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Functions that are universal with respect to
the Faber-Schauder system

Martin Grigoryan, Tigran Grigoryan

Abstract. We prove that : there is a function
U eCJ[0,1] , such that: for any >0 there exists a

measurable set E < [0,1] , with measure |E| >l-¢
such that for any function f(x) eC[0,1], one can
find a function g (x) eC[0,1] equalto f(x) onE

such that its Fourier series with respect to the
Faber-Schauder system converges uniformly on

[0,1], and |A (g)|=A (U ).k € Spec(g) ,

(where A, (g) -coefficients of Fourier of function
(x) with respect to the Faber-Schauder system)
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1. INTRODUCTION

Numerous works of famous mathematicians G.
Birkhoff , J. Marzinkiewicz, G. MacLane, S.
Voronin, K. Grosse—Erdman and others (see [1]-
[5]) are devoted to the existence of functions,
which are universal in different senses. Let's note
some results obtained in that direction.

The first type of universal function was considered
by G. Birkhoff [1] in 1929. He proved, that there
exists an entire function g(z), which is universal
with respect to translations, i.e. for every entire
function f(z) and for each number r >0 there

exists a growing sequence of natural numbers
{nk}le, so that the sequence {g(z+nk)}:’:1
f(2) |zI<Tr
Marcinkiewicz [2] proved that for any nonzero

uniformly converges to on

sequence {hn }:O:l there exists a continuous function
F :[0,1] = R with the following property: for any
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measurable function ¢:[0,1] > R, there is a

{hnk }:=1 of {hn }:;1
F(x+h,)-F(%)
m

k—»o0

subsequence such  that

=@(X) a.e.on [0,1].

%
In 1952 G. MacLane [3] proved a similar result for
another type of universality, namely, there exists an
entire function ¢(zZ) which is universal with

respect to derivatives, i.e. for every entire function
f(z) and for each number r >0 there exists a

growing sequence of natural numbers {nk} S0

k=1 >
that the sequence {g(”“(z)}f:l uniformly
converges to f(z) on |Z|<r.In 1975 S. Voronin
[4] proved the universality theorem for the
Riemann zeta function & (S), which states that any
nonvanishing  analytic  function can  be
approximated uniformly by certain purely
imaginary shifts of the zeta function in the critical
strip. In 1987 K. Grosse-Erdman [5] proved the
existence of infinitely differentiable function
with universal Taylor expansion, namely, there
exists a functiong € C*(R) with ¢g(0)=0 ,
such that for every function f €C(V) with

f(0) =0 and for each number I >0 there exists
a growing sequence of natural numbers {nk }k -

so that the sequence

(m)
S, (g.0-3 & O

uniformly converges to f (X) on | XIEr.

We recall the definition of the Faber-Schauder

system (see [6]):
{9, (x):n=0,1,...},xe[0,1],

where
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(Do(x):l’
¢ (x)=x and for
n=2+ik=0,1..;i=12,...,2":

Oifxe(I?,LJ,
20 2
B P O () B
gon(x)—gok ®= llfx—xn—xk _2k+1’
linear and continuous on {I_l, A-1 }{ A ,I}.
5 2k+1 2k+1 2k

For 2<n=2"+i weset A, = A(ki) = [#,Lk),
2" 2
the set of points, where the function ¢, (X) is different

from zero.
We also recall that the Faber-Schauder system forms

a basis in the space C[O, 1] (see [7]) that is, any function

f €C[0,1] can be uniquely represented by the series
Fourier series

F(0)=3 A (1) (x)

n=0

with respect to the Faber-Schauder system, which
converges to f uniformly on [0,1]. The /-\1(f)

coefficients of this series are defined by

A()=1(0), A(f)=T1(1)-f(0),

s () (]

There are number of interesting results on the
properties of the Faber-Schauder system (see [7-16]).

Definition 1. A basis { f, :k =1,2...} of a Banach space

B is said to be unconditional if for an arbitrary
permutation {Gk k= 1,2...} of the natural numbers, the

system { fo(k) (x):k=12.. } is also a basis of B .
Let Ec [0,1] be a measurable set and let C(E) be

the class of all continuous functions defined on E , and

let bn(X)eC(E),nzl,Z... )

Definition 2. The series an(x) is said to be

n=1

unconditionally convergent to f(x) in C(E) if for any

permutation {G(k) k= 1,2...} of the natural numbers,
the series ;ba(k) (x) converges to f(x) uniformly on

E.
Definition 3. The system {f,:k=1,2...} is said to be

an unconditional system of the representation of
functions in the class C(E) if for every function
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f(x) e C(E) there exists a series »_a, f, (x) such that

n=1
it unconditionally converges to f(x) in C(E).
We note that in the space C[0,1] there exists no

unconditional basis (see [10]).
And what is more, in the article [3] M. G.
Grigorian and A. A. Sargsyan, constructed a continuous

f,(x)eC[0,1]
{a(k):k:1,2...} of natural numbers, such that the

function and a  permutation

series iAo_(k)(fo)(pg(k)(X) diverges in measure on
k=0

[0.1]

<

and ,k >1 (where

Ao‘(k) ( fO) Aa(k—l) ( fO)
i A, ( f, )(pn (X) -is  Fourier series of function
n=0

f,(X) € C[0,1]with respect to the Faber-Schauder

system).

