INTERNATIONAL JOURNAL OF PURE MATHEMATICS

Volume 6, 2019

Somewhat Supra Compactness and
Somewhat Supra Connectedness

Raja Mohammad Latif

Abstract— In 2016 Baker introduced the concept of a somewhat
open set in topological space and used to characterize both somewhat
continuity and contra — somewhat continuity. In the present paper we
introduce somewhat supra open sets in supra topological spaces and
investigate its basic properties. In this paper we originally originate
the notions of somewhat supra compact spaces and interpret its
several effects and characterizations. Also we newly originate and
study the concepts of somewhat supra Lindelof spaces, countably
somewhat supra compact spaces and somewhat supra connected
spaces
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1. INTRODUCTION

Baker introduced the notion of somewhat open sets in
topological space in 2016 and used to characterize somewhat
continuity and contra — somewhat continuity. Throughout this

paper, (X, 2') and (Y, 0') (or simply, X and Y ) denote

topological spaces on which no separation axioms are assumed
unless explicitly stated. For a subset A of a topological space

(X, Z') , Cl (A) , Int(A) and X — A denote the closure

of A, the interior of A and the complement of A in X,

respectively. Now we bring up with the new concepts of
somewhat supra compact, somewhat supra Lindelof,
Countably somewhat supra compact and somewhat supra
connected spaces and investigate several properties and
characterizations of these concepts.
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II. PRELIMINARIES
DEFINITION 2.1. Let (X, ’C) be a topological space. Then
a subset U of a space X is said to be somewhat open if
U =¢ or if there exist X € U and an open subset V' such

that XeV c U. A set is called somewhat closed if its
complement is somewhat open.

Obviously somewhat open sets are closed under arbitrary
union but, as we see in the following example, not closed
under intersection. The set of all somewhat open sets in a

topological space (X,T) is denoted by SW(X,T).
Clearly TQSW(X,’C). Also any set containing a

nonempty somewhat open set is somewhat open. Semi-open
implies somewhat open and the closure of a preopen set is
somewhat open.

EXAMPLE 2.2. Let X={a,b,c} have the topology

r={X,¢,{a},{b},{a,b}}. The sets {a,c} and {b,C}

are somewhat open, but, since {C} is not somewhat open,

somewhat open sets are not closed under intersection.
DEFINITION 2.3. Let A be a subset of a space X. The

somewhat closure of A, denoted by SWCI (A), is given by
swCI(A)=1 {F:Fis somewhatclosedand A ¢ F}

and the somewhat interior of A, denoted by SWI nt(A), is
given by
swint(A)=U{U : UissomewhatopenandU c A}.

The following properties of the closure and interior operators
for somewhat open sets are stated for completeness. They are
special cases of properties of operators defined for minimal
structures by Popa and Noiri [36].

THEOREM 2.4. The following statements hold for a subset

A ofaspace X :

(a) swint(X—A)=X-swCI(A).

(b) swCI(X-A)=X-swint(A).

(C) SWC|(A) is somewhat closed.

(d) A is somewhat closed if and only if SWCI(A) = A,
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x € X : for every somewhatopen
(e) sWCI(A) = .

subset U containing x, Ul A#¢
THEOREM 2.5. Let A be a subset of a space X. Then
SWC|(A) = X if A isdensein X, and SWC|(A) =A

if A isnot densein X.

PROOF: Assume A is dense in X. Let X& X and let
U be a somewhat open set containing X. Then there exists a
nonempty open set V' such that V < U. Since A is dense

X, Al V#£¢. Then Al Uz¢
XGSWC|(A), which shows that SWC|(A)=X.
Assume A is not dense in X. Let X&€ X such that
X ¢ C|(A). Then there exists an open set U such that
XxeU and Ul A=¢. Thus XGUg(X—A), which

proves that X—A is somewhat open and that A is
somewhat closed. Thus SWCI (A) =A.

COROLLARY 2.6. Let A be a subset of a space X. Then
swlnt(A) =A if X—A is not dense in X, and

swint(A)=¢ if X—A isdensein X.
THEOREM 2.7 For a function f :(X,1)—>(Y,0)

the following conditions are equivalent:

in and hence

(a) f is somewhat continuous.

(b) For every open subset V of Y, f™ (V ) is somewhat
open.

(C) For every closed subset F of Y, f _1( F ) is somewhat
closed.

(d) For every x € X and every open subset V of Y
containing (X) there exists a somewhat open set U of
X containing X such that f (U ) cV.

DEFINITION 28. Let (X,t) and (Y,o) be two
topological spaces. A function f : (X ,T)—)(Y ,0') is
called somewhat irresolute if f = (V) is somewhat closed in
(X , r) for every somewhat closed set V' of (Y , 0').
DEFINITION 29. Let (X,t) and (Y,o) be two

topological spaces. A function f : (X ) T)—)(Y ) 0')

is called strongly somewhat continuous if the inverse image of
every somewhat closed in Y is closed in X.

