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Abstract—We take trajectory-harps for a Kähler magnetic field of
strength

√
|c| on a complex hyperbolic spaceCHn(c) of constant

holomorphic sectional curvaturec. We show that distance functions
between their limit-strings and their arch-trajectories are not bounded
though their limit points in the ideal boundary are the same.
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I. I NTRODUCTION

On a K̈ahler manifold with complex structureJ we have a
natural family of closed2-forms which are constant multiples
of its Kähler formBJ . We say these2-forms to be K̈ahler
magnetic fields. A smooth curveγ parameterized by its
arclength is said to be atrajectory for a Kähler magnetic field
Bκ = κBJ (κ ∈ R) if it satisfies the differential equation
∇γ̇ γ̇ = κJγ̇. Since its velocity vector and acceleration vector
span a complex line at each point, this curve is deeply
concerned with complex structure of the underlying Kähler
manifold. It is hence natural to consider that properties of
trajectories and those of the underlying manifold are closely
related with each other.

In the preceding paper [9], Shi and the author studied
asymptotic behaviors of trajectories for Kähler magnetic fields
on a Hadamard K̈ahler manifold, a simply connected Kähler
manifold of nonpositive sectional curvature. Two geodesic
half-lines of unit speed are said to be asymptotic if the distance
function between them is a bounded function. With the ideal
boundary which is obtained as the set of asymptotic classes of
all geodesic half-lines of unit speed, every Hadamard manifold
is compactified ([7]). Since the geometry of the ideal boundary
of a Hadamard manifold is closely related with the geometry
of itself (see [6] and also [5], [8]), the author is interested in
asymptotic behaviors of trajectories for Kähler magnetic fields.
When sectional curvatures of tangent planes of a Hadamard
Kähler manifoldM are bounded from above by a negative
constantc, every trajectory half-lineγ : [0,∞) → M for a
Kähler magnetic fieldBκ with |κ| ≤

√
|c| is unbounded and

hasa limit point γ(∞) = limt→∞ γ(t) in the ideal boundary
∂M of M . Moreover, if we take a geodesic half-lineσ
satisfyingσ(0) = γ(0) andσ(∞) = γ(∞), thenγ is contained
in a tube of finite radius aroundσ if |κ| <

√
|c|. Thus, we

areinterested more in asymptotic behaviors of trajectories for
|κ| =

√
|c|.
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In this paper we study trajectory half-lines for Kähler mag-
netic fieldsB±

√
|c| on a complex hyperbolic spaceCHn(c)

of constant holomorphic sectional curvaturec. We show that
the distance from a pointγ(t) on such a trajectory half-line to
its associated geodesic half-lineσ grows logarithmically with
respect tot.

II. T RAJECTORY-HARPS

Let M be a K̈ahler manifold with complex structureJ . A
smooth curveγ : R → M parameterized by its arclength
is said to be atrajectory for a Kähler magnetic fieldBκ =
κBJ if it satisfies the differential equation∇γ̇ γ̇ = κJγ̇. Since
J is parallel, we see that this trajectory satisfies the Frenet
formula∇γ̇ γ̇ = κJγ̇, ∇γ̇(Jγ̇) = −κγ̇ with the Frenet frame
{γ̇, Jγ̇} and the geodesic curvature|κ|. Thus, we may say
that trajectories for K̈ahler magnetic fields are simplest curves
showing complex structure of the underlying Kähler manifold
from the viewpoint of classical curve theory. This suggests us
importance of investigating trajectories for Kähler magnetic
field to study K̈ahler manifolds.