From this follows: there exists a function

f, (X) eC [0, 1] , whose greedy algorithm with respect to
the Faber-Shauder system diverges in measure.

But, nevertheless, for every 0 <& <1 there exists a

measurable set E € [0, 1] with measure |E| >1—-¢ ,such
that for each f e C(E) one can find a function
geC[0,1],9(x)=f(x),vxeE

such that the greedy algorithm with respect to the Faber-
Shauder system of signal g converges it in the C[0,1]

equal to f on E

- norm.

Now we recall the definition of the greedy
algorithm.

Let ‘Pz{l//k }wkzl be a normalized basis in Banach
space o € D(f,7) . Then for each element f € X there
exists a unique series by system W :{l//k}mk:l

converging to f in the norm of space X :

f:ick(ﬂl/lk

Let an element f e X be given. We call a

permutation o = {U(k) k= 1,2..} of nonnegative

integers decreasing and write o € D(f,y), if

) (1] <[y () >1.

In the case of strict inequalities here D(f,y)

consists of only one permutation.
We define the m-th greedy approximant of f with

regard to the basis ¥ corresponding to a permutation by
formula
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G,(f,¢)= Z Cogo (t)l//g(k)

This nonlinear method of approximation was
considered in the article [10] and is known as greedy
algorithm.

We say that the greedy approximant of element f by
system ¥ converges, if for some o € D(f,i) we have

lim |G, (fy)=f], =0.

Greedy algorithms in Banach spaces with respect to
normalized bases have been investigated by
Temlyakov, DeVore, Konyagin, Wojtaszczyk, Korner
and other authors (see [16]-[20]).

m
Note that G, (f,y) :ZC (DY, gives the best
k1

ok

m-term approximation in L’ [0,1] - norm.

We present some results which have an immediate
bearing on our investigations.

In the article [17] T. W. Korner answering a question
raised by Carleson and Coifman constructed a
continuous function, whose greedy algorithm with
respect to the trigonometric systems diverges almost
everywhere.

In the article [13] V. N. Temlyakov constructed a

function f that belongs to any L",p>0 (respectively

p>2), whose greedy algorithm with respect to the
trigonometric system diverges in measure (respectively

in L°[0,1].p>2).
In the article [8] M. G. Grigorian and A. A. Sargsyan,
constructed a continuous function f € C[0,1], whose

greedy algorithm with respect to the Faber-Shauder
system diverges in measure.

The following question arises here.
Question 1. Does there exist a set e of arbitrarily small
measure such that, after modifying the values of an

arbitrary function in f eLP [0,1], p>2, p>1,one,

the greedy algorithms for the modified function with
respect to the Walsh and trigonometric systems converge

to it (almost everywhere, in the norm of Lp[O,l]

uniformly)?
Note that the answer to Question 1 on the one hand
depends on the prescribed system and the type of
convergence, and on the other hand depends on
whether the exceptional set on which the modification is
performed depends on the function f(x) to be corrected
or is universal.

We shall consider two versions of Question 1:
a) when the values of the function f(x) are modified on
a set of arbitrarily smallmeasure depending on the
function;
b) when the exceptional set e on which the modification
is performed is independent of the modified function
f(x) (that is, is universal and serves for a whole

function class).
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Note the following question, which arises when we
investigate the convergence of the greedy algorithm for

the new, corrected function e f(X) and is also of
independent interest. Can the values of any function
f(x)in L° [0,1]], p>1, be modified on a set of small

measure so that all the nonzero elements in the sequence
of the Fourier coefficients of the function thus obtained
with respect to the classical systems (in particular, the
Walsh and trigonometric systems) are arranged in
decreasing order?

It is important to note that, as was shown in the article
[20], M. G. Grigoryan, K. S. Kazaryan and F. Soria,
there exist a complete orthonormal system

D= { f, (X)}wk:l and a function f el” [O,l], p>2,
such that if g(x) is any function in L*[0,1],p>2 with
measue‘{x e[0,1],9(x)=f (X)}‘ >0  then it's greedy

algorithm with respect to the

®= { f, (X)}mk:l diverges in L" [0,1], p>2.

Note also that well-known classical theorems by N.
N. Luzin and D. E. Men'shov "on correction" of
functions (see [22,23]). We have considered the behavior
greedy algorithm after modification of functions (see
[19-22)).

For Haar system we obtained:

For any £>0 there exists a measurable set E — [0,1] s

system

with measure |E[>1-¢ such that for any function
f(x)eLl'[0,1] find a
g(x)eL'[0,1]equal to f(X) on E such that its greedy
algorithm with respect to the Haar system converges to
g(x)in the L'[0,1]-norm.

