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Abstract—Block Vandermonde matrices, considered in this  In [14], the numerical properties of the well-known fast
paper, are constructed from a full set of solvents of a correspond- Parker-Traub and Bjorck-Pereyra algorithms, which both use
ing matrix polynomial. These block Vandermonde matrices are the special structure of a Vandermonde matrix to rapidly
encountered especially in control engineering. Some properties : o
of these matrices, and iterative algorithms to compute the compqte the ent'rles of its inverse, are compared. The resul'ts of
determinant and the inverse of a block Vandermonde matrix Numerical experiments suggest that the Parker-Traub algorithm
are given. A parallelization of these algorithms is also presented. allows one not only fasO(n?) inversion of a Vandermonde
The proposed algorithms are validated by a comparison using matrix, but it also gives more accuracy.
algorithmic complexity. . . One of the first papers where the term block vandermonde

Index Terms—Block Vandermonde matrix, Solvents, Matrix . . L
polynomial, Matrix inverse, Determinant, parallelization matrix is used, to my.knowledge., is [15] but it is in [16] and

[17] that the concept is fully studied; the Block Vandermonde
I. INTRODUCTION matrix (BVM) is defined and its properties are explored. A

The Vandermonde matrix is ubiquitous in mathematics af@ethod, based on the Gaussian elimination, to compute the
engineering. Its uses include polynomial interpolation, codirfipterminant is also proposed.
theory, and signal processing, where the matrix for a discreteln [18], the author gives a method to determine the biggest
Fourier transform is a Vandermonde matrix. integer n. = w(q,t) for which there existt x ¢ matrices
Literature on Vandermonde matrix goes back to 1967, afdl1...4,} with the highest powerg such that the BVM
even before, where many papers deal with the study of ¥s=[A} 'j < n; i < n] is invertible.
properties, its inverse and its determinant [1]-[5] Methods to compute the inverse of a block vandermonde
Vandermonde matrix may be encountered in many domaif@trix have not been studied but the inversion of block
as in computer science for the design of cross layer protocottrices (or partitioned matrices) is very well studied!
with recovering from errors and packet loss impairments [6], The method to compute the inverse of & 2 block matrix
and in [7] the quasi-cyclic (QC) protograph low-density parityis known, under the conditions that at least one of the two
check (LDPC) codes are based on Vandermonde matricesdiagonal matrix entries must be non-singular. In [19], this
The importance of the Vandermonde matrix in contrafondition is overcome by using three new types of symbolic
theory has been emphasized in [8]-[10]. Generally, the inverlgl@ck matrix inversion.
of the usual Vandermonde matrix as well as the inverseln [20], the properties of block matrices with block banded
of the generalized Vandermonde matrix is based on usiiityerses are investigated to derive efficient matrix inversion
interpolation polynomials. algorithms for such matrices. In particular, the following is
In [11], an explicit algorithm for the inverse of a Vanderderived: a recursive algorithm to invert a full matrix whose
monde matrix was given, based on the Lagrange interpolatiowerse is structured as a block tridiagonal matrix and a
and the generalization of the Yang-Hui triangle theory. recursive algorithm to compute the inverse of a structured
The authors of [12] give a new representation for a simpl#ock tridiagonal matrix.
Vandermonde matrix (where all eigenvalues are simple) and aParallelization may be a solution to problems where large
confluent (generalized) Vandermonde matrix and then compsiee matrices, as BVM, are used. Large scale matrix inversion
its inverse easily to be used afterwards into resolving Stdias been used in many domains and block-based Gauss-Jordan
equations. (G-J) algorithm as a classical method of large matrix inversion
The inversion of the Vandermonde matrix has received mublas become the focus of many researchers. But the large paral-
attention for its role in the solution of some problems dkl granularity in existing algorithms restricts the performance
numerical analysis and control theory. The work presented df parallel block-based G-J algorithm, especially in the cluster
[13] deals with the problem of getting an explicit formula forenvironment consisting of PCs or workstations. The author of
the generic element of the inverse to result in two algorithni@l] presents a fine-grained parallel G-J algorithm to settle the
in O(n?) andO(n?). problem presented above.
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Block Vandermonde matrices constructed using matrB. Inverse

polynomials solvents are very useful in control engineering, 1o inverse of the Vandermonde matrix is, generally, given

for example in control of multi-variable dynamic SYStems;, the form of the product/—' L~ of two triangular matrices

described in matrix fractions (see [22]). , by the display of generating formulas from which the elements
In this paper new algorithms to compute the inverse a U~ and L~ may be directly computed.