In order to study properties of trajectories, we introduced
trajectory-harps in [2]. We call a restriction of a trajectory
on a finite interval a trajectory-segment, and call a restriction
of a trajectory on a infinite interval a trajectory-half line. Let
γ : [0, T ] → M be a trajectory-segment or a trajectory half-
line for a Kähler magnetic fieldBκ satisfying γ(t) ̸= γ(0)
for all 0 < t < T . A smooth variation of geodesicsαγ :
[0, T ] × R → M is said to be atrajectory-harp associated
with γ if it satisfies the following conditions:

i) αγ(t, 0) = γ(0) for eacht,
ii) the curves 7→ αγ(0, s) is the geodesic of initial vector

γ̇(0),
iii) for each t, the curves 7→ αγ(t, s) is a geodesic of unit

speed joiningγ(0) andγ(t).

When γ([0, T ]) is contained in the geodesic ball centered at
γ(0) and of radius of the first conjugate value ofγ(0), we
can define trajectory-harp uniquely. We call the geodesics 7→
αγ(t, s) a string of αγ at t, and callγ its arch-trajectory. We
set ℓγ(t) as the length of the geodesic segments 7→ αγ(t, s)

from γ(0) to γ(t), and put δγ(t) = ⟨∂αγ

∂s

(
t, ℓγ(t)

)
, γ̇(t)⟩.

We call them thestring-lengthand thestring-cosineof αγ

at t, respectively. The differential of the string-length coin-
cides with the string-cosine (ℓ′γ(t) = δγ(t)). String-lengths
show lengths of trajectory-harps. In [2] and in [10], Shi and
the author estimated string-lengths and string-cosines under
an assumption on sectional curvatures of underlying Kähler
manifolds. For a negativec and forκ with κ2 ≤ |c|, we set
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ℓκ(t; c) by the following relations
√
|c| − κ2 sinh

(√
|c| ℓκ(t; c)/2

)
=

√
|c| sinh

(√
|c| − κ2 t/2

)
,

when |κ| <
√
|c|,

2 sinh
(√

|c| ℓκ(t; c)/2
)
=

√
|c| t, whenκ = ±

√
|c|.

Also, we definea functionδκ(t; c) by

δκ(t; c)

=


√

|c|−κ2 cosh
(√

|c|−κ2 t/2
)√

|c| cosh2
(√

|c|−κ2 t/2
)
− κ2

, when |κ| <
√

|c|,

2
/√

|c|t2 + 4, whenκ = ±
√
|c|.

These functions show string-lengths and string-cosines of
trajectory-harps associated with trajectories forBκ on a
complex hyperbolic spaceCHn(c) of constant holomorphic
sectional curvaturec. The string-lengthℓκ(t; c) is monotone
increasing with respect tot and satisfieslimt→∞ ℓκ(t; c) = ∞.
Trajectories on a Hadamard Kähler manifold satisfy a similar
property. We call the set

Hγ =
{
αγ(t, s)

∣∣ 0 ≤ t ≤ T, 0 ≤ s ≤ ℓγ(t)
}

the harp-bodyof a trajectory-harpαγ .

Proposition 1 ([2]): Let γ : [0,∞) → M be a trajectory
half-line for a K̈ahler magnetic fieldBκ on a Hadamard K̈ahler
manifoldM . Suppose sectional curvatures of planes tangent to
the harp-bodyHγ are not greater than a negative constantc. If
|κ| ≤

√
|c|, then thefunctionℓγ of string-lengths is monotone

increasing and satisfiesℓγ(t) ≥ ℓκ(t; c).

This proposition guarantees that on a Hadamard Kähler
manifold M every trajectoryγ for Bκ with |κ| ≤

√
|c| is

unbounded in bothdirections when sectional curvatures ofM
satisfyRiemM ≤ c < 0. Here, we sayγ is unbounded in both
directions if bothγ([0,∞)) and γ(−∞, 0]) are unbounded
sets.