DEFINITION 2.10. Let (X,t) and (Y,o) be two

topological spaces. A function f : (X ,‘c)—)(Y ,G) is

called perfectly somewhat continuous if the inverse image of
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every somewhat closed set in Y is both closed and open set
in X.

DEFINITION 2.11. A family J of subsets of X is said to be
a supra topology on X if (I) X, bep, (ii) if Aep
forall i € | then U{AI ‘e |}eu.Thepair (X,u) is
called supra topological space. The elements of W are called
supra open sets in (X , u) and complement of a supra open
set is called a supra closed set.

DEFINITION 2.12. (i)The supra closure of a set A is

denoted supCl ( A) and is  defined as

by
supCI(A) =
| {B< X :Bisasupraclosed set and Ac B}.
(ii) The supra interior of a set A is denoted by
sup Int(A)
sup Int(A) =

U{Bc< X :Bisa supraopen set and B c A}.

and is defined as

DEFINITION 2.13. Let (X ) 1:) be a topological space and

L be a supra topology on X. We call J a supra topology
associated with T if TC M.

III. SOMEWHAT SUPRA OPEN SETS

DEFINITION 3.1. Let (X , ’C) be a supra topological
space. Then A subset U of X is said to be somewhat supra
open if U =¢ or if there exist X€ U and a supra open

subset V in X such that Xe V< U. A set is called

somewhat supra closed if its complement is somewhat supra
open.

Obviously somewhat supra open sets are closed under
arbitrary union but, as we see in the following example, not
closed under intersection. The set of all somewhat supra open

sets in a topological space (X, ’C) is denoted by
SWSUp(X, ’l:). Clearly T C SWSUp(X,T). Also any

set containing a nonempty somewhat supra open set is
somewhat supra open.

EXAMPLE 3.2. Suppose that X = {l, 2,3, 4, 5} have the
supra topology

{0 {8. (7). 122}, (1.3, 2.3), (1 2.3], X].
The sets {1, 3} and {2, 3} are somewhat supra open, but,

since {3} is not somewhat supra open, somewhat supra open

sets are not closed under intersection.
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DEFINITION 3.3. Let (X, 17) be a supra topological space.

Let A be a subset of X. The somewhat supra closure of A,
denoted by SWsupraCl (A), by

SWsupraCl(A)=
| {F:Fis somewhatsupraclosedin Xand A c F}

is  given

and the somewhat supra interior of A, denoted by

SWsupralnt(A), by
SWsupralnt(A) =
U{U :Uissomewhatsupraopenin XandU c A} .

The following properties of the closure and interior operators
for somewhat supra open sets are stated for completeness.

THEOREM 3.4. Let (X, ‘C) be a supra topological space.

is given

The following statements hold for a subset A of a space X :
(a) SWsupralnt(X—A)=X-SWsupraCl(A).
(b) SWsupraCl(X—A)=X-SWsupralnt(A).
(c) SWsupraCl(A) s somewhat supra closed.

(@ A is somewhat
SWsupraCl(A)=A.

DEFINITION 3.5. Let (X, 1:) be a supra topological space

supra closed if and only if

and let A be a subset of X. We say that A is supra dense in
X if for each Uet— {d)} implies that Ul A #¢.

Clearly SWsupraCl (A) = X if and only if A is supra

dense in X.
THEOREM 3.6. Let (X, 1:) be a supra topological space
and let A be a subset of X. Then

SWsup raCI(A) X if A is supra dense in X, and

SWsupraCl (A) = A if A isnot supra dense in X.

PROOF: Assume A is supra dense in X. Let X € X and let
U be a somewhat supra open set containing X. Then there
exists a nonempty supra open set V such that V < U.
Since A is supra dense in X, Al V#¢. Then

Al U#¢ and hence X e SWsupraCl (A), which
shows that SWsupCl (A) = X. Assume A is not supra
dense in X. Let X€ X such that X & Sup raCI(A).

Then there exists a supra open set U such that X € U and
Ul A=¢. Thus xeUc (X—A), which proves that

X —A is somewhat supra open and that A is somewhat
supra closed. Thus SWsup raCl (A) =A.
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COROLLARY 3.7. Let A be a subset of a supra space X.
Then SWsupraCl (A) = A if X—As not supra dense

in X, and SWsupraCI(A) ¢ if X—A is supra
dense in X.
THEOREM 3.8 For a function f :(X,1)——(Y o)

the following conditions are equivalent:
(a) T is somewhat supra continuous.

(b) For every supra open subset V of Y, f_l(V) is
somewhat supra open.
(c) For every supra closed subset F of Y, f_l(F) is

somewhat supra closed.

(d) For every X € X and every supra open subset V of Y

containing f (X) there exists a somewhat supra open set U
of X containing x such that f (U ) cV.

DEFINITION 3.8. Let (X, t) and (Y, ) be two supra
topological spaces. A function f : (X , T)—)(Y , G) is
called somewhat supra irresolute if ft (V) is somewhat
supra closed in (X ) 1:) for every somewhat supra closed set
V of (Y , (S).

