ——————
e A IR [ B R BT
3 1 Co
Z A T a2 o
4 1+ (y + Z) Yy
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for some constant C5 and all « € R;, 1 = 1, 2.
Now, for a small fixed € > 0 and the choice s, =z +1iy,
x € (a,b), we have

Zg, (82,0)

1 , )
Zsr (52.0) sS4 (n1 —n2) + gy (82) — g (52)

(5)
B

8
2D
where 3 denotes a singularity of Zg , (s,0) and

Sm_57

k=1B€A,

Ay ={BIBe-T(N-¢e),|B>p+e},
Ay ={B|0<|B] < p+et,
A3:{ﬂ|6=it,p+6<t§to—1},
Ay={p|B € L},

As ={B|8=it,t >tg+1},
A6={ﬂ|ﬂ=—it,p+6<t§to—l},
A7 ={p| - B € L},
As={B|B=—it,t >ty +1}.

1

Since > converges and |s, — 3] > y for 8 € Ay, we

sEA, EIN
get
> (Si)nsl_ =0y ¥ prpg | =0WY).
S \F) s 2, TP TPl (v")

Furthermore, A, is a finite set. Hence,

1

5 (%)

Sy
BEA, *

=0y ¥ prma ) =00
s=0 (v 5 deta) 0l

since |s, — 8| >y — p — & > Csy for some constant C'3 and
all g € As.

Similarly, |s, — 8] >y — to + 1 > 1 and |B| > p + ¢ for
B € As. Hence,
se\" 1 n 1
ﬁgs(ﬁ) =-p =0 <y ﬁgg EI Ismﬂ|>

=0 (y” > 1) =0 (tr—1)") = O(yz”).
BEA3
If B € As, then s, — 8] > fiy— 8| > S and |8] > y —

% > (Cyy for some constant Cy. Therefore,

> (%) =0l g | =0y X1

ﬂ€A4(ﬂ> P 2, BT Tl 52,
=0 =0(@"(y+3)") =0(")

Similarly, |s, — 8] > t — y > Cjxt for some constant Cj

and § =it € As. One has
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<3x)7l 1
B Sz _ﬁ

BeEA
—+oo
vty =0 |y / idN(t)
|ﬁ| = Yy g+l
peds to+1
+oo
n —2 n -1 n—1
—0 |y /t dt :O<y (to + 1) )zo(y ).
to+1

If 5 € Ag, then |s, —
€. Hence,

sz \" 1 B n 11
<B> Sw_ﬁio Y Zﬁ‘mnlsw_m

Bl>y+p+e>yand|B] >p+

Similarly, |s, — 8] >y +to—1>yand |B] >ty — 1 >
y — % > Cyy for § € A7. We have

" % AR

BEA7

=0 |y Z 1 :O(y"_l).

BEA7

If g € As, then |s,

Therefore,
=0(y" ¥ GEna
( 555, T TP

o <y T ey <t>) ~ 0@,

—Bl>y+t>tforf=—ite As.

to+1

Finally, i (n1 —n2) =0 (y!) and g1 (52) — go (52) =

O (ym ).
We obtain
Z:g (8z,0) .
sX =0 (y2 ) .
ZS,X (Saca U)
This completes the proof. O

V. PRIME GEODESIC THEOREM

Theorem 5. Let Y be a compact, n—dimensional (n even),
locally symmetric Riemannian manifold with strictly negative
sectional curvature. Then,

li (:ESP'T'A)

n—1

)DNCS VDY 2

p=0 (T NEIp sp’*€(2p ntp—1 2p}

nt2p—1°
+0 (:czﬁvﬁ?ﬁ (logz)~ 1)

r (LL) =
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as & — +oo, where sP™ is a singularity of the Selberg zeta
function Zg (s +p— A, 7).

Proof. We fix a x € I.

As already mentioned, there exists a o—admissible 7, for
every o € M. Fix o € M and choose some o—admissible Yor-
We simplify our notation by omitting x and ¢ in the sequel.

For g € T, let nr(g) = # (I'y/{g)), where Ty is the
centralizer of g in I" and (g) is the group generated by g.

If v € T, then v = 76”(7) for some g € PT},.