In order to show widths of trajectory-harps we have zenith
angles and lengths of sector-arcs for harp-sectors. For a
trajectory-harpαγ , given a, b with 0 ≤ a < b ≤ T , we call
its restrictionαγ |[a,b]×[0,ℓγ(a)] onto [a, b] × [0, ℓγ(a)] a harp-
sector. We call the curve[a, b] ∋ t 7→ αγ

(
t, ℓγ(a)

)
∈ M

its sector-arc, and call the lengthϑγ(a, b) of the curve
[a, b] ∋ t 7→ ∂αγ

∂s (t, 0) ∈ Tγ(0)M its zenith angle. In [3],
[9] and [10] we gave estimates of lengths of sector-arcs and
zenith angles. We here recall some of the results which are
closely related to our present paper.

Proposition 2 ([9], [3]): Let γ : [0,∞) → M be a trajec-
tory half-line for a K̈ahler magnetic fieldBκ on a Hadamard
Kähler manifoldM . Suppose sectional curvatures of planes
tangent to the harp-bodyHγ are not greater than a negative
constantc. If |κ| ≤

√
|c|, for arbitrarya, b with 0 ≤ a < b, the

zenith angleϑγ(a, b) and the lengthsℓγ(a, b) of the sector-arc
are estimated as follows:

1) When|κ| <
√
|c|, we have

ϑγ(a, b) ≤
∫ b

a

√
|c| − κ2

sinh
√
|c| − κ2 t

dt

= log

(
(ebk − 1)(eak + 1)

(ebk + 1)(eak − 1)

)
and

sℓγ(a, b) ≤
|κ|π

2
√
|c|(|c| − κ2)

;

2) Whenκ = ±
√
|c|, we have

ϑγ(a, b) ≤
∫ b

a

2√
|c| t2

dt =
2√
|c|

(1
a
− 1

b

)
.

Since we have ∠
(∂αγ

∂s (a, 0),
∂αγ

∂s (b, 0)
)
≤ ϑγ(a, b), by the

estimates on zenith angles we find that for each trajectory-
harpαγ associated with a trajectory half-lineγ for Bκ with
|κ| ≤

√
|c| on a HadamardKähler manifoldM satisfying

RiemM ≤ c < 0 the limit limt→∞
∂αγ

∂s (t, 0) ∈ Uγ(0)M of
initial vectors of strings exists. We call the geodesic half-
line σγ : [0,∞) → M having this vector as initial vector
the limit-string of this trajectory-harpαγ . Propositions 1, 2
guarantee that the pointγ(∞) := limt→∞ γ(t) at infinity
exists in the ideal boundary∂M and it coincides with the
point σγ(∞) := limt→∞ σγ(t) at infinity of its limit-string.
Moreover, when|κ| <

√
|c|, the estimateon sector-arcs shows

that the trajectoryγ is contained in the tube around the limit-
string σγ of radius |κ|π/

(
2
√

|c|(|c| − κ2)
)
, and that σγ is

contained in the tube aroundγ of the same radius. We are
hence interested in the relationship between trajectories for
B±

√
|c| and their limit-stringsof their trajectory-harps.

Proposition 3: Let γ : [0,∞) → M be a trajectory half-line
for a Kähler magnetic fieldBκ with k = ±

√
|c| on CHn(c).

For arbitrarya, b with 0 ≤ a < b, the length of sector-arc of
αa,b
γ is estimated as

sℓγ(a, b) ≤ π
√
|c|a(b− a)

/(
2
√
|c|b2 + 4

)
.

In particular, we havelimb→∞ sℓγ(t, b) ≤ πt/2.

Proof: We note that each trajectoryγ lies on a totally
geodesicCH1(c). Thus, the trajectory-harpαγ is a variation
of geodesics onCH1(c). We therefore find that

sℓγ(a, b) =
1√
|c|

sinh
(√

|c|ℓκ(a; c)
)

× ∠
(∂αγ

∂s
(a, 0),

∂αγ

∂s
(b, 0)

)
,

where
(
1/
√

|c|
)
sinh

(√
|c|t

)
shows thenorm of the Jacobi

field ∂αγ

∂s (t, s). Since we have

∠
(∂αγ

∂s
(t, 0),

∂αγ

∂s
(0, 0)