DEFINITION 3.9. Let (X, ‘E) and (Y , G) be two supra

topological spaces. A function T : (X , T)—)(Y , 0')

is called strongly somewhat supra continuous if the inverse
image of every somewhat supra closed in Y is supra closed

in X,
DEFINITION 3.10. Let (X, ’C) and (Y , G) be two supra
topological spaces. A function f : (X ,T)—)(Y ,0‘) is

called perfectly somewhat supra continuous if the inverse
image of every somewhat supra closed set in Y is both supra
closed and supra open set in X.

IV. SOMEWHAT SUPRA COMPACTNESS

DEFINITION 4.1. A collection {Ai e |} of somewhat

supra open sets in a supra topological space (X, ‘t) is called
a somewhat supra open cover of a subset B of X if
BcU{A, :iel} holds.

DEFINITION 4.2. A topological space (X, ’C) is called

somewhat supra compact if every somewhat supra open cover
of X has a finite subcover.
DEFINITION 4.3. A subset B of a supra topological space

(X, ’C) is said to be somewhat supra compact relative to
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(X, 1:) if, for every collection {Ai e |} of somewhat
supra open subsets of X such that B gU{Ai ‘e |}

there exists finite subset of | such that

BcU{A tiely}.
DEFINITION 4.4. A subset B of a supra topological space
(X,T) is said to be somewhat supra compact if B is

a I,

somewhat supra compact as a subspace of X.
THEOREM 4.5. Every somewhat supra compact space is
supra compact.

PROOF. Let {Ai = |} be a supra open cover of (X, ’C).
Since T C SWSUp(X,T). So {Ai ‘e |} is a somewhat
supra open cover of (X, ’l:). Since (X, ’l:) is somewhat
supra compact. So somewhat supra open cover {Ai e |}
of (X, 1:) has a finite sub cover say {Ai T =:L2,...,n}

for X. Hence (X, 1:) is a supra compact space.
THEOREM 4.6. Every somewhat supra closed subset of a

somewhat supra compact space is somewhat supra compact
relative to X.

PROOF. Let A be a somewhat supra closed subset of a supra
topological space (X, ’C). Then A =X —A is somewhat
supra open in (X, ‘C). Let ¥ = {Ai e |} be a somewhat

supra open cover of A by somewhat supra open subset in

(X,‘r). Let Y*:{Ai :ieI}U{AC} be a somewhat

(X, r).

X=Uy =(U{A:iel})JUA". By

supra open cover of That is

hypothesis
(X, 1:) is somewhat supra compact and hence y* is

reducible to a finite subcover of (X, ’l:) say

X=A UA,U..UA UA%A, eyfork=12,..n.

But A and A° are disjoint. Hence
AcAUAU.UA ;A eyfork=12..,n.
Thus a somewhat supra open cover Y of A contains a finite
subcover. Hence A is somewhat supra compact relative to
( X, 1:) .

THEOREM 4.7 A somewhat supra continuous image of a
somewhat supra compact space is supra compact.

PROOF. Let (X,T) and (Y,O') be supra topological

spaces. Let T : (X , ’E)—)(Y , G) be a somewhat supra

continuous map from a somewhat supra compact space X

onto a supra topological space Y . Let {Ai ‘e |} be a
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supra open cover of Y. Then f_l({Ai e |}) is a

somewhat supra open cover of X as T is somewhat supra
X
somewhat supra open cover of X, T~ ({A el }) has a

finite sub cover say {f7(A):i=1,2,...,n}.
Therefore X =U{ f™(A):i=12,...,n}. which
f(X)=U{A:i=12..n},
Y=U{A:i=12,.,n}. Thatis {A:i=12..,n}

is a finite subcover of {Ai e |} for Y. Hence Y is supra

continuous. Since is somewhat supra compact, the

implies then

compact.
THEOREM 4.8. Let (X,’C) and (Y,O') be supra

topological spaces. If a map T : (X , ‘E)—)(Y , G) is
somewhat supra irresolute and a subset S of X is somewhat

supra compact relative to (X, T), then the image f(S) is
somewhat supra compact relative to (Y, &)

PROOF. Let {A, :i e I} bea collection of somewhat supra
open cover of (Y, ) such that f(S)cU{A :iel}.
scu{f*(A):iel},
{t7(A):iel}SW(X,1). since S is somewhat

Then where

supra compact relative to (X, ’l:), there exists a finite

{ALA, .. A}
S gU{ fr(A):i =1,2,...,n}.

f(S)gU{Al,AZ,...,An}. Hence f(S) is somewhat

supra compact relative to (Y , G) .

subcollection such that

That is

THEOREM 4.9. If a map f (X, 1)—>(Y,0) is
strongly somewhat continuous map from a supra compact
space (X, ’E) onto a topological space (Y , 0'), then