the determinant of such block Vandermonde matrices and theiltl-he Vandermonde matri has the determinant nonsingular
parallelization are given with an implementation using Matla. , \5yes of x; are distinct. It can, therefore, be factored

After this introduction, Section 2 deals with OIEfInI’['Onsinto a lower triangular matrix. and an upper triangular matrix

and methods to compute the inverse and determinant of tlb'ewherev — LU. The factorization is unique if no row or
simple Vandermonde matrix. The block Vandermonde matrpt,, ;1\ interchanges are made and if it is specified that the
is detailed in section 3, with a recall on matrix polynomials an&’iagonal elements df are unity

fstolv?nts. Thetma;_n res]:J t|:18 aé%;\r/} St;:cnon 4 Wh'gh Iconilhst of aMAnother definition of the inverse of/ is a matrix W
lierative construction ot the » then proposed aigorithms t_é’atisfying WV = 1. If w; is theith row of W, thus
compute the inverse and the determinant of the matrix. Section

5 is a proposition of a parallel implementation of the two 1z — ;)
algorithms. Finally a conclusion finishes the paper. wi(z) = J#i for i — 0.1 .m—1 )
K3 - — 3 g eeny -
[I. SIMPLE VANDERMONDE MATRICES Jgi(ll z)

In linear algebra, a Vandermonde matrix, named aﬁerWhereW is normalized to getu;
Alexandre-Tkeophile Vandermonde [23], is a matrix with thqnverse of V is the matrix W whosz
terms of a geometric progression in each column, i.emam

(a;) = 1. Hence the
e rows are the vectors
w; generated by the;(z) [5].

matrix
1 1 1 e 1 I1l. BLOCK VANDERMONDE MATRIX
x% ‘Tg x; 5”?2”” For a set ofn m x m matrices {A;, Ay, ..., A, }, the
V= T T2 Tz o Ty (1) corresponding block Vandermonde matrix (BVM) of order
: : : : : is defined as follows:
A asg_l coeognel I I I . I
So for a set ofn distinct values{z;i = 1..n} the corre- A; Ag Ag Ag
sponding Vandermonde square matrix are of two kinds: V= A A3 Az A (6)
Row-Vandermonde matrix of order: : : : :
1 1 1 1 AlTLoAREE ARt At
S TS S By analogy to the simple vandermonde matrix, we define
V= 1 2 3 n (2)  the row-BVM and column-BVM as follows.
: : : E : So for a set ofn m x m matrices {A4;i = 1..n} the
N R P corresponding square BVM are of two kinds:

Column-Vandermonde matrix of order Transpose of the Row-BVM of ordern:

previous matrix: 1 1 I I
L Ay Aa Az - A,
2 n—
1 T 1‘% cee x}L,l V, = A% A% A?,) e A% )
T2 Ay o T : : : g :
- 1 T IQ . zn—l . . . . :
Ve = o _ ° ) AnloAnTt ARt Al
1 z, x'2 x,".*l Column-BVM of ordern Transpose of the previous matrix:
A. Determinant I A A2 .. A?*l
The determinant of a square Vandermonde matrix can be I Ay A3 - A3
expressed as: V. = I Ay A2 ... qu ®)
1<i<j<n I A, A2 ... An-t