)
= cos−1 δκ(t; c)
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and θ ≤ (π/2) sin θ for 0 ≤ θ ≤ π/2, by trigonometric
addition formula, we obtain

∠
(∂αγ

∂s
(a, 0),

∂αγ

∂s
(b, 0)

)
= cos−1 δκ(b; c)− cos−1 δκ(a; c)

≤ π

2
sin

(
cos−1 δκ(b; c)− cos−1 δκ(a; c)

)
=

π
√

|c| (b− a)√
(|c|b2 + 4)(|c|a2 + 4)

,

becausesin
(
cos−1 δκ(t; c)

)
=

√
|c| t/

√
|c|t2 + 4. On the

other hand, we have

sinh
(√

|c|ℓκ(a; c)
)

= 2 sinh
(√

|c|ℓκ(a; c)/2
)
cosh

(√
|c|ℓκ(a; c)/2

)
=

1

2
a
√
|c|(|c|a2 + 4),

hencewe get the estimate. Sincesℓγ(a, b) is monotone in-
creasing with respect tob, we get the conclusion.

By using thecomparison theorem on lengths of sector-arc,
we obtain the following.

Corollary 1: Let γ : [0,∞) → M be a trajectory half-
line for a Kähler magnetic fieldBκ on a Hadamard K̈ahler
manifold M . Suppose sectional curvatures of planes tangent
to the harp-bodyHγ are not greater than a negative constant
c. For arbitrarya, b with 0 ≤ a < b, we take positivêa, b̂ so
that they satisfyℓγ(a) = ℓκ(â; c) and ℓγ(b) = ℓκ(b̂; c). When
κ = ±

√
|c|, the lengthof sector-arc ofαa,b

γ is estimated as

sℓγ(a, b) ≤ π
√
|c|â(b̂− â)

/(
2

√
|c|b̂2 + 4

)
and lim supb→∞ sℓγ(a, b) ≤ πâ/2.

Proof: We take a trajectory half-linêγ for B√|c| on

CHn(c). We then havesℓγ(a, b) ≤ sℓγ̂(â, b̂) (see [9], [4]).
We hence get our estimates.

We notethat â ≥ a by Proposition 1. Thus the above does
not tell on the growth order of lengths of sector-arcs.

III. H OROCYCLE TRAJECTORIES AND THEIR

LIMIT -STRINGS

According to Propositions 2, 3, it seems trajectories for
B±

√
|c| on a complex hyperbolic spaceCHn(c) has different

properties compared with those forBκ with |κ| <
√
|c|,

though all ofthem are unbounded in both directions. We study
more on these trajectories in this section. It is known that each
trajectory forB±

√
|c| on CHn(c) lies on ahorosphere (see

[1]). We hence call it a horocycle trajectory.
We take a trajectory half-lineγ : [0,∞) → CHn(c) for

Bκ with κ = ±
√

|c| and consider itstrajectory-harpαγ . We
here study the distance betweenγ and the limit-stringσγ of
αγ . First, we giveσγ explecitely. For each positivea, the

curveγa : [0, a] → CHn(c) defined byγa(t) = γ(a− t) is a
trajectory segment forB−κ. Hence we see⟨

γ̇(0),
∂αγ

∂s
(t, 0)

⟩
= δ−κ(t : c) = 2/

√
|c|t2 + 4.

This shows that the angle betweeṅγ(0) and the initial vector
σ̇γ(0) of the limit-stringσγ is π/2. Sinceγ lies on a totally
geodesicCH1(c), we find σ̇γ(0) = ±Jγ̇(0).

Proposition 4: Let γ be a trajectory half-line forB±
√

|c| on

CHn(c). The distancefrom an arbitrary pointσγ(s) on the
limit-string σγ of its trajectory-harpαγ to γ is d

(
σγ(s), γ) =

s.