(Y, ©) is somewhat supra compact.
PROOF. Let {A, 1i €1} be a somewhat supra open cover
of (Y,o0). Since f is strongly somewhat supra
continuous, { F*(A):ie I} is a supra open cover of
(X, r). Again, since (X, r) is supra compact, the supra
open cover { F(A)ziel} of (X, t) has a finite
subcover say  { F(A):i=12,...n}.
X =U{f*(A):i=12,..n},

Therefore

which implies
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f(X)
Y=U{A:i=12,.,
finite subcover of {Ai =
is somewhat supra compact.
THEOREM 4.10. If a map f :(X,7)—(Y,0) is

perfectly somewhat supra continuous map from a supra

U{A :i=12,..n}, that

n}. That is AL,A,,..., A, is a
|} for (Y,G). Hence (Y,G)

SO

compact space (X, 17) onto a supra topological space
(Y , G) , then (Y , 0') is somewhat supra compact.

PROOF. Let {Ai e |} be a somewhat supra open cover
of (Y , G).

Since T is perfectly somewhat supra

continuous, {f_l(Ai) e |} is a supra open cover of
(X ’C) Agam since (X ’C) is supra compact, the supra

<1} of

open cover { ft has a finite sub

cover  say { f_l(Ai) i =1,2, ...,n}. Therefore
X=U{f*(A):i=12,...n},  which implies
f(X)=U{A:i=12,..n}, 50 that

Y=U{A:i=12,.,
finite subcover of {Ai e

is somewhat supra compact.
THEOREM 4.11. Let f (X, 1)—>(Y,0) be

somewhat supra irresolute map from somewhat supra compact

n}. That is {AI,AZ,,An} is a
|} for (Y,G). Hence (Y,G)

space (X, 1:) onto supra topological space (Y ) (S), then
(Y ) 0') is somewhat supra compact.

PROOF. Let f :(X,1)—>

irresolute map from a somewhat supra compact space
Let

(Y ,0‘) be somewhat supra

(X 1:) onto a supra topological space (Y,O').
{ } be a somewhat supra open cover of (Y, ¢). Then
{ I} is a somewhat supra open cover of

1:), since T is somewhat supra irresolute. As (X T)
omewhat supra compact, the somewhat supra open cover

(A):iel} of

(X, T) has a finite subcover say

—h -h wn

Therefore
which implies

SO that
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finite sub cover of {Ai ‘e |} for (Y,G). Hence
(Y ) G) is somewhat supra compact.
THEOREM 4.12. If (X ,’E) is supra compact and every

somewhat supra closed set in X is also supra closed in X,

then (X ,‘t) is somewhat supra compact.

PROOF. Let {Ai ‘e |} be a somewhat supra open cover

of X. Since every somewhat supra closed set in X is also
supra closed in X . Thus {X -A ie |} is a supra closed
cover of X and hence {Ai e |} is a supra open cover of
X. Since (X ,‘t) is supra compact. So there exists a finite
subcover {AI 1i=12,...

X=U{A:i=12,.,
supra compact space.
THEOREM 4.13. A supra topological space (X, 1:) is

somewhat supra compact if and only if every family of

,n} of {Ai e |} such that

n} . Hence (X ,1:) is a somewhat

somewhat supra closed sets of (X, 1:) having finite
intersection property has a nonempty intersection.

PROOF. Suppose (X, ’C) is somewhat supra compact, Let
{Ai e |} be a family of somewhat supra closed sets with
finite intersection property. Suppose | {Ai e |} =0,

X-(1{A:iel})=X.
X-A):iel}=X

—Ai) e I} is a somewhat supra open cover of

then This

u{(

implies

Thus the

cover

(X,t). Then, the somewhat supra open cover
{(X=A):iel} has a finite subcover say
{(x=A):i=12,..n} This implies
X=U{(X-A):i=12,...n}  which implies
X=X-1{A 1i=12,..n}, which  implies
X-X=1{A:i=12,.,n} which implies

0=1{

Hence | {

A i=12,.., n}. This disproves the assumption.
A ti=12,...n}=¢

Conversely suppose (X, ‘t) is not somewhat supra compact.
Then there exists a somewhat supra open cover of (X, ’C)
say {Gi e |} having no finite subcover. This implies for

any finite subfamily {Gi i :L2,...,n} of {Gi e |},
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we have U{Gi:i=12,...,n}¢x, which  implies
X-(U{G,:i=12,..n})= X=X,
I {G,:i=12,..n}=¢.

{X -G, :ie |} of somewhat supra closed sets has a finite

therefore

Then the family

intersection property. Also by assumption
I {X-G,:i=12,...,n}=¢ which implies
X—(U{Gi :i=12,...,n})¢¢, 50 that

U{G,:i=12,..,n}# X. This implies {G, 1iel} is
not a cover of (X, ‘C). This disproves the fact that
{Gi e |} is a cover for (X, ’C). Therefore a somewhat
supra open cover {Gi e I} of (X, r) has a finite
subcover {Gi i :12,...,n}. Hence (X, 1:) is somewhat

supra compact.