This is called the Vandermonde determinant or Vander- Remark 1:The block Vandermonde matrices, we will be
monde polynomial. If all ther;’s are distinct, then it is non- dealing with, are constructed from solvents of matrix polyno-
zero. mials.
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A. Matrix Polynomials C. Block Vandermonde matrices
In this section a recall on matrix polynomials and solvents, As for an eigenvalue system, a block Vandermonde matrix
and their properties, will be given. can be defined for solvents with particular properties [24].
Definition 1: The following m x m matrix: Let a set ofr right solventsR; (m x m matrices) of a corre-
an(t) aw(t) - awm(t) spoqdlng matrix polynomlaA(t). A rlght blpck Van.dermonde
matrix of orderr is arm x rm matrix defined as:
a(t) aze(t) -+ azm(t)
A(t) = : : : : ) I I I I
' ' ’ ' Ry R Ry -+ R,
Qm t Qm t e Amm, t
- 1() 2( ) ( ) VR: R% R% R% R% (15)
is called a polynomial matrix, of orden, wherea;;(t) are . . . . .
scalar polynomials (of degreer) over the field of complex RTI*I R’“.*l R”.*l ' R".—l
numbers. 1 2 3 I
From a polynomial matrix we can construct a matrix poly- And given a set of- left solventsL; (m x m matrices) of a
nomial and vice-versa. polynomial matrix A(¢) a left block Vandermonde matrix of
Definition 2: An mth order,rth degree matrix polynomial orderr is a defined as:
(also called\-matrix) is given by:
. o I L, 1?3 --- L7t
A(t) = Art + Ar_lt + ...+ Alt + AO (10) I L2 L% . L£71
Where 4; arem x m real matrices and t a complex number. v,=| I Ls L3 --- Ly (16)
Definition 3: Let X be am x m complex matrix. Do o :
A right matrix polynomial is defined by: [ L. 12 ... Lt
_ T r—1
AR(X) = A X"+ A4 X7+ + AX + 40 (1) Remark 4:In [26] the general right (left) block Vander-
And a left matrix polynomial is defined by: monde matrix constructed by solvents, where a right (left)

; 1 solvent R; (L;) with multiplicity m,; exists, is given.
AL(X) = XA+ X" A+ A XA+ A0 (12) Theorem 2:If V(Ry, ..., Ry_1) is nonsingular andgy, is
Definition 4: The complex numbek,; is called a latent value NOt @ weak solvent ofi(¢) constructed from — 1 solvents,
of A(t) if it is a solution of the scalar polynomial equationthen V' (21, Vi) is nonsingular and then aA(t) constructed
det(A(t)) = 0. The non-trivial vectory;, solution of the from k solvents exist.
equationA(\;)v; = 0, is called a primary right latent vector ~Proof 2: see [16]
associated to the latent value. Similarly, the non trivial row ~ Remark 5:1W" is called a weak solvent o(¢) if A(W) is
vector w, solution of the equationvA();) = 0 is called a Singular.

primary left latent vector associated with [24]. Theorem 3if A(¢) has distinct latent roots, then there exists
a complete set of right solvents &f(X), Ry, ---, R,,, and
B. Solvents for any such set of solvent¥(Ry,--- , R,,) is nonsingular.

Definition 5: A right solvent (or a block root)R of a Proof 3: see [16]
polynomial matrix A(t) is defined by: _ )
D. Non-singularity

_ r r—1 _
AR) = AR+ Ar R4 AR+ Ao =0m (13)  0600m 4:A block Vandermonde matrix as defined in
And the left solvent of a polynomial matrix(¢) is defined equations 15 and 16 are non-singular matrices if and only

by: if the set ofr solvents{R;...R.} with multiplicities {m...
Ji mplet t.
AL)=L"A, + L™ A,y + o+ LA + Ag = 0,y (14) mﬁroifafzecf [E:zlg],sia%]

In the following some important facts on solvents: Definition 6: If we let o[A(t)] denote the set of all latent
Theorem 1:If the latent roots ofA(t) are distinct, then roots of A(t) and o[Ri] the set of eigenvalues of the right
A(X) has a complete set of solvents. solvent R;, then a complete set of right solvents is obtained

Proof 1: see [16]. if we can findr right solvents such that [24]:
Remark 2:A solvent is automatically non-singular. The i,
determinant is non-null because its eigenvalues are distinct; Uo(R:) = o(A(t)) a7

g
the eigenvectors must be linearly independent. i=1
Remark 3:If A(t) hasms distinct latent roots and the set o(Ri) No(R; =10

of right (left) latent vectors verify the condition that every ~ And the block vandermonde matrix thus constructed is non-
of them are linearly independent (Haar Condition) then theggngular.

