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Abstract—This research paper deals with the concept of fuzzy
semi — alpha compact space as well as fuzzy semi alpha — closed
space setting of a fuzzy topological space. We also investigate the
relationships between fuzzy semi alpha — almost compactness and
fuzzy semi alpha — nearly compactness. We present a number of
properties and characterizations of these notions of fuzzy semi -
alpha compact space, fuzzy semi alpha — closed space, fuzzy semi
alpha — almost compact space and fuzzy semi alpha — nearly
compactness in fuzzy topological spaces.
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I. INTRODUCTION

In [12], Zadeh has introduced the important concept
of fuzzy sets. In [Hakeem, 2009], Hakeem, etc. have
introduced the concept of fuzzy semi o —open sets
in fuzzy topological space. The notion of fuzzy
subsets naturally plays a significant role in the study
of fuzzy topology which was introduced by Chang
[Chang, 2004]. In [2009], Hakeem, etc. introduced
the notion of fuzzy semi o — open sets in fuzzy
topology. The purpose of this paper is devoted to
introduce and study the concepts of semi
o.—compactness and semi o —closed spaces in
fuzzy setting. Using fuzzy filterbases, we
characterize fuzzy semio —compactness and fuzzy
semi o —closed spaces. We also explore some
expected basic properties of these concepts.
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Il. PRELIMINARIES
Throughout this paper(X,t) and (Y,o) or simply
by X and Y respectively mean fuzzy topological
spaces. A fuzzy point x, in X is a fuzzy set having
support x e X and value te (0,1]. If A is a fuzzy
set then Int(A), CI(A), A° and S(A) will
denote respectively, the interior of A, the closure of
A, complement of A and the support of A. For
two fuzzy sets A and B, we shall write AgqB

(AGB) to mean that A is quasi coincident (not
quasi coincident) with B, i.e., there exists x e X
such that A(x)+B(x)>1 (A(x)+ B(x)31).

DEFINITION 2.1. Let X be a non empty set and t
be a family of fuzzy subsets of X. Then 7 is called
a fuzzy topology on X if it satisfies the following

conditions: (i) 0, and 1, belong to t (ii) Any
union of members of t is in <. (iii) Any finite

intersection of members of 1 is in t. The pair
(X,7) is called a fuzzy topological space.

DEFINITION 2.2. A fuzzy set A in a fuzzy
topological space (X,t) is called a fuzzy

a—openset if A< Int[CI(Int(A))J.

DEFINITION 2.3. A fuzzy subset A of a fuzzy
topological space (X,t) is called a “fuzzy semi

o —openset” if there exists a fuzzy o —openset U
in X such that U< A<CI(U). The family of all
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fuzzy semi a—open sets of X is denoted by
FSaO(X,t) orsimply by FSaO(X).

DEFINITION 2.4. The complement of fuzzy semi
a—open set is called “fuzzy semi a —closed set”.

The family of all fuzzy semi a.—closed sets of X
is denoted by FSaC(X,t) or simply by

FSaC(X).

DEFINITION 2.5. Let U be a fuzzy set in a fuzzy
topological space (X, t). The fuzzy semi

a—closure and fuzzy semi a.—interior of U are
defined as follows:

fsaCl(U)=N{A:U <A AeFSaC(X,7)};
fsalnt(U)=U{A:U 2 A, Ae FSaO(X,t)}.
It is obvious that fsaCI( ) [fsalnt ]c
fsalnt( ) [ fsaCl( U):|

THEOREM 2.6. Let A be any fuzzy subset of a
topological space (X,t). Then the following

statements are equivalent:

(i) AeFSaO(X).

(ii) There exists a fuzzy open set say G such that
G<A<clInt(cl(a))].

(iii) A<cI int(c1(1nt(A))) ]
(iv) ci(A)=c1| (int(c1(mt(n))) |

THEOREM 2.7. Let A be any fuzzy subset of a
topological space (X,1).

(i) Any union of fuzzy semi a.—open sets is fuzzy
semi a.—open set.

(i) Any intersection of fuzzy semi o.—closed sets
is fuzzy semi o, —closed set.

REMARK 2.8. The Intersection (Union) of any two
fuzzy semi a.—open (fuzzy semi o —closed) sets

need not be fuzzy semi a—open (fuzzy semi
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o —closed) set.

THEOREM 2.9. A fuzzy set A in a fuzzy
topological space (X,t) is fuzzy semi o.—open set
if and only if for every fuzzy point pe A there
exists a fuzzy semi a.—open set M < A such that

peM,.

THEOREM 2.10. Let A be a fuzzy semi o.—open
set in a fuzzy topological space (X,t). Let B bea

fuzzy setin X satisfying A<B<CI(A). Then B
is fuzzy semi o —open setin X.