Proof: Since we havelims→∞ σγ(s) = limt→∞ γ(t) ∈
∂CHn(c), we seeγ lies on a horosphereHS which is a
level set of the Busemann function defined byσγ and that
passes throughσγ(0). For s > 0, the geodesic ballBs

(
σγ(s)

)
centered atσγ(s) passing throughγ(0) = σγ(0) is contained
in the horoballHB whose boundary isHS. They satisfy
Bs

(
σγ(s)

)
∩HB = {γ(0)}. Therefore, we see that the distance

from σγ(s) to γ is s which is attained asd(σγ(s), γ(0)).

Next we study the distance fromγ(t) to σγ . For each
positive s we take the geodesicµs satisfyingµs(0) = σγ(s)
and µ̇s(0) = ∓Jσ̇γ(s). It also lies on that totally geodesic
CH1(c) containing γ. Thus we have positiveus and ts
satisfying µs

(
us

)
= γ(ts). For eacht ≥ 0, if there is s

satisfying ts = t, then we find the distancedγ(t) from γ(t)
to σγ is given byus.

Theorem 1:Let γ be a trajectory half-line forB±
√

|c| on

CHn(c). The distancedγ(t) from a pointγ(t) to the limit-
string σγ of the trajectory-harpαγ is give by

dγ(t) =
(
1
/√

|c|
)
log

(√
|c| t+

√
|c|t2 + 1

)
.

Hence thefunctiondγ is unbounded, monotone increasing and
concave.

Proof: First we study the case thatc = −4 and γ is a
trajectory forB2. Let ϖ : H2n+1

1 → CH(−4) denote a Hopf
fibration of a anti-de Sitter spaceH2n+1

1 = {z ∈ Cn+1 |
⟨⟨z, z⟩⟩ = −1}, where ⟨⟨ , ⟩⟩ denotes a Hermitian form on
Cn+1 given by

⟨⟨z, w⟩⟩ = −z0w0 + z1w1 + · · ·+ znwn

for z = (z0, . . . , zn), w = (w0, . . . , wn) ∈ Cn+1.
We take z ∈ H2n+1

1 ⊂ Cn+1 and a horizontal vector
v ∈ TzH

2n+1
1 ⊂ TzCn+1 ∼= Cn+1 satisfying ϖ(z) =

γ(0), dϖ(v) = γ̇(0). Regardingv as an element ofCn+1 we
find that the horizontal lift̂γ of γ with γ̂(0) = z is expressed
as

γ̂(t) = e
√
−1t

{
(1−

√
−1 t)z + tv

}
(see [1]). Sincethe horizontal lift σ̂γ of the limit-string σγ

with σ̂γ(0) = z is expressed aŝσγ(s) = cosh sz + sinh sJv,
we see that the horizontal lift̂µs of µs with µ̂s(0) = σ̂γ(s) is
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given as

µ̂s(u) = coshuσ̂(s)− sinhuJ ˙̂σ(s)

=
(
coshu cosh s−

√
−1 sinhu sinh s

)
z

+
(
sinhu cosh s+

√
−1 coshu sinh s

)
v

=
sinhu cosh s+

√
−1 coshu sinh s√

sinh2 u cosh2 s+ cosh2 u sinh2 s

×
{

coshu sinhu√
sinh2 u cosh2 s+ cosh2 u sinh2 s

z

− (cosh2 u+ sinh2 u) cosh s sinh s√
sinh2 u cosh2 s+ cosh2 u sinh2 s

√
−1z

+
√
sinh2 u cosh2 s+ cosh2 u sinh2 s v

}
.