THEOREM 4.14. Let A be a somewhat supra compact set
relative to a supra topological space X and B be a
somewhat supra closed subset of X. Then Al B is
somewhat supra compact relative to X.

PROOF. Let A be somewhat supra compact relative to X.

Let {Ai e |} be a cover of Al B by somewhat supra
open sets in X. Then {Ai e |}U {BC} is a cover of A

by somewhat supra open sets in X, but A is somewhat

supra compact relative to X, so there exist
i, by, .. el such that
Ac(U{A :i=12,.,n})uB". Then

Al BCU{UAI B:i=12,.,n}c
U{A:i=12,..n}.

Hence Al B is somewhat supra compact relative to X .
THEOREM 4.15. If a function f 1(X,1)——(Y ,0) is

somewhat supra irresolute and a subset of X is somewhat

supra compact relative to X, then f(B) is somewhat

supra compact relative to Y .
PROOF. Let {Ai e |} be a cover of f (B) by

somewhat supra open subsets of Y . Since f is somewhat
supra irresolute. Then { f_l(Ai) tiel } is a cover of B

by somewhat supra open subsets of X. Since B is

somewhat supra compact relative to X.
{ f_l(Ai) ‘e |} has a finite  subcover say
{t7(A). T(A),.. T (A)} for B. Now
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{Ai :i=:L2,...,n} is a finite sub cover of {Ai e |}
for f (B) So f (B) is somewhat supra compact relative
to Y.

V. COUNTABLY SOMEWHAT SUPRA COMPACTNESS

In this section, we concentrate on the concept of countably
somewhat supra compactness and its properties.

DEFINITION 5.1. A supra topological space (X, T) is said

to be countably somewhat supra compact if every countable
somewhat supra open cover of X has a finite subcover.

THEOREM 5.2. If (X, ‘C) is a countably somewhat supra
compact space, then (X, ’E) is countably supra compact.
PROOF. Let (X, ‘l:) be countably somewhat supra compact
space. Let {Ai e |} be a countable supra open cover of
(X, t). since 1< SWsup(X,t). So {A;iel} isa
countable somewhat supra open cover of (X, ’E). Since
(X, T) is countably somewhat supra compact, countable
somewhat supra open cover {Ai e |} of (X, ’C) has a
finite subcover say {Ai =12, ...,n} for X. Hence
(X, 'C) is a countably supra compact space.

THEOREM 5.3. If (X, 1:) is countably supra compact and
every somewhat supra closed subset of X is supra closed in
X, then (X, 1:) is countably somewhat supra compact.
PROOF. Let (X, r) be countably supra compact space. Let

{Ai e I} be a countable somewhat supra open cover of

(X, r). Since every somewhat supra closed subset of X is

supra closed in X. Thus every somewhat supra open set in
X is supra open in X. Therefore {Ai e |} is a

countable supra open cover of (X, 1:). Since (X, ’E) is

countably supra compact,
{Aiiiel} of (X, ’C) has a finite subcover say

{Ai :i=12,...,n} for X. Hence (X, 1:) is a countably

somewhat supra compact space.
THEOREM 5.4. Every somewhat supra compact space is
countably somewhat supra compact.

PROOF. Let (X, ‘t) be somewhat supra compact space. Let

countable supra open cover

{Ai e I} be a countable somewhat supra open cover of

(X, 17).

somewhat supra pen cover {Ai e |} of (X, 1:) has a

Since (X, r) is somewhat supra compact,
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finite subcover say {Ai i =:L2,...,n} for (X, ’E). Hence
(X, 1:) is a countably somewhat supra compact space.

THEOREM 5.5. Let f :(X,1)—>(Y,0) be a
somewhat supra continuous injective mapping. If X is
countably somewhat supra compact space, then (Y ) 0') is
countably supra compact.

PROOF. Let f Z(X,‘C)—)(Y,O‘) be a somewhat
supra continuous map from a countably somewhat supra

compact space (X ) 'C) onto a supra topological space
(Y , G). Let {Ai e |} be a countable supra open cover
of Y. Then {f_l(Ai) e |} is a countable somewhat

supra open cover of X, as f is somewhat supra
continuous. Since X is countably somewhat supra compact,
the countable somewhat supra open cover

{f_l(Ai):ie I} of X has a finite subcover say

{f_l(Ai)Zi=1,2,...,n}. Therefore
X=U{f"(A):i=12,..n},  which implies
f(X)=U{A:i=12,..n}, then

Y=U{A :i=12,..,n}. Thatis {A :i=12,..,n}
is a finite subcover of {Ai N= |} for Y. Hence Y is

countably supra compact.
THEOREM 5.6. If a map f :(X,1)—>(Y,0) is
perfectly somewhat supra continuous map from a countably

supra compact space (X, 1:) onto a supra topological space
(Y , G) , then (Y , G) is countably somewhat supra compact.
PROOF. Let {Ai e |} be a countable somewhat supra
open cover of (Y, o). Since f is perfectly somewhat supra
continuous, { f_l(Ai) ‘e |} is a countable supra open
cover of (X, r). Again, since (X, ‘r) is countably supra

compact, the supra open
{ f—l(Ai) = |} of (X, T) has a finite subcover say

countable cover

{f‘l(Ai):i=1,2,...,n}. Therefore
X=U{f‘1(A):i=1,2,...,n}, which  implies
f(X)=U{A:i=12,..n}, s0 that