THEOREM 2.11. Let A be a fuzzy semi o —open
set in a fuzzy topological space (X,t). Let B bea

fuzzy setin X such that Int(A)<B<A. Then B
is fuzzy semi o —open setin X.

DEFINITION
f:(X,1)—>
space (X,t) into a fuzzy topological space (Y,o)

212. [5] Let a function
(Y,o) from a fuzzy topological

is called a fuzzy semi o —continuous if and only if
f*(B) is fuzzy semi a—open (fuzzy semi

o—closed ) set in X for each fuzzy open (fuzzy
closed) setBinY.

DEFINITION
f:(X,1)—
space (X,t) into a fuzzy topological space (Y,o)

213. [5] A function
(Y,o) from a fuzzy topological

is called a fuzzy semi a.*—continuous if and only
if f(B) is fuzzy semi a—open (fuzzy semi
a—closed ) set in X for each fuzzy semi o.—open
(fuzzy semi au—closed ) setBinY.

LEMMA 2.14. Let f:(X,1)—>
Then

(Y,c) be a

function. the following statements are
equivalent:

(a) f is fuzzy semi " —continuous.

b) f[ fsaCl(U)]< fsaCl| f(U)], for every
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fuzzy set U in X.
PROOF. (a)=>(b): Let U be a fuzzy set of X,

then fsaCl(U) is fuzzy semi a—closed. By (a)
f‘l[ fsaCI( f(U )):| is fuzzy semi o.—closed and

therefore it follows that

£ [ fsaCl( £ (U))]= fsacl( ] fsacl(F(U))]).

Since U< f‘l[ f (U)] we have

fsaCl(U) < fsaCl| £7(f(U))]<
fsaCl| £ (fsaCl(F(U)))]= [ fsa( £ (U))]

Hence f[ fsaCl(U)]< fsaCl[ f(U)].
(b)=(a): Let V be a fuzzy semi o.—closed set in

Y. By () if uU=f*V), then

fsaCI £(v)]< 1] fsaCl( £ (17(V)))]<

[ fsaCl(V)]= (V). Since
f(V)< fsaCl[ 7V ], then
(V)= fsocCI[f‘l \% )] Hence f~'(V) s

fuzzy semi o —closed set in X. Hence f is fuzzy
semi o — continuous.

LEMMA 2.15. Let f:(X,t)—>(Y,o) be a

function. Then

equivalent:
(a) f is fuzzy semi o.— continuous.

(b) f[ fsaCl(U)]< fsaCI[ f(U)], for every
fuzzy set U in X.

the following statements are

DEFINITION 2.16. A collection of fuzzy subsets &
of a fuzzy topological space (X ,1:) is said to form a
fuzzy filterbase if and only if for every finite

collection {Aj D =1,2,...,n}, N A, #0,.
j=1

DEFINITION 2.17. A collection p of fuzzy sets in
a fuzzy topological space (X,t) is said to be cover
of X

of a fuzzy set U if and only if
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(UA](X)le, for every xeS(U). A fuzzy

Aep
cover pu of a fuzzy set U in a fuzzy topological
space (X,t) is said to have a finite subcover if and
subcollection
that

only if there exists a finite

Tl={AJ- :j=1,2,...,n} of p  such

(J_LZJIAJ.J(X)ZU(X), for every xe S(U).

DEFINITION 2.18. A fuzzy topological space
(X,t) is said to be almost compact if and only if

every open cover of X has a finite subcollection
whose closures cover X.

DEFINITION 2.19 Let (X, ) and (Y, c) be two
fuzzy  topological spaces. A mapping
f :(X,t)—>(Y.o) is said to be fuzzy strongly
semi a.—open if (V) is fuzzy semi o.—open set
of Y for every fuzzy semi ao—open V of X.

. FUZZY SEMI a.— COMPACT SPACE
DEFINITION 3.1. A fuzzy topological space (X,1)
is said to be fuzzy semi a—compact if and only if
for every family p of fuzzy semi a—open sets

such that UA: 1,, there exists a finite subfamily

Aep

n < u such that UA: 1,.

Aen

DEFINITION 3.2. A fuzzy set U in a fuzzy
topological space (X,t) is said to be fuzzy semi

a—compact relative to X if and only if every
family p of fuzzy semi o —opensets such that

[JA=U(x)there exists a finite subfamily ncp

Aep

such that | JA>U (x) for every x e S(U).

Aen
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THEOREM 3.3. A fuzzy topological space (X,t)
is fuzzy semi a—compact if and only if for every
collection {Aj ‘e J} of fuzzy semi o —closed
subsets of X having the finite intersection property,

A, =0,

jed
PROOF. Let {Aj ‘je J} be a collection of fuzzy

o —closedsets with the finite intersection
Suppose that (JA;=0,. Then

jed

semi
property.