For v € T} we introduce Ag(y) = Ao (fygF(A’)) =

log N (70)-
By [6, pp. 96-97, (3.4)],

/

(s) -3 Aoy ,Re(s)>2p.  (8)
S) YETH
We define
x) = /%’—1 (t)dt, j=1,2,.., 9
0
where
Yo (z) = Z Ao (7) -
Y€, N(v)<z
Let k > 2n be an integer and x > 1, ¢ > 2p.
By [18, p. 31, Th. B.] and (8)
ct+ioco
1 / Zg (s) x® ds
2ri ) Zgp(s)s(s+1)..(s+k)
c+1oo d
s
S mongs [ (7) =
ot - N () (s+1)...(s+ k)
_ Z l (1 )
o k
YEDy, N(w)>1
]
“/EFm
On the other hand, by [18, p. 18, Th. A.]
1 k
Uh@) =1 Y, A @-N@m)"
YETH, N (v)<z
Hence,
1 ctioo Z, ( ) Tk
(s x®
= — - d
ve(@) =55 ( Zr(s)s(s+1) (s—i—k)) §
c—ioo

30
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Assume that ¢ < —2p is not a pole of the integrand of
wk (x)
By Lemma 3,

Zr(s) —
c. Furthermore, by Lemma 4, there exists a sequence {yj}
y; — +00 as j — +oo, such that

7253 = 0 (Js|"™") on the line Re(s)

o 2n

Lt +iy;
R( yJ)—O(yj

R(t+iyj)

2 )
Z
for t € [cl,c}.

Fix some y; > 1.

Zp(s)
ZR(s)

By construction of {y;}, we know that no pole of
occurs on the line Im (s) = y;.

Applying the Cauchy residue theorem to the integrand of
¥y, (z) over the rectangle R (c/, yj) given by vertices ¢ —iy;,

c+iyj, ¢ +1iy;, ¢ —1iy;, we obtain

ctiy; ’
1 f _Zy(s)
2ri .
c—iy;

ZR(s)

xT

s+k
s( s+k)> ds

s+1)...

/
_ Zp(s) zotk
- 2 Res= ( ZR (s) s(s+1) (s+k) (10)
ZER(C -,y.i)
< +i ¢ —i iy ey, ¢ iy,
Lo 1 . 1 : 1 g 1 :
to [t [ ot ot o tem )
¢ —i —iy; ¢ +i iy c—iy;

We have

1 c/+i
2mi f

ro.
c —1

:o<x

c/+iy]
1
27i f <
c/+i

’ .
kY sl
=0 |z° ] [s[Fnt?

O
c +i

stk

_Z;a(s) T
Rr(s) s(s+1)...(s+k)

) s
) -0 (ﬂ’“ﬁ_fll dv> =0 (a+),

)ds
"l g ,
)_O<1L'C+k.1]1}kd:;+2)_0(wc+k)7

ct+k
ds=0 h
y]

/ c/+i
S as

r.
c —1

25tk
s(s+1)...(s+k)

ZR(S)
ZR(s)

ct+iy; ,
1 Zp(s)
2mi f (_ Zg(s)

c+iy;

o5k
s(s+1)...(s+k)

Similarly,

s
c —1

i

r . (
c —iy;
/ .
¢ —1Yj
1
2mi f (
c—iy;

Hence, by (10) and (5)
ISSN: 2313-0571

Zp(s) otk
Zr(s) 5(s+1) (s+k)

)dg:0<xc’+k),
ool

2otk
s(5+1) (s+k)

zetk

k+1—2n
7/J+

,
ZR(S)
Zr(s

)
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ctiy; ,
1 Zg(s) stk p
— — s
2ri Zp(s)s(s+1)...(s+k)
c—iy;
n—1
=2 o Y. Y Ak (D
p=0 (T, M€ ZGR(C/,yj)
/+k :L.chk
+0 (2 ™) 40| < |
Y
where
Zo(s+p—A,T 2o+k
Cz (p7 T, )‘7 k) = RCSS=Z (ZigsiZ—/\Jg s(s+1)...(s+k)> °
Letting j — +o0, ¢ — —oo in (11), we get
c+1ioo ,
1 / Zpg(s) psth p
— — s
2mi Zg(s)s(s+1)...(s+k)
n—1
DCT I ]
p=0 (T A)€lp ze AP T
i.e.,
n—1
Ye()=> (=D YT N e.(pr k), (12)
p=0 (T A€l ze AP T
where A}"" * denotes the set of poles of
Zs(5+/3 )\T) 25tk
Zs(s+p—X\7) s(s+1)...(s+k) "
Take k = 2n. By (12),
n—1 P+l
Yon (x) = . (=1) > X c(pTA2n)
p=0 (T NEL ze g
n—1 B (13)
=3 (- Y e,
p=0 (T, \) €I, z€ AP T2