Y =U{A :i=12,..,n}. Thatis {A A, .. A} is
a finite subcover of {Ai e |} for (Y,O'). Hence

(Y ) G) is countably somewhat supra compact.
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THEOREM 5.7. If a map f :(X,1)—>(Y, o) is
strongly somewhat supra continuous map from a countably

supra compact space (X , r) onto a supra topological space

(Y,O'), then (Y,O') is countably somewhat supra
{A
(

open cover of (Y, G) . Since f is strongly somewhat supra

compact.

PROOF. Let i e |} be a countable somewhat supra

continuous, { f_l(Ai) e |} is a countable supra open

cover of (X , ‘l:). Again, since (X , 1:) is countably supra
compact, the countable supra open cover
{ f_l(Ai) e I} of (X ,r) has a finite sub cover say

{f‘l(Ai):i=1,2,...,n}. Therefore
X =U{f‘1(Ai):i:1,2,...,n}, which implies
f(X)=U{A:i=12,..n}, 50 that

Y =U{A :i=12,..,n}. Thatis {A A, .., A }isa
finite sub cover of {Ai e |} for (Y,G). Hence

(Y ) G) is countably somewhat supra compact.

THEOREM 5.8. The image of a countably somewhat supra
compact space under a somewhat supra irresolute map is
countably somewhat supra compact.

PROOF. If a map f Z(X , ‘E)—)(Y , G) is somewhat
supra irresolute map from a countably somewhat supra

compact space (X, 1:) onto a supra topological space
(Y , 0‘). Let {Ai lie |} be a countable somewhat supra
open cover of (Y , G). Then {f_l(Ai) ‘e |} is a
countable somewhat supra open cover of (X, T), since f

is somewhat supra irresolute. As (X, r) is countably
somewhat supra compact, the countable somewhat supra open
cover { f_l(Ai) e |} of (X, T) has a finite sub cover

say {f_l(Ai)Z i=1,2,...,n}. Therefore
X =U{ fH(A): =1,2,...,n}, which  implies
f(X)=U{A:i=12,..n}, 50 that

Y =U{A :i=12,..,n}. Thatis {A,,A,,..., A} isa
finite sub cover of {Ai Ziel} for (Y,G). Hence

(Y , 0') is countably somewhat supra compact.
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VI. SOMEWHAT SUPRA LINDELOF SPACE

In this section, we concentrate on the concept of somewhat
supra Lindelof space and their properties.

DEFINITION 6.1. A supra topological space (X, ’C) is said

to be somewhat supra Lindelof space if every somewhat supra

open cover of X has a countable subcover.
THEOREM 6.2. Every somewhat supra Lindelof space is
supra Lindelof space.

PROOF. Let {Ai = |} be a supra open cover of (X, ’C).
Since rgSWsup(X,t). Therefore {Ai e I} is a

somewhat supra open cover of (X, ’C). Since (X, ’C) is

somewhat supra Lindelof space, somewhat supra open cover
{Ai = |} of (X, ‘t) has a countable subcover say

{Ai :i=:I,2,...,n} for X. Hence (X, 1:) is a supra
Lindelof space.
Theorem 6.3. If (X, 'C) is supra Lindelof space and every

somewhat supra closed subset of X is supra closed in X,
then (X, 1:) is somewhat supra Lindelof space.

PROOF. Let {Ai = |} be a somewhat supra open cover
of (X, 1:). Since every somewhat supra closed subset of X
is supra closed in X. So every somewhat supra open set in
X is supra open in X, Therefore {Ai = |} is a supra
open cover of (X, ‘l:). Since (X, 1:) is supra compact,
supra open cover {Ai e |} of (X, ‘C) has a countable
subcover say {Ai i =12,...,n} for X. Hence (X, ’C) isa

somewhat supra Lindelof space.
THEOREM 6.4. Every somewhat supra compact space is
somewhat supra Lindelof space.

PROOF. Let {Ai e |} be a somewhat supra open cover
of (X, ‘l:). Since (X, ’C) is somewhat supra compact
space. Then {Ai e |} has a finite subcover say
{Ai 1=12,..., I’]}. Since every finite subcover is always
countable subcover and therefore {Ai :i=:L2,...,n} is

countable subcover of {Ai e |}. Hence (X, 1:) is

somewhat supra Lindelof space.
THEOREM 6.5. A somewhat supra continuous image of a
somewhat supra Lindelof space is supra Lindelof space.