As µs

(
us

)
= γ(ts) there is a realθ with e

√
−1θµ̂s

(
us

)
=

γ̂(ts). By comparingthese expressions of̂γ andµ̂s we obtain

ts =

√
sinh2 us cosh

2 s+ cosh2 us sinh
2 s (III.1)

1 =
coshus sinhus√

sinh2 us cosh
2 s+ cosh2 us sinh

2 s
, (III.2)

ts =

{
cosh2 us + sinh2 us

}
cosh s sinh s√

sinh2 us cosh
2 s+ cosh2 us sinh

2 s
. (III.3)

By (III.2) we getcosh2 us = (cosh 2s+sinh 2s+1)/2, which
is equivalent tocosh 2us = cosh 2s+sinh 2s = e2s. Thus we
obtain

us =
1

2
log

{
e2s +

√
e4s − 1

}
and ts =

1

2

√
e4s − 1,

which show

dγ(t) =
1

2
log

(
2t+

√
4t2 + 1

)
.

Clearly, this function is monotone increasing and is concave.
To study the general case, we consider a homothetic change

of metrics. When we change the metric⟨ , ⟩ on a K̈ahler
manifold homothetically to a metricλ2⟨ , ⟩ with some
positive λ, then for a trajectoryγ for Bκ with respect to
the original metric we see that the curvẽγ(t) = γ(t/λ)
is a trajectory forBκ/λ with respect to the new metric.
We note that sectional curvatures changeλ−2-times of the
original sectional curvatures. Letγ be a trajectory forB√|c|
onCHn(c). Considering thehomothetic change of metric with
λ =

√
|c|/2, we findthat γ̃(t) = γ(t/λ) is a trajectory forB2

on CHn(−4). Thus we have

dγ(t) =
2√
|c|

d̃γ̃(λt) =
1√
|c|

log
(√

|c| t+
√
|c|t2 + 1

)
.

For trajectories forB−
√

|c| on CHn(c), we have the same
computations. This complete the proof.

This theorem shows that even each horocycle trajectory
and its limit-string have the same limit points at infinity their
distance function grows logarithmically.

We define a variation of geodesicsµ : R × [0,∞) →
CHn(c) by µ(s, u) = µs(u). Here,µ0 denotes the geodesic

of initial vector γ̇(0). By definition, we haveµ(s, 0) =
σγ(s) and µ(s, us) = γ(ts). To study more on the rela-
tionship between trajectories and their limit-strings, we set
ηγ(t) =

⟨
γ̇(t), ∂µ

∂u

(
s(t), us(t)

)⟩
, where s(t) denotes the in-

verse function of the functions 7→ ts. We shall call the angle
cos−1 ηγ(t) betweenγ̇(t) and ∂µ

∂u

(
s(t), us(t)

)
the arch-angle

of a trajectory-harpαγ at t. Settingµ̃ by µ̃(s, u) = µ(s, usu),
we haveu2

s =
∫ 1

0

∥∥∂µ̃
∂u (s, u)

∥∥2 du. Hence we find

us
dus

ds
=

∫ 1

0

⟨∂µ̃
∂u

(s, u),
(
∇ ∂µ̃

∂s

∂µ̃

∂u

)
(s, u)

⟩
du

=

∫ 1

0

d

du

⟨∂µ̃
∂u

(s, u),
∂µ̃

∂s
(s, u)

⟩
du

=
⟨∂µ̃
∂u

(s, 1),
∂µ̃

∂s
(s, 1)

⟩
−
⟨∂µ̃
∂u

(s, 0),
∂µ̃

∂s
(s, 0)

⟩
= us

dts
ds

(s)
⟨∂µ
∂u

(s, us), γ̇(ts)
⟩

= us
dts
ds

(s) ηγ(ts).

Sincedγ(t) = us(t), we obtain

ηγ(t) = d′γ(t) = 1/
√
|c|t2 + 1.

Thereforewe have the following:

Theorem 2:For a trajectory hal-lineγ for B±
√

|c| on

CHn(c), we have ηγ(t) = 1/
√
|c|t2 + 1. Hence the

arch-anglecos−1 ηγ(t) is monotone increasing and satisfies
limt→∞ cos−1 ηγ(t) = π/2.
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