JA; =1,. Since {AJC L eJ} is a collection of
jed
fuzzy semi o —opencover of X. Then from the
fuzzy semi o —compactness of X it follows that
there exists a finite subset Fc Jsuch that
[JAS=1,. Then [)A, =0, which gives a
jeF jeF
contradiction and therefore nA;e 0,.

jed
Conversely, let {AJ. Jje J} be a collection of fuzzy
semi o, —open cover of X. Suppose that for every

finite subset Fc<J, we have UAJ. #1,. Then
jeF

r]AjC #0,. Hence {AJC je J} satisfies the finite
jeF

intersection property. Then from the hypothesis we
have ()AS =0, which implies | JA, =1, and this

jed jed

contradicts the fact that {AJ. Jje J} is a fuzzy semi
a—open cover of X. Thus X is fuzzy semi
o —compact.

Now, we give some results of fuzzy semi
o —compactness in terms of fuzzy filterbases.

THEOREM 3.4. A fuzzy topological space (X,t)
is fuzzy semi o.—compact if and only if for every

filterbases & in X, ()G # 0.

Geg
PROOF. Let p be a fuzzy semi a—open cover of X
and p has no finite subcover. Then for every finite

subcollection  {A,,A,,..,A,} of u, there exists
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xe X such thatA,(x)<1for every j=1,2,...,n.
Then AS(x)>0, so that [)A;(x)=0,. Thus

j=1
{Ajc(x):Aj ep} forms a filterbases in X. Since

then
UA,-=1x for every xe X and therefore we

Ajep

p is fuzzy semi a—opencover of X,

obtain N fsocCI(Af)(x): N Af(x):OX,

Ajen
which is a contradiction. Therefore every fuzzy
semi a.—open cover of X has a finite subcover and

hence X is fuzzy semi o —compact.

Conversely, suppose that there exists a filter bases
& such that (] fsaCl(G)=0,,s0 that

Geg

(U ( fsaCl (G))C)(x) =1, for every xe X and

Geg
hence p= {( fsocCI(G))c Ge &} is a fuzzy semi

a—opencover of X. Since X is fuzzy semi
a—compact, then p has a finite subcover. Then

(,Ul( fsaCl (Gj))c)(x) =1,

(ng)(X)=1x, so that r"wc;,:ox which is a

=1

and hence

contradiction, since G,,G,,....,G, are members of
NG=#0,

Geg

filterbases §&. Therefore for every

filterbases &.

THEOREM 3.5. A fuzzy set U in a fuzzy
topological space (X,t) is fuzzy semi
o—compact relative to X if and only if for every
filter bases & such that every finite of members of
3 IS quasi coincident with U,
(n fsau(c;))nu £0,.

Geg

PROOF. Let U not be fuzzy semi o —compact
relative to X, then there exists a fuzzy semi
a—open cover p of U such that p has no finite

n={A.A,...A}. Then

subcover



INTERNATIONAL JOURNAL OF PURE MATHEMATICS
(x) for some xeS(U), so that

U°(x)=0 and hence

={A°: Aep} forms a filter bases and

(
[ﬁ

AquU. By hypothesis
=1
(n
N fsa(CI(AJ?))JﬂU £0, and hence
\ =1
(n
nAj]ﬂU #0,. Then for some xeS(U),

[

N A°

( )(x)>0x, that is (
Aep

is a contradiction. Hence U
o —compact relative to X.
Conversely, suppose that there exists a filter bases

& such that every finite of members of & is quasi

N fsaCI(G))ﬂU #0,.

U A)(x) «» which

Aep
is fuzzy semi

coincident with U and (

Geg
Then for every xeS(U),
( N fsaCl (G))( x) =0, and hence
Geg

(GLng( f5aCI(G))C)(x)=1X for every xeS(U).

Thus u={(fsaCl(G)) :Get} is fuzzy semi

a—opencover of U. Since U is fuzzy semi
a—compact relative to X, then there exists a

n},
kLiJl( fsaCl (G))C)(x) >U (x) for every

xeS(U). Hence (rn:]fS(xCI( ))(x)suc(x)

X € S(U),

finite subcover, say {( fsaCl (Gk))C k=1,2,..,

such that (

for every S0 that

) fsaCl (G, ) |d(x) <V,
(k@l saC (Gk))q(x) U
contradiction. Therefore for every filter bases &
such that every finite of members of & is quasi

which is a
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coincident with U, (
Geg

N fS(xCI(G))ﬂU £0,.