PROOF. Let f Z(X , ’C)—)(Y , 0) be a somewhat
supra continuous map from a somewhat supra Lindelof space

X onto a supra topological space Y. Let {Ai e |} be a
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supra open cover of Y. Then {f_l(Ai) ‘e |} is a
somewhat supra open cover of X, as f is somewhat supra

continuous. Since X is somewhat supra Lindelof space, the

somewhat supra open cover { f_l(Ai) e I} of X hasa

countable subcover say { f_l(Ai) ‘e |0} for some

I, <l and I, is countable. Therefore

X =U{f™"(A):iel,},
f(X)=U{A:iely}, then Y=U{A:iely}.
That is {Ai e |0} is a countable subcover of

which implies

{Ai e |} for Y. Hence Y is supra Lindelof space.

THEOREM 6.6. The image of a somewhat supra Lindelof
space under a somewhat supra irresolute map is somewhat
supra Lindelof space.

PROOF. Letamap f : (X , ‘C)—)(Y , G) be somewhat
supra irresolute map from a somewhat supra Lindelof space

(X, t) onto a supra topological space (Y,o). Let
{A, 1iel} be a somewhat supra open cover of (Y, o).
Then { f(A):i e I} is a somewhat supra open cover of
(X, ). Since f is somewhat supra irresolute. As
(X, t) is somewhat supra Lindelof space, the somewhat
supra open cover { T (A)ziel} of (X, 1) has a
countable subcover say {f~"(A):iely} for some
l,cl and 1, is countable. Therefore
X=U{f?(A):iel,},
f(X)=U{A iely}, sothat Y =U{A 1iely}.

That is {Ai e |0} is a countable subcover of

which implies

{Ai = |} for Y. Hence (Y , G) is somewhat supra
Lindelof space.
THEOREM 6.7. If (X, 1:) is somewhat supra Lindelof space

and countably somewhat supra compact space, then (X, 1:)
is somewhat supra compact space.

PROOF. Suppose (X, r) is somewhat supra Lindelof space
Let
{Ai = |} be a somewhat supra open cover of (X, ‘l:).

and countably somewhat supra compact space.

Since (X, ’E) is somewhat supra Lindelof space,
{Ai e

some |

has a countable subcover say {Ai ‘e |0} for

1}
o<l and 1, is countable. Therefore
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{Ai e Io} is a countable somewhat supra open cover of
(X, ‘E) . Again, since (X, ‘E) is countably somewhat supra
compact space, {Ai e |0} has a finite subcover and say
{Ai i :12,...,n}. Therefore {Ai i =12,...,n} is a
finite sub cover of {Ai e I} for (X, ’E). Hence
(X ) ’E) is somewhat supra compact space.

THEOREM 6.8. If a function f (X, t)—>(Y, o) is

somewhat supra irresolute and a subset of X is somewhat
supra Lindelof relative to X, then f(B) is somewhat

supra Lindelof relative to Y .
PROOF. Let {Ai e |} be a cover of f (B) by

somewhat supra open subsets of Y. By hypothesis T is
somewhat supra irresolute and so { f_l(Ai) ‘e |} is a

cover of B by somewhat supra open subsets of X. Since B
Lindelof X,

{ f_l(Ai) ‘e I} has a countable subcover say

is somewhat supra relative  to

{f_l(Ai) = |0} for B, where |, is a countable
subset of |. Now {Ai e |0} is a countable subcover of
{Ai e |} for f(B). So f(B) is somewhat supra

Lindelof relative to Y .

VII. SOMEWHAT SUPRA CONNECTEDNESS

DEFINITION 7.1. A supra topological space (X , 17) is said

to be supra connected if X cannot be written as a disjoint
union of two nonempty supra open sets. A subset of (X ) 1:)
is supra connected if it is supra connected as a subspace.
DEFINITION 7.2. A supra topological space (X ) 1:) is said
to be somewhat supra connected if X cannot be written as a
disjoint union of two nonempty somewhat supra open sets. A
subset of (X , ’E) is somewhat supra connected if it is
somewhat supra connected as a subspace.

THEOREM 7.2. Every somewhat supra connected space is
supra connected.

PROOF. Let A and B be two nonempty disjoint proper
supra open sets in X. Since every supra open set is
somewhat supra open set. Therefore A and B are nonempty
disjoint proper somewhat supra open sets in X and X is
somewhat supra connected space. Therefore X # AU B.
Therefore X is connected.

ISSN: 2313-0571

22

Volume 6, 2019

The converse of the above theorem need not be true in
general, which follows from the following example.

EXAMPLE  73. Let X={1,2,3,4}

v={0.{8.12.(1.2).(.3). (2.3} {1.2.3) X},

Then (X ) ’C) is a supra topological space. Since X cannot

and

be written as a disjoint union of any two nonempty supra open
sets. Therefore (X ) ‘C) is a connected supra topological
space. We notice {1} and {2,3,4} are nonempty disjoint
somewhat supra open sets such X = {l} U {2 ,3,4} .
Therefore ( X, 17) is not a somewhat supra connected space.

THEOREM 7.4. For a supra topological space (X ) ’C) the
following statements are equivalent

(1) (X , ‘C) is somewhat supra connected.