are exactly mn ) different right (left) solvents [16]. Just as for the right solvents, the existence of a left block root
r depends on the existence of a setnoflinearly independent
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left latent vectors. A complete set of left block roots (covering ! T 1 | 1
totally the latent structure afi(¢)) is obtained if we can find 1l Ry | Ry
r left block roots where each block root involves a distinct set V. — : : : | :
of m latent roots ofA(t). This in turn requires that for each " Rvi—2 Rf,:f | R2
such a distinct set, we can find a corresponding set of linearly —— - ] ==
left latent vectors. The following definition summarizes that: R R::} | R

Definition 7: The set of left solvents ofl(¢), which satisfies

the following properties [24]: Remark 7:The previous and the following results are mainly

given on a row-BVM constructed from right solvents.The same

r = Zle m;, procedures can be applied to a column-BVM constructed from
k (18) left solvents.
olA(t)] = Uo[Li]
i=1 B. Inverse of BVM
and a nonsingular block vandermonde matrix, is called theFrom [27] and [19], the inverse of a block partitioned matrix
complete set of the left solvents dfit). is given as follows:
Remark 6:A complete set of right or left solvents will then If A~! exists then:
describe completely the latent structure Aft). A B\ ! A 4 ExS'«F —ExBS;"
(e5) =(" 15 ) e

IV. MAIN RESULTS
whereE = A-'B, F=CA~'andS, =D — CA~'B.

The following sections constitute the author’s contribution. g, is the Shur complement of matris and should be non-

. ) singular.
A. lterative Construction of BVM )
) ) ) i If D~ exists then:
Let Vi = I,,, wherel,, is them x m identity matrix.

Then BVM of order 2 constructed from two solvents is as ( 4 B - = Sp! —Sp' *F (23)
¢ D —ExSp' ExSp'sxF+ D!

follows:
whereE = D-'C, F = BD~!, andSp = A— BD~'C.
Vo — i In (19) Sp is the Shur complement of matri® and should be
? Ry Ry non-singular.
If we define the following matrices: Let us compute the inverse of a BVM of orderas given
By =1,:Ci =Ry andD; = R, in equation 21 by using either equations 22 or 23 both holds!
Then a BVM of order3 (three solvents) is as follows: ~ In our case both diagonal entries are non-singular.
Vo B ~1 1 1
Vs = ( ) (20) 4 (VL +ExS 4 xF —ExS,
@ G A
Where I Where S,_; is the Shur complement of matrik,_; at
By = ( . >; iterationr — 1:
3
Co=( R R3); Sp—1=Dy_1—Cr1V, By (25)
D2 =R}
S E= ‘/;111 * Brfl

The following theorem ia a deduction from previous results:

_ —1
Theorem 5A BVM of order r, constructed from solvents, =Cr1x Vi

andD,_q, C,._1, B,._, are as given previously.

is as follows The same procedure will be used to determine the inverse
V.., B._, of the BVM V,._;. So the algorithm is an iterative procedure.
V.= ( CT ) DT . ) (21) 1) Algorithm: Let a complete set of solven{szy, ..., Rr}
" " and the corresponding BVM/, as given in 15. From the
Where matrix V., all sub-matrices (B C;, D; and S;) will be first
I, constructed, then the inverse is computed. The algorithm uses a
R, function which computes the inverse of the Shur Complement.
B, 1= R72” v Dr1 = R:il
: Stepl: Let INV =1,
R~ Step2:
andC,_,=( R{™" Ry -+ RIZ}) for i=2%mto r*m with step =m
Proof 5: It is straight forward from the block partitioning Bi1=Vr(1:i—2,i—1:1%);
of the BVM V,. as given in equation 15. Cicy=Vr(i—1:4,1:1-2),

ISSN: 2313-0571 28



INTERNATIONAL JOURNAL OF PURE MATHEMATICS Volume 6, 2019

Di,1:V7‘(Z‘—1Z’L',7;—1:Z');