THEOREM 3.6. Every fuzzy semi a—closed fuzzy
subset of a fuzzy semi a—compact space is fuzzy

semi a—compact relative to X.
PROOF. Let & be a fuzzy filter bases in X such

that Uq(ﬂ{G :G ek}) holds for every finite
subcollection A of € and a fuzzy semi o —closed
set U. Consider & ={U}UE. For any finite
subcollection A" of &, if U gA", then NA" #0,.
If UeA”, and since Uq(ﬂ{G:Gex*—{U}}),

then NA™ = 0,.
X. Since X is fuzzy semi
N fsocCI(G);tOX,

Get”

(n fscu(e)]nu =(n fsu(e))n f5CI(U) %0,
Get Geg

Hence by Theorem 3.5, we conclude that U is
fuzzy semi o —compact relative to X.

Hence A" is a fuzzy filter bases in
then
that

a —compact,

SO

THEOREM 3.7. If a function
f:(X,1)—>(Y.0) is fuzzy semi
a*—continuous and U is fuzzy semi

o —compact relative to X, then sois f (U).

PROOF. Let {A :keK} be a fuzzy semi
a—open cover of S(f(U)). For xeS(U),
f(x)e f(S(U))=S(f(U)). Since f is fuzzy
semi a* —continuous, then {f_l(Ak):ke K} is

fuzzy semi a—open cover of S(U). Since U is
fuzzy semi o —compact relative to X, there is a
finite subfamily {f‘l(Ak) . k=1,2,...,n} such that

s(U)=U f*(A) which implies
s(U)< f‘l(kLiJlAk) and then
S(f(U))=f(s(U))< f(f‘l(gAszgAk.
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Therefore f(U) is fuzzy semi a-—compact
relative to Y.

LEMMA 38. If f:(X,1)—>(Y,o) is fuzzy

open and fuzzy continuous function, then f

fuzzy a*—continuous.
PROOF. Let V be a fuzzy semi o —open setin,

then

VSCI(Int(CI( (Int(V)) )))<CI(Int (c1(v))).
()< £ (ci(nt(cI(v)))) <
eI £ (mnt(c1(v)))).

is

So

Since f is  fuzzy  continuous, then

t[ Int(CI(v ] nt( £ (CI(V))).

Also Theorem 2.6,
[ Int(cI( ]= {( - (Int(CI( )<

Int ( ) Int ( ))) Thus

(*
(V)

Hence the result.

COROLLARY 39. Let f:(X,t1)—(Y.0) be
fuzzy open and fuzzy continuous function and X is
fuzzy semi a.—compact, then f(X) is fuzzy semi
o —compact.

PROOF. . It follows directly from Lemma 3.8 and
Theorem 3.7.

DEFINITION.
f:(X,1)—
a—openif and only if the image of every fuzzy
semi a—open set in X is fuzzy semi a—open set
inY.

Theorem 3.11. Let f:(X,71)—(Y,c) be a
fuzzy semi a—open bijective function and Y is

fuzzy semi a—compact, then X is fuzzy semi
o —compact.

PROOF. Let {Aj :jeJ} be a collection of fuzzy

3.10. A function
(Y,o) is said to be fuzzy semi
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semi o —open cover of X, then {f(Aj):jeJ} IS

fuzzy semi a.—open covering of Y. Since Y is
fuzzy semi a.—compact, there is a finite subset

F < J such that {f(Aj):je F} is a cover of Y.

But 1X=f‘l(1Y)=f‘1( (U AD UA, and
jeF jeF

therefore X is fuzzy semi o —compact.

THEOREM 3.12. f:(X,t1)—(Y.c) be a

strongly semi o—open function, bijective function
and Y is fuzzy semi a—compact space, then X is
fuzzy semi o —compact space.

PROOF. Let {Aj je J} be fuzzy semi a.—open
cover of X, and then { f (Aj) 1je J} is fuzzy semi

a—open cover of Y. Since Y is fuzzy semi
a.—compact, there exists a finite subset J, of J

such that finite family {f(Aj) fje JO} covers Y.

But 1x=f‘1(1Y)=f‘l[ ( ﬂ

therefore X fuzzy semi o, —compact.

UA

jedy

UA,

jedy

IV. Fuzzy SEMI a - CCLOSED SPACES

DEFINITION 4.1. A fuzzy set U in a fuzzy
topological space (X,t) is said to be a fuzzy semi

ag—nbd of a fuzzy point x, in X if there exists a
fuzzy semi a—open set A< U such that x,gA.

THEOREM 4.2. Let x, be a fuzzy point in a fuzzy
topological space (X,t) and U be any fuzzy set of
X, then x e fsaCl(U) if and only if for every
fuzzy semi fsaq—nbd Hof x,, HqU.