(Z)The only subsets of (X , 'C) which are both somewhat

supra open and somewhat supra closed are the empty set X
and ¢.

(3) Each somewhat supra continuous map of (X ) r) into

a discrete space (Y ) G) with at least two points is a constant
map.

PROOF. (l) = (2) > Let G be a somewhat supra open and
somewhat supra closed subset of (X, T). Then X =G is
also both somewhat supra open and somewhat supra closed.
Then X =G U (X - G) a disjoint union of two nonempty
somewhat supra open sets which contradicts the fact that

(X , ’C) is somewhat supra connected. Hence G =¢ or
G=X.

(2) = (l): Suppose that X = AU B where A and B
are disjoint nonempty somewhat open subsets of (X ) ’C).

Since A= X —B, then A is both somewhat supra open

and somewhat supra closed. By assumption A=¢ or

A= X, which is a contradiction. Hence (X,‘E) is

somewhat supra connected.
(2)=(3): et f:(X,1)—>(Y,0)

somewhat supra continuous map, where (Y ) 6) is discrete

be a

space with at least two points. Then f_l( y) is somewhat
supra closed and somewhat supra open for each Y € Y . That

is (X, T) is covered by somewhat supra closed and
somewhat supra open covering { f_l( y) - Ye Y} . By
¢ or f‘l(y)= X for each

assumption, f _l( y)
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yeY. If f‘l(y)=¢ foreach Ye€Y, then f failsto
be a map. Therefore their exists at least one point say
f‘l(y*) #0, Y €Y such that f‘l(y*) = X. This
shows that f isa constant map.

(3):> (2)2 Let G be both somewhat supra open and
somewhat supra closed in (X, ‘C). Suppose G # ¢. Let
f: (X , T)—)(Y , G) be a somewhat supra continuous
map defined by f (G)={a} and f (X —G) ={b}
where @ # Db and a,b €Y . By assumption, f is constant

so G=X.
THEOREM 7.5. Let f :(X,1)—>(Y,0) be a

somewhat supra continuous surjection and (X, 1:) is
somewhat supra connected. Then (Y ) 0') is supra connected.

PROOF. Suppose (Y,G) is not supra connected. Let
Y = AU B, where A and B are disjoint nonempty supra

open subsets in (Y ) G). Since f is somewhat supra
continuous, X = f_l(A)U f_l(B), where f_l(A)
and f_l(B) are disjoint nonempty somewhat supra open
subsets in (X ) ‘C). This disproves the fact that (X, 1:) is

somewhat supra connected. Hence (Y ) G) is supra

connected.
THEOREM 7.6. If f:(X,1)—>(Y,0) is a

somewhat supra irresolute surjection and X is somewhat
supra connected, then Y is somewhat supra connected.

PROOF. Suppose that Y is not somewhat supra connected.
Let Y = AU B, where A and B are nonempty somewhat

supra open sets in Y . Since f is somewhat supra irresolute
and onto, X = f _1(A)U f_l( B) , where f _l(A) and
f _l( B) are disjoint nonempty somewhat supra open sets in
(X , r) . This contradicts the fact that (X , 1:) is somewhat

supra connected. Hence (Y ) G) is somewhat supra

connected.

THEOREM 7.7. Suppose that every somewhat supra closed
set in X is supra closed in X and X is supra connected.
Then X is somewhat supra connected.

PROOF. Suppose that X is supra connected. Then X
cannot be expressed as disjoint union of two nonempty proper

supra open subset of X . Suppose X is not somewhat supra
connected space. Let A and B be any two somewhat supra
open subsets of X such that X = AU B, where Al B=¢

and Ac X, B < X. Since every somewhat supra closed
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set in X is supra closed in X . So every somewhat supra
open set in X is supra open in X. Hence A and B are
supra open subsets of X, which contradicts that X is supra
connected. Therefore X is somewhat supra connected.
THEOREM 7.8. If the somewhat supra open sets C and D
form a separation of X and if Y
connected subspace of X, then Y lies entirely within C or
D.

PROOF. By hypothesis C and D are both somewhat supra
opensetsin X. Thesets Cl Y and DI Y are somewhat
supra open in Y . These two sets are disjoint and their union

is somewhat supra

is Y. If they were both nonempty, they would constitute a
separation of Y . Therefore one of them is empty. Hence Y
must lie entirely in C or D.

THEOREM 7.9. Let A be a somewhat supra connected
subspace of X. If Ac B < SW supraCl (A) , then B
is also somewhat supra connected.

PROOF. Let A be somewhat supra connected. Let
Ac B c SW supraCl (A) Suppose that B=CU D

is a separation of B by somewhat supra open sets. Thus by
the previous theorem above A must lie entirely in C or D.
Suppose that AcC, then

SW supraCl(A) < SW supraCl(C).
SW sup raCI(C) and D are disjoint, B cannot intersect

Since

D. This disproves the fact that D is nonempty subset of B.
So D =¢ which implies B is somewhat supra connected.
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