Ei1=INV *Bi_1; OO Toay ooz gdr o Todr om0 oo
Fi_1=C;_1+INV ; fvo | oos i St Sn ok Toa Son oo
Si—1=D;—1 —Ci_1*IN ‘1/ * Bi1; ) ol ST Y ohe im0 s Zoss oor oos
Ny = (N V+€1* SiixF —Ex fi_l >; So3r ost  —oi1s o0 o osr  o0s  —vos
endfor —SiaxF i We used the "tic/toc” functions of Matlab to determine

2) Algorithmic Complexity: The number of iterations= t_he execution timé? of our procedure to be compared to the

r — 2. The procedure consists of a set of affectations and tH@Teh?rZLJEE alrnev' function of Matlab.
computation of the inverse of S. The size $f= m x m T — 999836 — 605
and Matlab uses Gaussian elimination method rather than an! — = ¢

inverse algorithm. The Gaussian elimination has a complexity?é£§'f§ie0_7304

3

of SOo(TtT;]e) (.)verall complexity of our algorithm i€((r — 2) Remark 8:The proposed algorithm is 10 times quicker than
m3). the procedure used by Matlab.

3) Example: Let a matrix polynomial of ordern = 2 and C. Determinant
degreer = 4: From [27], the determinant of a block partitioned matrix is

as follows:
A(t) = Lt* + Ast® + Ast® + Ait + Ag If A'is non-singular:
with A — ( —31 _25 ); Ay — < ; _51 ) det( é g ) — detA.det[D — CA™'B]  (26)
and A, = L, Ap = L] And if D is non-singular:
3 -2 ) 0 2 gular:

Then using the "polyeig " function of Matlab we obtained A B o

the latent values and vectors of(t), and constructed its det( C D ) = detD.det[A — BD™ (] (@7)

solvents. The method to construct solvents from a set of latent . hi . d the block d . . .
values and vectors are given in [28]. Using this equation and the block decompositions given in

. . . the previous sections we deduced the following result.
This matrix polynomial presents a full set of solvents a:£1 .
poly P Let us compute the determinant of a BVM of ordetas

follows: . . X . ) :
ofows given in equation 21 by using either equations 26 or 28 both
R ( 8740 —18L70 Y =, (057 —L111Y  holds!
=\ 4221 —87.70 )7 27\ 048 —0.37 )’ detV, = detV,_,.detS,_, (28)
0.96  4.42 —3.23 —4.50 . .
R3 = ( —0.60 —1.86 ) ;0 Ry = ( 775 10.25 ) o Where S,_1 is the Shur complement of matrik,._; at
iterationr — 1:
The associated Vandermonde matrix is as follows: Sy =Dy — Cr_ VLB, (29)

I, I, I, I
R Ry Rz Ry
RY RS R Ri
R} R} R} R}

whereD,._1, C._; and B,_; are as given previously.

The same procedure will be used to determine the determi-
nant of the BVMV,._;.

Remark 9:The determinant is, in general, needed with the

The code in Matlab to compute the inverse is as followsinverse. So the inverse &f._, is computed using the previous

Vi=

IV=eye(2); algorithm. -

for i=4:2:8 1) Algorithm: Let a complete set of solvent8, ... R, and
B=V4(L:i-2,i-1:i); the corrgsponding BVMVT. as given in equation 15. From
C=VA4(i-1:,1:i-2); the matrix V,. all sub-matrices (y B;, C;, D; and S;) can .
D:V4(i-1'i'i-1'i)', be constructgd and' the determinant computgd. The algorithm
E=[\V*B S uses a function which computes the determinant of the Shur
F=CHV ' Complement.
delta=D-C*IV*B; Stepl: Let Det=1
IV=[IV+E/delta*F -E/delta; Step2: _