PROOF. Let x, e fsaCl(U) and there exists a
fsaq—nbd Hof x, HGU. Then there exists a
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fuzzy semi a—open set A<U such that X,gA,
which implies AGU and hence U < A°. Since A° is
fuzzy semi a—closed set, then fsaCl(U)< A°.
Since x, & A°, then x ¢ fsaCI(U), which is a
contradiction.

Conversely, that x ¢ fsaCl(U)=
N{A: Ais fsca—closed in X,A>U}. Then there
exists a fuzzy semi o —closed set A>U such that
X, € A. Hence x,gA° =H, where H is a fuzzy semi
a—open set in X and HJU. Then there exists a
fsaq—nbd H of x, with HGU. Hence the result.

suppose

DEFINITION 4.3 A fuzzy topological space (X,1)

is said to be fuzzy semi a—closed space if and
only if for every family p of fuzzy semi a—open

sets such that U A=1, there is a finite subfamily

U fsaCl(A))(x)

Aen

1 for

X

ncup such that (

every xe X.

THEOREM 4.4. A fuzzy topological space (X,t)
is said to be fuzzy semi a—closed space if and
only if for every fuzzy semi a.—open filter bases &

in X, N fsaCl(G)#0,.

Geg
PROOF. Let u be a fuzzy semi a—open cover of
X and let for every finite subfamily n of p,

(
[

};:{(fSCaCI(A))C:Aep} forms a fuzzy semi

U fSaCl(A))(X)<lx for some xe X. Then

Aen

N fs<xCI(A°))(x)>OX for some xe X. Thus

Aen

a—open filter bases in X. Since p is a fuzzy semi

a—open cover of X, then [ A*=0, which
Aep

implies N fsaCl which is a

n [( fsaCl (A))C]

contradiction. Then every fuzzy semi o —open
cover u of X has a finite subfamily m such that

=0,,
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(U fmCI(A))(x):lx for every x e X, Hence
Aen

Xis fuzzy semi o —closed.
Conversely, suppose there exists a fuzzy semi
a—openfilter bases § in X such that

N fsaCl(G)=0,, that

(GLEL( fsaCl(G))

hence p= {( fsaCl (G))C Ge H} is a fuzzy semi

SO

)(x)zlx for every xe X and

a—open cover of X. Since X is fuzzy semi
a—closed, then p has a finite subfamily m such

that (GLEJn fsaCI( fS(X,Cl(G))C)(X)=1X for every
x€ X, and hence N ( fsaCl( fsaCl (G))C)C =0,.
Gen

Thus (1 G =0, which is a contradiction, since all
Gen

the G are members of filter bases.

DEFINITION 4.5. A fuzzy set U in a fuzzy
topological space (X,t) is said to be a fuzzy semi

o—closed relative to X if and only if for every
family p of fuzzy semi a.—open B-open sets such

that U A=U, there is a finite subfamily ncp

Aep
such that (AL;J11 fsaCI(A))(x)ZU(x) for every
xe S(U).

THEOREM 4.6. A fuzzy subset U in a fuzzy
topological space (X,t) is fuzzy semi o —closed
relative to X if and only if every fuzzy semi
o —open filter bases 3 in X,

(ﬂ fsca(G))ﬂU =0,, there exists a finite
Geg

subfamily A of & such that ( NG

Geh

)qu =0,.

PROOF. Let U be a fuzzy semi a.—closed relative
to X. Suppose  is a fuzzy semi a—open filterbases
in X such that for every finite subfamily A of &,

(ﬂ G)qU, but (Gﬂg fSa(G))ﬂU =0,. Then for

GeA
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n f5a(G))(x)

Geg

)(x):lx for  every

and

every xeS(U), ( =0,

hence (U (fsa(G))

xeS(U). Then u={(fsaCl(e)) :Get} is a

fuzzy semi o —opencover of U and hence there
¢ such that

S0 that

C

exists

U fsaCl

Gel

a finite subfamily A

(( fsa(G))°) >U,
Grjx( fsaCl(( fsacl (G))C))C -

<U° and hence (1 G<U°. Then ﬂGdU which

GeA Gel
is a contradiction.
Conversely, let U not be a fuzzy semi o —closed
set relative to X, then there exists a fuzzy semi
a—open cover u of U such that every finite

subfamily 1< . ( v fSQCI(A))(x)SU(x) for
XeS(U)

N ( fsaCl(A))

Aen

Gel

some and hence

(

xe S(U). Thus &z{( fsocCI(A))C ‘Ae u} forms

j(x)>U°(x)20 for  some

a fuzzy semi o —open p-open filterbases in X. Let
there exists finite

{(fsac1(A))": Acn)
(n ( fsaCI(A))C)

Aen
So there exists a finite subfamily ncp such that
U fsaCI(A)=U which is a contradiction. Then

Aen
for

a subfamily

such that

Gu. Then U< U fsaCI(A).