where, for the sake of simplicity, we denote by AP the set

of poles of ZSE:Z i:g (s+f)s..+.?:+2n) and by ¢, (p, 7, A) the

residue at s = z.

Zg(s+p—A,7) pst2n

Zs(s+p—A,7) s(s+1)...(s+2n)
for some p € {0,1,...,n — 1}

By [6, p. 113, Theorem 3.15],
the singularities of Zg (s +p — A, 7) are: at £is — p + X of
order m (s,7,,7) if s # 0 is an eigenvalue of Ay (v, 7),
at — p + A of order 2m (0,7,,7) if 0 is an eigenvalue
of Ay (v;,7), at —s — p + A, s € T(N—¢;) of order
—-2(-1)2 \:(’)Oll((){i))md (s,vr,7) (in this case s > 0 is an
eigenvalue of A, (7y,,7)). Here, v, is some 7—admissible
element in R (K).

Note that the singularities of Zg (s+p— A\, 7) at —s — p
+ A\, s € T(N—¢,) are all less than — p + A. Further-
more, the singularities of Zg (s + p — A, 7) that correspond
to Ay (y-,7) are contained in the union of the interval

corresponds to some (7, \) € I,
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[—2p+ A, Al with the line —p + XA + iR. An overlap
between these two kinds of singularities may occur inside
[—2p+ X\, —p+ A) (see, [6, pp. 114-115])).

The integers 0, —1, ... , —2n are simple poles of

s54+2n . .
m These integers may also appear as simple poles
of %, ie., as singularities of Zg (s +p— A1)

Denote by I, - » the set of such integers. Put I 7. o be the
difference {0, —1,...,—2n}\I, - . The set of the remaining
singularities s»7* of Zg(s+p— A, 7) will be denoted by
SPTA,

Reasoning as in [16, pp. 88—89], we write

Zg(s4+p—A\T1) o™ Y
? — z 1 p,T, _
Zs(s+p—XA\T) s—z +Za (s =2,

where z is a singularity of Zg (s + p — A, 7) and 02" is the
order of z.
Now, for sP™* € §PTA,

csi"vT)‘ (p7 T, /\)

'
= 1 _ DAY Zg(stp—AT) o2
N SJ;E}’“* (S 5 ) Zs(s+p—X,7) s(s+1)...(s+2n)
Op,T,A
= lim (8 _ Sp,'r,)\) P
S—>SPTHA s — §P:THA (14)
PTA (o gprA)E) et
(1 + E A; gpimn (S S ) s(s+1)...(s+2n)
27T +2n

P, T,
ST P T (62T 1) L.

(sP™A +2n)

Let —j € I, 7 ». We have

2 Zs(s+p A7) pStT2n

)

e (7 N) = lim 4 (<s+y>
s——j ds

Zs(s+p—A,T) s (s+1) .(s+2n)
Since
(54 Zg(s+p—\T) xSt
Zs(s+p—XAT1)s(s+1)...(s+2n)
s+2n
p’T)‘<1+Zap’T,’\ s+7) ):v
I1(s+1)
1=0
I#7
A xs—&-Qn A P ) xs+2n
:o{;— o —&—0’1]7 alfzj(s—i—j) o + ...
I1(s+1) I1(s+1)
1=0 =0
I#3 I#3
and
2 Zg(s+p=A,T1 pst2n
% ((3+J) ZSEH»Z AT; GO €+2n)) =
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oA pA 20
—J s+2n _ —J s+2n
2n z IOg z 2n Z s + lx
I1(s+1) H(S-ﬁ-l)%;q
=0 =0 J
1] 1]
oP' T A A A A s+2n
o TR 4 PTG (s 4 ) AL | 2 + o
H (s+1) 1‘[ (s+1)
l#J l;é]
we obtain
o TN .
c—j(p,7,A) = g——a " logx
l'[o(fj+l)
25
#J (15)
P, 7T 2n
+ 2:’"’ -3 = +z + af” piton,
I1 (—5+D) =0’ J
1=0 I#j
I#j
Finally, let — I Y Now,
c—j(p,m,A)
1 . Z/( +p—A,T) s+2n
= sljﬂj <(S +7) 2t s(s+1z)..,(s+2n))
_ Zg(—jtp—AT) a It (16)
C Zs(—jHp-AT) 20 '
I (=D
1=0
I#7
We denote:
I_9,={0,-1,...,—2n},
2pn+2pp 11