-inv(delta)*F inv(delta)]; for i =2%xmto r=+m with step =m
endfor %_1:VT(1Z*2,12*2),
Biy=Vr(l:i—2,i—1:i);
And the result of the execution as given by Matlab: Cicy=Vr(i—1:4,1:1—2),
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Di1=Vr(i—1:4,i—1:4), Step2: for i =2*mto rxm with step=m
Si_1=D;_1 — Cl_l * V%1 x Bi_1; Parallel block
Det = Det x determinant(S;_1); Bio1=V,(1:i—2i—1:14);

endfor Cl,l—V(z—1.2,1.2—2),

2) Algorithmic complexity:: The number of iterations is Di 1=V (i—1:4i—1:1);

r—2. The procedure consists of a set of affectations, the com-End

putation of the inverse of a BVM and of the determinantSof ~ Parallel block

The size ofS = m x m and Matlab uses the triangular factors E;, 1 =INV*B;_1;

of Gaussian elimination method to compute the determinant F;_; = C;_1 * INV ;

and the inverse of a square matrix. The Gaussian elimination S;—1 =D;_1 — Cj—1 * INV % B;_1;
has a complexity of)(m?). So the overall complexity of our end

algorithm is:O((r — 2) x m?). iS =S,
3) Example:The same example than in the previous section Parallel blogk . ,
is used to illustrate the determinant af. INV = ( NV +.E * 15 F _E. * 19 )
The code in Matlab to compute the determinant is as —iS* F WS
follows: end
DD=1,;
for i=4:2:8 B. Parallel determinant of block Vandermonde matrix

V=V4(L:i-2,1:i-2); As for the precedent algorithm, a master-slave task decom-

B=VA4(L:i-2,i-1:i); position has been performed, and the master task will execute
C=VA4(i-1:,1:i-2); the data scattering and gathering and sequential parts, and
delta=V4(i-1:i,i-1:1)-C/V*B; at least four (4) slave tasks will execute the parallel blocks.
DD=DD*det(de|ta), A|gor|thm
end
The right matrix divide is used instead of the function Steplf Let Det=1 _ ~
And the result as given by Matlab: Parallel block o
DD = -1.0037e+007 - 1—V(1”'—271”—2,>-_
We used the "tic/toc” functions of Matlab to determine Z 1=V:(1 2” _,1 : Z)_'
the execution timéd?, of our procedure to be compared to the Ciop=Ve(i—1:4,1:i~ 2)_’
time 75 of the "det” function of Matlab. The results are: End Diy=Vo(i=1edi—1:1);
T, = 7.2925e-006 . _
T, = 1.0615e-004 Si-1 = Dimy = Cim1 # Vi x Bicys
speed =T/T2= 14.556 dDet = Det * determinant(S;_1);
The proposed algorithm is 14 times quicker than the proce-en
dure used by Matlab. C. Algorithmic Complexity
V. PARALLELIZATION The overall time complexity of the two algorithms is the
For both Determinant and Inverse, a parallelization gAme as befored((r —2) «m*). But the detailed complexity

lightly better.
possible because of the decomposition step in the prOposeing|m>;lementation using Matlab has been done. Matlab

algorithm. Even though the iterative approach is difficult t . . . .
optimally parallelize! The above decomposition is useful onl classical) offers parallel execution of a set of instructions
araIIeI block) usingparfor . Matlab uses the number of

if a parallel execution is possible, otherwise the benefits are
cores available on the used computer usmgtlabpool.

negligible. The execution time, obtained usindicltoc” functions
There exist two kinds of parallelization of matrix calculus;
f Matlab, was greater than the sequential execution time,

data or tasks (calculus) decomposition. Because data deconlg)

cause of the large amount of data flowing between the cores,
sition is already performed, so task decomposition is propose<§each iteration.

A. Parallel inverse of block Vandermonde matrix
. CONCLUSION
From the data decomposition, a master-slave task decom-

position was performed on the sequential algorithm. The In this paper new results on the computation of the inverse

master task will execute the data scattering and gathering, éfjw the determinant of a block Vandermonde matrix are

sequential instructions and at least three (3) slave tasks Wi Efficient algorithms are proposed with their algorithmic
complexities. The parallelization of the algorithms, based on
execute the parallel blocks.

data and task decomposition, is proposed.
Algorithm: These new computation techniques are very useful in con-
Stepl: Let INV =1, trol theory, where systems are described in matrix fractions
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descriptionand their properties are deduced from solventf3] A. Eisinberg, G. Fedele, On the inversion of the Vandermonde matrix.

In this case block Vandermonde matrices constructed froEn
solvents are needed.

(14]

This paper is a part of a project on control methods of

dynamic multi-variable systems and their parallelization.
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