Aen

each finite subfamily

7L={(fSaCI(A))C:AeT]} of & we have

(

ﬂ(fsaCI(A))c)qU. Hence by the given

Aen
condition ( N fsaCl ( fsaCl (A))C) NU=#0,, so
Aep
there exists xeS(U) such that
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( N fsaCl( fsaCl(A))’ )( )>0,. Then
( fsaCI fsaCI ]
(AU fschI fSaCI( )))(x)<1 and  hence

(

a fuzzy semi a,—open cover of U. Therefore U is
fuzzy semi o —closed relative to X.

THEOREM 4.7. Let f:(X,1)—>(Y.c) be a
fuzzy semi o —continuous surjection function. If X

is fuzzy semi a—closed space, then Y is almost
compact.

PROOF. Let {Aj ‘je J} be a fuzzy open cover of

U A)(x) <1, which contradicts the fact that 1 is

Aep

Y. Then {f(Aj):jeJ} is fuzzy semi o —open

cover of X. By hypothesis, there exists a finite

subset FcJ such that
-1 _

(jLGJF fsaCI(f (Aj)))(x)_lx. From  the

surjectivity of f and by Lemma 2.6,

<

U fsaCl

jeF

1, =f(1,)= f(
g1 (a)-

jeF
compact.

Using Lemma 2.14, we have also the following
theorem which can be proved similarly to Theorem

4.7.
THEOREM 4.8. Let f:(X,1)—>(Y.c) be a

fuzzy semi a*—continuous surjection function. If
X is fuzzy semi a—closed space, then Y is also
fuzzy semi o —closed space.

(f—l(Aj))j(x)

U CI( ) Hence Y is almost

jeF

V.FUZZY SEMI a— ALMOST COMPACTNESS

and FUZZY SEMI a— NEARLY COMPACTNESS

In this section we investigate the relationships
between fuzzy semi a—compactness, fuzzy semi

a—almost  compactness, and fuzzy semi
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o —nearly compactness.

DEFINITION 5.1. A fuzzy topological space
(X,t) is said to be fuzzy semi o.—almost compact

if and only if, for every family of fuzzy semi
o—open cover {Aj s eJ} of X, there exists a
J, J that

(A)=1,

finite subset of such

U fsaCl

iedg

DEFINITION 5.2. A fuzzy topological space
(X,t) is said to be fuzzy semi o.—almost compact

if and only if, for every family of fuzzy semi
o—open cover {Aj i eJ} of X, there exists a

finite  subset J, of J such  that
Y fsalnt| fsaCl(A)]=1,.
DEFINITION 5.3. A fuzzy topological space

(X,t) issaid to be fuzzy semi a.—regular if, for
each fuzzy semi X,

A=U{A eFsa0(X,r): fsaCl(A) < A}.

a—open subset A of

THEOREM 5.4. Let (X,t) be a fuzzy topological

space. Then fuzzy semi o —compactness implies
fuzzy semi a—nearly compactness which implies
fuzzy semi o —almost compactness.

PROOF. Let (X,t) be a fuzzy semi a—compact

space. Then for every fuzzy semi o.—open cover
{A :jed} of X, there exists a finite subset J, of
Jsuch that U A;=1,. Since A, is a fuzzy semi

iedo
a—openn set, for each jeJ, A = fsalnt(Aj)
for each jeld.
A, = fsaint(A)) < fsaint| fsaCl( Aj)] for each

it follows that

(fsaci(A))).

Therefore

(A)

jed.
U A c U fsalnt

ied iedo

c U fsalnt
iedo
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Thus 1, = U fsalnt
iedo

that (X, ) is fuzzy semi a.—nearly compact. Now

let (X,‘t)

compact. Then for every fuzzy semi o —open cover

{Aj ‘je J} of X, there exists a finite subset J, of

(fS(xCI(AJ.)) which implies

be fuzzy semi a—nearly nearly

J such that U fsalnt

iedo

fSalnt( fS(xCI(Aj)) c fS(xCI(Aj) for each jeJ,
c U fsaCl

(fsaci(A))) U fsaCl(A,).

(Aj)=lx. Hence (X,t) is fuzzy

( fsaCl (Aj)) =1,. Since

1, = U fsalnt

jedo

Hence U fsaCl

iedg
semi o —compact.

THEOREM 55. Let (X,t) be a fuzzy semi

a—almost compact space and fuzzy semi
a—regular. Then (X,t) is fuzzy semi
o —compact.