)}

Bpra={-j€lanlc ;im0 =0
Bp,'r,)\ = I*QTI\BP,T,)M

SpTr = SPTANR,

Sp,T A\SP’T A

CQT N = {SZ’*T*A € SP’T’)‘ | —2n —1 < sP™ < —2n + QpJLJ:'Z”pill},

Sp,T )\

3 - - nbp— . g
C = {s” A gp A| 2n+2pn++2pp711 < gPTA §2Pn++2pp711}7
n+p—1
={sPTA e Sﬂg’T’)‘ | 2 NTLT 2 o o <2p;.
n+2p—1

Now, we can write

> e (pmN)
ZEAP:TA
= Z Cz (pa 7, )‘) + Z Cz (pa 7, )‘)
ZEBpJ-’,\ ZEB/ A (17)
+Z Yo oamnN+ Y emm).
k=1 ZEC;)C,T, ZESI_);_Q\

Consider the sum over C’;,T) 5y in (17).
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n—1
SmceCT/\CSP’T’\CSP’T’\andz<2n—1< —2p + ot
A for z € C 7.x» it follows from (14) that Zo ( ;I CZ (.7 A)
p= T p2€C, L5
n—1
Z ¢ (p, 7, N) T Z (—1)7H! Z Z (p, 7, \) 21
2€05 p=0 hwUEIpzesz;;
xz+2n v fp—1
= > opm? +0 ( Q”W) .
eor z(z+1)...(z 4 2n)
=-2(-1)% 3555 ma (T (k=€) ,%,7) Suppose 1 < h < 5
E>L (2n41—p+A)ter We introduce the operator
‘,E—T(k—e,.)—p-&-)\—i-Qn
" on : 2n /o,
lHO(—T(k—eT) —p+A+1) AL S () =Y (-1) < . )f(x+ (2n—i)h).  (22)
= i=0
The fact that ~, is 7—admissible element yields mg (s, v, 7) . . . . .
— P.(s)forall 0 < s € L(r) = T (e, +7Z). In par- If f is at least 2n times differentiable function, then
ticular, my (T (k — €;),v+,7) = P (T (k—¢;)) for k >
F(2n+1—p+ ) + €. We obtain ethtanth  tath
AL f () = / FEM (t) dtrdtzn.  (23)
Z Cz (p7 T, )\) T ton to
€00 The mean value theorem applied to (23) yields
N = 5 P (T(h—el o) -
( k2 OnA Ty e, O TP AL f (x) = B2 FO0 (3), (24)
::C,<x1 @n+rﬁw437a3?*jP4Tw—aoﬂ> [ ]
) R ’ here Z € [z, x + 2nh).
k> L (2n+1—p+A)+e, w )
Since 1)y is nondecreasing, we obtain
Hence, by Lemma 2,
o (x) < B2 AT o (x) < o (x+ 2nh). (25)
> e (pA)
zECP A
18 Now, (21), (22) and the fact that h < £, imply
2
—o< 5 ) —0 ().
k>4 (2n4+1—p+X)+e, B2 AT Wy (CC)
2n ¥an
The sum over By, ;- » in (17) is a finite one. Therefore, by n=1 ol -
the definition of B, , », = p;o (=1) . AZ)EI GBZ h=2"Ag,c. (p, 7, A)
’ Pz P.TIA
ntp—1 n—1
> N =0 (e EEE) L a9) FT DTS Y AL ()
Z€Bp, 7, p=0 (T Nelp zeC3 |
n—1 L (26)
The sum over C7 _ , is a finite one as well. Hence, by (14), + 3 (=)rtt So AL e (7, M)
w p=0 (T Nely z€C3 |
e, (py T, A) nfl( s 2 ( )
Z = D> T, + > (-1 > > RTIAL e (pyT, A
2€C (20) = (rNEl, sesTr
_ T, #+2n 2 n"'+2ﬂ‘,711 —2n 2 7:-%—;::1
—26;: oP )\z(erl) i) = O<IP+ ) —|—O(h rPni2e 1).