In the paper [8] M. G. Grigorian and A. A. Sargsyan

was obtained
Theorem 1. For any €>0 there exists a measurable set

E C[O,l], with measure |E| >1—¢such that for any

one can function

function f (X) € C[O,l] one can find a function ¢ (x)

eC [0,1] equal to f (X) on E such that its greedy
algorithm  with respect to the Faber-Schauder system
converges to g(X) uniformly on [0,1].

But, nevertheless, for every 0 <& <1 there exists a
measurable set E ¢ [0, 1] with measure |E| >1—-¢, such

that the Faber-Schauder system is an unconditional
system of representation of functions of the class
C(E) (see [14]). This result is a consequence of the

more general Theorem I(see [9]), which is stated as
follows:

Theorem 2. For every & >0 there is a measurable set
E contained in [0,1], with |E|>1—g,such that for

feC(E) one find a
geC[O,l],g(x)=f(X),VXeE equal to f

such that the Fourier series with respect to the Faber-

each can function

on E
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Schauder systemof signal g unconditionally converges it
in the C[0,1] -norm and

gm(g)(p

X)<2|g(x)].¥x[0,1],¥m>0.

II. PROOF OF THEOREMS

In this article we prove the following theorems.

ITa. RESULTS

Theorem 3. Corresponding to each f € C[O,l] there is
a Schauder series that converges to f on a set of full
measure, such that for every & >0 there is a measurable
set E contained in [0,1], with |E| >1-¢&, on which the

series converges unconditionally to f in C(E).

Of course, these results can not be improved by
replacing the set E with [0,1], since as Karlin has
shown, there is no unconditional basis for C[0,1] (see

[10]).
This theorem is a consequence of the more general
Theorem 4, which is stated as follows:

Theorem 4 There is a function U €C [0,1], such that .
For any >0 there exists a measurable set E [O,l],
with measure |E| >1—gsuch that for any function
f (X) eC [0,1] one find a g (x)
eC [O,l] equal to f (X) on E such that its Fourier series

can function

with respect to the Faber-Schauder system converges

)= A (U).k e Spec(g)

IIb. PROOF OF THE THEOREM 4

uniformly on [0,1], and |AK

Let 0<e<l and ® be the set of all the algebraic
polynomials with rational coefficients. Let us
enumerate the elements of @ and represent them as
a sequence

CI):{fj(x)}mj:1

An application of Lemma 2 in the paper [13] as
regards the sequence leads to some sequences of

functions {gj (x)}w‘:

Z/x

n=m;_;+1

,polynomials

, U eC[O 1]

and a sequence {E i }T:I are measurable subsets of [0,1]

which satisfy the following conditions for all
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9;(x) = f;(x) onE,
E[>1-—
4J

9,00 -Q, ()] < 7r-x<[ou]

> |AU)e, (x).<2|g; (X)), vxe[0.1],
n=m;_,+1
We set
E= ﬁ (E,).,n,=—log,e+2.
k=n,
Obviously
[E|>1-¢

Let f (x)eC[0,1] be given.

It is easy to see that we can select subsequence

{ f, (x)}mk:1 cdh= { f; (x)}ooj_:l

Such that

m, ., ijk
‘fjk (X)‘

x)uniformly on [0,1], and

Vxe[O 1] vk >2,

4k+l >
Proceeding thus inductively, one determines a
subsequence{QVq (X)} a sequence of functions
1

q=

B0 A (0=, () + g, ()=, (x)]

©

q=I1

which satisfy the following conditions for all

n

lim, Z[qu (x)- 5, (x)] =0 uniformly on [0,1],

k=1
and

|ﬂq(x)| 4q+1’
By (x)= qu (x),vxeE,vg=1,

m;

S [AU)

n=m; _+1

vx e[0,1],vq =1,

p,(x),<27,vxe[0,1],vg>1

-
Let
=3 4,(x)
Obvious?;

Zﬂq

eCOl and
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g(x)=f(x),vxeE

It is easy to see that the series

z[ 5 /x(umm}

q=1 n:qu,,+1
unconditionally converges to g(x)=>f,(x) in the
q=1

C[0,1] -norm and therefore

|A(9)|=[A (V)

IIc. REMARK

Repeating the argument in the proof theorem 3 we
arrive at following Theorem

Theorem 5. There is a Schauder universal series of the

form ibn(pn (X) s
i1

bk| 0 0 with the following properties:

1. For each measurable function f (x) one can find a

sequence {fk }::1 , & =0,0rL,k=12,....,such that the
series, Zgnbngon (X) converges unconditionally to f
n=1

almost everywhere on [0,1]

2. For every &>0 there is a measurable set E
contained in [0,1], with |E| >1—¢, such that for each

f EC(E) one find a
geC[O,l],g(X)zf(x),‘v’er equalto f on E

such that the Fourier series with respect to the Faber-
Schauder system of signal g unconditionally converges it
in the C[0,1] -norm, and

A, (9)=b,,vnespec(g)={neN,A (g)=0}

gl&(g)

can function

@, () < 2|g(x)|,VXG[0,1],Vm > 0.
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