PROOF. Let {AJ. ‘je J} be fuzzy semi o —open
cover of X such that U A, =1,. Since (X,7) is

jed

fuzzy semi

A =U{B, e FsaO(X,): fsaCl(B;)c A} for

o — regular,

each jeJ. Since 1, = 1, =UB, and (X,1) is

jed
fuzzy semi o —almost compact, there exists a finite
U fsaCl(B;)=1,. But

set J,cJ such that
jedg

fsaCl ( Bj) c A and

fSaInt[fSaCl(Bj)]g fsaCI(Bj) each

for
jed,. We have U A2 U fsaCl

YAzl focl(8)=1.

U A =1,. Hence (X,t) is fuzzy semi

iedo
o —compact.

Thus,

THEOREM 5.6. Let (X,t) be a fuzzy semi
compact space
Then (X,t)

o —nearly and fuzzy semi

o —regular. is fuzzy semi
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o —compact.
PROOF. Let {A :jeJ} be fuzzy semi o.—open
cover of X such that U A, =1,. Since (X,t) is

jed

fuzzy semi

A, =U{B, e FsaO(X,

o —regular,
T): fsaCI( )gAj} for
each jeJ. Since 1, =UB, and (X,1) is fuzzy

jed
semi a.—nearly compact, there exists a finite set

J,cd U fsalnt| fsaCl(B )]

iedo
But fsalnt[ fsaCl (B )] c fsaCl(B;)c A

such that

have U A, 2 U fsalnt[fsaCI :I - Thus,
jedg jedy

U A =1,. Hence (X,t) is fuzzy semi

iedg

o —compact.

THEOREM 5.7. A fuzzy topological space (X,t)
is fuzzy semi a—almost compact, if and only if,

for every family {Aj:jeJ} of fuzzy semi

o —open sets having the FIP, fS(xC|(Aj)¢0x.
jed

PROOF. Let {A

a—open sets having the FIP. Suppose that

N fsaCI(A) 0y. and then

[ fsaci(A))] = [(A )] =1,. Since

U

jed

(X,t) is fuzzy semi a—almost compact, there
JycJ that

[fSaInt(Aj_)]:lx. This implies that
U

( fsalnt(Aj)) =U
Thus, N fsoclnt(fsocCI(Aj))=0x. But

iedo
A, = fsaint(A)) < fsaint| fsaCl(A)]
This N A =0,

iedo

i e J} be a family of fuzzy semi

U fsalnt

jed

exists finite  subset such

U fsaCl

iedo

a

U fsaCl

iedo

=1,.

implies that which
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contradiction with FIP of the family.

Conversely, let {A ‘je J} be a family of fuzzy

semi o,—open sets such that U A, =1,.
jedo

Suppose

that there does not exist a finite subset J, = J such
that U fsaCl(A)=1,.

iedo

Since

{[fsaCl(Aj)]C:jeJ} has the FIP, then

N fsaCl| fsaCl(A)] #0,.  This  implies
iedo

U [ fsaCI( fsaCl (A ))C} #1 Hence
jed

JeL_JJ fsalnt( fsaCI( )) =1,. Since
A c fSaInt[fSaCl(Aj)] for  eachjeld,
UA #1, which is in contradiction with
jed

U A =1,.

jed

THEOREM 5.8. Let (X, t) and (Y, o) be fuzzy
topological spaces and let f :(X,t)—>(Y, o)
be fuzzy semi a’ —continuous, surjective

mapping. If (X,t) is fuzzy semi o—almost
compact space then so is (Y, o).
PROOF. Let f:(X,t)—>(Y,o) be fuzzy

o —continuous mapping of a fuzzy o-—almost
compact space (X,r) onto a fuzzy topological

o). Let {A,

o—open cover of (Y, c). Then {f‘l(Aj): i eJ}

space (Y, je J} be any fuzzy semi

is a fuzzy semi o—open cover of X. Since X is
fuzzy semi o —almost compact, there exists a finite
subset NR of J such that

U fsaCl[ £7(A))]=1,. f(1y)=

| [f'l(Aj)ﬂ [ ssact £(4)]]

Now

U fsaCl

iedo

Uf

iedo
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=1, But fsaCl[ f7(A)]c 7] fsaCl(A))]
and from the surjectivity
| fsaci(f2(A))]< [ £*(fsaci(A))]

fsaCl( A,).

of

So U fSaCl(Aj)Q Uf

y u [fSaCI( f‘l(Aj))] -1,

Thus U fsocCI(Aj)zlY. Hence (Y, o) is fuzzy

JIENN
semi a.—almost compact.