Combining (13) and (17)—(20), we obtain

wZn (SL’)
n—1
B S I SRR
= o (r Vel 2€B)
n—1
+Z(— i Z Z . (p, 7, )+
p=0 (T, NI, zeC?3

P,T,A

ISSN: 2313-0571

Consider the sum over B ., on the right hand side of (26).

LetzeB a0 2 =0.

Suppose that 0 € I, ;. Then, (15), (24) and the facts:
(™ logx)(”) =nllogz + n! >, 1. (x”)(”) = nl, yield

P, T\ P, T,A

—2n +
h™"Aj aro’” s

co (p, 7, A) =0ob” logxpr)\ngo

27)

where Iy 720 € [,z + 2nh].
IfOGI T)\,then
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- Zs(p— A7)
R AL A)=28E ©/ 28
2n.C0O (p, T, ) Zs (p_ )\77_) (28)
by (16). LetzeBpT/\, =—73< -1

Suppose that —j € I, - x.
Since (z*log ) M) _ (—=1)* k! % and (xk)(n)
=0for0 <k <n,keN, we get

=i

B2 AGc; (.7, A) = P A BT T_; : (29)
where Tp 7 - € [z, 2 + 2nh].
If —j €1, . then
h™2"AG c_; (p,7,\) = 0. (30)
Now, (27)—(30) and the fact that h < %, imply
Z h=2"AS c. (p,7,\) = O (logx) . 31)
ZEB;,T,,\

Consider the sum over C’
Let z € C’pm)\.
By (14) and (24),

- on the right hand side of (26).

~z
Op,T,A A,z
z

|h=2"AFc. (p.7, )| =

prA ntp—1
‘Oz ‘ ~2Pn32,-1
DTNz

z <
xp,f,)\,z —= |z]

where 2 7 x. € [,z + 2nh]. Hence, h < & and the fact that

C3 . s a finite set, yield

S WAL (7 N) = O (470

3
ZGCP A

(32)

Similarly, the sum over Cﬁ,r, » on the right hand side of (26)
is a finite one. We have

~gPiTHA

T
—2n A+ DT\ T sPToA
h AQnCSp,T,X (p, T, )\) = OSP A e X

for sPA € Cp s a» Where Zgp-x € [z,2 + 2nh]. Hence,
reasoning as in [20 p. 246] and [19, p. 101], we obtain

Z hiznAérnCz (pv T, >‘)
z€C4

" o (33)
2
= Z SPJ'J\ + O (h p) !
s TN E (20555 .20

where s?" is counted o” o A times in the last sum.
Finally, we estimate the sum over S? ’pT +)‘ ) in (26). Let z €

Sf’;fx By (14),
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merZn

A) = oA :
¢ (.7 A) =02 2(z+1)...(z+ 2n)

We derive two estimates for h=2" A3, ¢, (p, 7, \).
Firstly, by (22),

h72nA;_nCz (pa 7, )‘)
2n

mg(—l) (*r) (z + (2n —

DT, A
OZ

— h—2n )h)z+2n
Since h < %, we obtain
h72nA;ncZ (p7 T, /\) — O (h—zn ‘Z|72n—1 xprr)\Jan) . (34)

Secondly, by (23),

’hiQnA;_nCz (p> T, )‘) |

z+hton+h  ta+h
oP: T
e t2dt,...dtg,
z
x ton to
z+hton+h  tath
_ —1 _
<RI |oB A L] Pty digy,.
T ton ta

Hence, by the mean value theorem and the fact that h < %

B AL e (b)) = O (A a7 ). Gs)
Let M > 2p. Now, using (34) and (35), we deduce
Z h2"AF c. (p, 7, )
zesf?ﬁ* (36)
= > AL e (p, T )+ Y AT el (p, T N)
zeSP T 2e87 A
- pHA<IE <0 J=1>01

=0 x*/”r)\ E
PP
eS8
[—pAl<|z<M

=0 <Zr—p+)\‘ ‘[ - 1de7A( )) + O (h 271Z—p+A+1n [‘ t_h' ld]\’p‘r)\( ))
pHA|

M

O (x—p+>\Mn—1) + 9] (h—2nx—p+)\+2nM—n—1) ;

ZpEa

|2I>M

|Z‘—1 + 0| nmgmrrrien |Z|72n71
zeSPT

where Np, - (t) =
of Zs (s + p— A, 7) on the interval
t.

Combining (26), (31)—(33) and (36), we obtain

O (™) denotes the number of singularities
—pF+A+ir,0<x <
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2nA+ ’(/}2n ( )
SIS >

(T NEL sp.mre(2p

FERR
gp,‘r»%

wdrr20)]
(n2) 37

(0]
O(l’p]\/[n 1)+O(h 2nxp+2n]\[ n— 1)
O( :;3’;;11).

ntp—1
Substituting h = z#+%1, M = z77%7T into (37) and
taking into account (25), we get

+ o+ +

WS (S s o=
0 = SPToN
p=0 (T, \)€El, ‘SP’T’AE(Q/)%,Z/)] (38)

ntp—1
20t 3,=1 ) .

Analogously, (see, e.g., [19, pp. 101-102]), one proves

+O<x

n—1 DA

Yo (2)> ¥ ()P 2 > e
p=0 (mAElp sprmhe (2054 20 (39)
+0 (pr%) .

Combining (38) and (39), we conclude that

n—1 1 _aPeTA

Yo (z)= > (-1) > > e
#=0 (RNl svom 3 e (20757 20)] (40)
+0 <z2p%) .

Now, using (40) and following lines of [19, p. 102], we
finally obtain

e (2)= "5 (—1)P*

li (.rsp'm>

(r,\)el, Sp,r,ke(zprlirzpp 11 24

+0 (962"%7;11 (log :C)*l)

as x — +o00. This completes the proof. O

VI. CONCLUDING REMARKS

Let us summarize the aspects in which Theorem 5 represents
an improvement of (1).

As already mentioned in the Introduction, X is one of the
following spaces:

HR” (k even, k > 2), HC™ (m > 1), HH' (I > 1), HCa?.

Hence, n = k, 2m, 41, 16 and p =
respectively.

Since HC' = HR? and HH' = HR* (see, e.g., [15]), we
may assume m > 2 and [ > 2.

(k—1), m, 20 + 1, 11,

1
2
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Now, a =n+q—1=Fk—1, 2m, 41 + 2, 22, respectively.
Obviously, a = 2p.
The size of the error term in (1) is O x(lfﬁ)zﬂ)_ We

compare this bound to our bound O (332’) nitpT (log x)_1>.

The factor (logz)~ " gives to our bound some advantage.
However, let us have a look at the corresponding powers of
x.

The inequality

-1 1
2ot P =L (1 22
n+2p—1 2n

always holds true since the corresponding equivalent inequal-
ity (n—1)(2p—1) > 0 is always valid. Here, the equality
sign occurs only if X = HR2,

Furthermore, the inequalities

-1 3 1
op it P=l 3 (1 1),
n+2p—-17"2 2n

are always true.

Indeed, the left-hand inequality is valid, being equivalent to
the inequality n < 2p 4 1. The equality occurs only if X =
HR* k> 2, k even.

On the other side, the right-hand inequality holds also true
since it reduces to n—2 > 0. Clearly, the right-hand inequality
becomes equality only if X = HR?.

Summarizing results derived above, we end up with the
conclusion that the obtained bound O (xz'” RS (logx)~

is of the form O (x9 (logz)™ " ), where § < 3pif X = HC™,
(m >2), HH!, (I >2), HCa? and § = %p if X = HRF, k
even, k > 2.

Note that our result coincides with the best known results
for the compact Riemann surfaces [20] and the real hyperbolic
manifolds with cusps [1].

Also, note that taking k¥ > 2n in the proof of Theorem 5
does not yield a better result.
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