THEOREM 5.9. Let (X, t) and (Y, o) be fuzzy
topological spaces and let f :(X,t)—(Y, o)

be fuzzy semi o —continuous, surjective mapping.
If (X,t) is fuzzy semi a.—almost compact space

then (Y, o) is fuzzy semi almost compact.
PROOF. Let {Aj je J} be any fuzzy open cover
of (Y, o). Then {f‘l(Aj): i eJ} is a fuzzy semi

a—open cover of X. Since X is fuzzy semi
a—almost compact, there exists a finite subset J,

of J such that U{ fsaCI[f‘l(Aj)]:jeJo}zlx.

from the surjectivity  of f,

((a)]<
c U fsoCl [1(F7(A)]

c Ucl(A),

i€do

Now
1, =f(1,)= f[U fsaCl
iedo

y [fsaCI(f‘l(Aj))}
c[uelr(r ()]

implies that U CI(A)
iedo

fuzzy almost compact.

DEFINITION 5.10. Let (X,t) and (Y, o) be

fuzzy topological spaces. A function
f:(X,7)—>(Y, o) is said to be fuzzy semi

Uf

which

U Cli

i€do

1,. Hence (Y,o) is

o—weakly continuous if, for each fuzzy semi
o.—open set V in Y,

(V)< fsaint| £( fsaCl(V))].
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THEOREM 5.11. A mapping
f:(X,7)—>(Y,o) from a fuzzy topological
space (X, t) to a fuzzy topological space (Y, o) is
fuzzy strongly semi a—open if and only if
f[ fsalnt(V)]c fsalnt[ f(V)].

PROOF. If f
mapping then f[fsoclnt(v)] is a fuzzy semi

is fuzzy strongly semi o —open

a—open set in Y for fuzzy semi a—open set IV in
X Hence

[ fsatnt(v)]= fsaint| 7 ( fsa(Int(v)))]
fsalnt[ f (Vv )]

f[ fsalnt(V)]< fsalnt| f(V)].
Conversely, let V be a fuzzy semi a.—open setin X
and then V = fsalnt(V). Then by hypothesis,

f(V)=f[ fsalnt(V)]c fsalnt[ f(V)]. This

implies that f (V') is fuzzy semi o.—open setin Y.

Thus

THEOREM 5.12. Let (X, 7) and (Y, o) be fuzzy
topological spaces and let f :(X,t)—(Y, o)
be fuzzy semi o —weakly continuous, surjective
mapping. If (X, 1) is fuzzy semi a—compact

space, then (Y, o) is fuzzy semi a—almost

compact.

PROOF. Let {Aj:jeJ} be fuzzy semi o —open

cover of Y such that UA =1. Then
jed

y(a)=(ua)-re)=1c (9

is fuzzy semi o.—compact, and there exists a finite
subset J, of J such that U f~(A)=1,. Since f

jedo
IS fuzzy semi

continuous.
£(A)c fsaint| £( fsaCl(4))|<

i[ fsaCl(A) ]

o — weakly

This implies  that
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U f?

[ fsaci(A))]2 y (A)
U ‘1[fsaCI(Aj)]=1X. Since f is surjective,
1= 1(1,)= 1| Y 1 (saci(4)]
U [ £ fS(xCI(Aj))} -

U fschI(Aj)zlY. It follows that (Y, o) is

iedo
fuzzy semi o.—almost compact.

U f* 1 Thus

jedy

U f

X"

U fsaCl (Aj ) . Hence

iedq

THEOREM 5.13. Let (X, t) and (Y,
topological spaces and let f :(X,1)—>

o) be fuzzy

(v.0)

be fuzzy semi a*-continuous, surjective and

strongly a.—open mapping. If (X, 1) is fuzzy
semi a—nearly compact space thensois (Y, o).
PROOF. Let {

cover of (Y,o).

A:je J} be any fuzzy o —open

Since f is fuzzy semi

a*—continuous, then {f_l(Aj):jeJ} is a

fuzzy a—open cover of X. Since (X, 1) is fuzzy

semi a—nearly compact, there exists a finite
subset NR of J such that
U fsalnt[fsaCl(f‘l(Aj))]=lx. Since f s
iedo

surjective,

U fsalnt

1, =f(1l)= fLJO (fSaCI(f‘l(Aj)))}=
[fS(xInt(fSaCI(f‘l(Aj)))] Since f is

semi

U f

iedg

fuzzy strongly

f| fsaint( fsact(7(A)))) |
fSOLII‘lt|:f(fSaCl(f_l(Aj)))] for each jed.

Since f is fuzzy semi a*-continuous, then

| fsacl(12(A))]< fsact| £( ()]

Hence we

o, —open,

have
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1,=U f[fS(xInt(fS(xCI c
iedo
fSaInt( fsaCl [ ft }) c

iedg
fsalnt(fsaCl[f A })z

jedy

U fsalnt Thus

jedy

[ fsaCl ( A )]
1, = U fsalnt

Y [fsaCI(Aj)].

Hence (Y, o) is fuzzy semi o.—nearly compact.
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