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Abstract—In 2014 Mubarki, Al-Rshudi, and Al-
Juhani introduced and studied the notion of a set in

general topology called f*—openset and
investigated its fundamental properties and studied
the relationships between [* —open set and other
sets including f* —continuity in

topological spaces. We introduce and investigate
several properties and characterizations of a new
class of functions between topological spaces called

B*—open, B’ —closed, B* —continuous  and

B* —irresolute functions in topological spaces. We

topological

also introduce slightly " —continuous, totally

B* —continuous and almost [ —continuous

functions between topological spaces and establish
several characterizations of these new forms of
functions. Furthermore, we also introduce and
investigate certain ramifications of contra continuous
and allied functions, namely,

contra — 3" — continuous, and almost

contra—f3" —continuous functions along with their
several properties, characterizations and natural
relationships. Moreover, we introduce new types of
closed graphs by using B"—open sets and investigate
its properties and characterizations in topological
spaces.

Keywords: Topology, Pure Mathematics

1. INTRODUCTION

In recent literature, we find many topologists have
focused their research in the direction of investigating
different types of generalized continuity. One of the
outcomes of their research leads to the initiation of
different orientations of contra continuous functions.
In 2014 Mubarki, Al-Rshudi, and Al-Juhani
introduced and studied the notion of set in general

topology called B* —open sets and investigated its
fundamental properties and studied the relationship
between " —openset and other topological sets
including " —continuity in topological spaces. In
this paper, we introduce and investigate several
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properties and characterizations of a new class of
maps between topological spaces called B*—open

maps, B°—open maps, B —continuous maps and

B" —irresolute maps. We also introduce slightly
" —continuous, totally B* —continuous and almost

B" —continuous maps between topological spaces
and establish several characterizations of these new
forms of maps. Furthermore, we also introduce and
investigate fundamental properties of contra
continuous and  allied functions, namely,

contra — 3" —continuous,  almost — 3" —continuous,

and almost contra—f* —continuous functions along

with their several properties, characterizations and
natural relationships. Moreover, we introduce new

types of graphs, called B* —closed,
contra—B* —closed and strongly
contra—B* —closed graphs via p"—open sets.

Several characterizations and properties of such
notions are investigated.

Throughout this paper (X, z) or simply by X we
denote topological space on which no separation
axioms are assumed unless explicitly stated and
f:(X,7)—>(Z,u) means a mapping f from a
topological space X to a topological space Z. If U
isasetand X isapointin X then N(x), Int(U),

cl(U)and U°=XBU denote respectively, the

neighbourhood system of X, the interior of U, the
closure of U and complement of U.

2." —OPENSETSINTOPOLOGICAL SPACES

Definition 2.1. A subset A of a topological
space X is called semi—open set if

AcCI[Int(A)].
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Definition 2.2. A subset
space X iscalled o —open setif

Acint[CI(int(A) ]

Definition 2.3. A subset Aof a topological
space X iscalled ff—open set if

AcCI[ Int(CI(A))].

of a topological

Definition 2.4. A subset
space X is called pre—open set if

Ac Int[CI(A)].

of a topological

A
Definition 2.5. A subset A of a topological
space X is said to be b—open set if

AcCI[Int(A)]Ulnt[CI(A)].

Definition 2.6. Let (X, 7) be a topological

space. Then a point x e X 1is called the
5 —cluster point of Ac X if

Al Int| CI(U) |#¢ for every open set U of X

containing X.The set of all cluster points of Ais
called the 5—cluster points of A, denoted by

Cls(A). A subset Ac x is called 5—closed if
A:CI5(A).

Definition 2.7. Let (X, 7) be a topological

space and AC X. Then A is called 6 —open

set if its complement X — A is & —closed in
X . The collection of all —open sets in a

topological space (X T ) forms a topology 7, on
X, weaker than 7 and the class of all regular

open sets in 7 forms an open basis for z;.

Definition 2.8. A subset Aof a topological
space X is called e*—open set if

AcCl[ Int(Cl,(A))]-

Definition 2.9. Let (X, T) be a topological

space. Then a subset A of X is said to be
L *—open if

AcCI[ Int(CI(A)) JUInt[ Cl,( A)]. The family
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of all f*—open subsets of a topological space

(X, 7) will be as always denoted by ,B*O(X )

Definition 2.10. A subset A of a topological
space (X, ) is said to bea B*—closed setif

Int| CI(Int(A)) |1 CI[ Int,(A)]< A

The family of all *—closed subsets of a
topological space (X, T ) will be as denoted by
FC(X).

Remark 2.11. The following diagram holds for
each a subset A of X.

open set — a —open set — preopen set — b —open

set —> [ —open set - [ *—open set — ¢ *—open set

Theorem 2.12. Let (X, T) be a topological
space. Then the following assertions hold:

(1) The arbitrary union of f*—open sets is

S *—open.

(2) The arbitrary intersections of S*—closed is
[ *—closed.

Proof. (1) Let {A:ie |} be a family of
f*—open sets. Then

A <Cl| Int(CI(A)) |UInt[Cl,(A)] and

therefore immediately it follows that

U, AcU,(cl[int(cI(A))]umt[cl,(A)])c
ci nt(ci(U,,A))|ume[cl, (U, A)]. for

all ic1. Thus U,_ A is B*—open.

(2) 1t follows from (1).

Remark 2.13. The next example shows that the
intersection of any two /3 *—open sets is not

S *—open.
Example 2.14. Let X 2{1,2,3} with topology
T:{¢,{1}’{2},{1,2},X}. Then A={1,3} and
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B= {2a3} are 8" —open sets. But Al B= {3}

is not S *—open.

Definition 2.15. Let (X, 7) be a topological
space. Then:

(1) The union of all f*—open sets of X

contained in Ais called the S *—interior of A

and is denoted by B*—Int(A).

(2) The intersection of all S*—closed sets of

X containing Ais called the f*—closure of A

and is denoted by f*—CI(A).

Theorem 2.16. Let A, B be two subsets of a
topological space (X , T). Then the following

assertions are true:

(1) ﬂ*—C|(X)=X and ,B*—C|(¢)
2) AcB*—CI(A).

P.

(
(3) If AcB, then p*—CI(A)c B*—CI(B).
(

4) xe p*—Cl (A) if and only if for each a
P*—open set U containing X, Ul A=4.

(5) A is f*—closed setifand only if
A=ﬂ*—CI(A).

(6) p*—CI[ p*-CI(A)]=p*-CI(A).

(7)
ﬂ*—CI(A)Uﬂ*—CI(B)gﬂ*—CI(AUB).
(8)ﬂ*—C|(AI B)gﬂ*—CI(A)I ﬂ*—CI(B).
Theorem 2.17. Let A, B be two subsets of a

topological space (X , T). Then the following

assertions are true:

(1) ﬂ*—mt(X):X and ﬂ*—lnt(¢)=¢.
(2) p*-Int(A)cA
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(3) 1f ACB, then f*-Int(A)c f*-Int(B).

(4) xe f*-Int ( A) if and only if there exists
P*—open set W such that XeW c A

(5) A is f*—openset if and only if
A= B*-Int(A).
(6) B*—Int[ p*—Int(A)]=B*—Int(A).

(7)
B*—Int(Al B)c A*—Int(A)l B*—Int(B).

(8)

f*-Int(A)U*—Int(B)  *~Int(AUB).

3. B*—CONTINUOUS FUNCTIONS

In this section, we introduce a new type of
continuous map called a f*—continuous map and
obtain some of its properties and characterizations.
Definition 3.1.  Let (X,7z) and (Y, x) be two
fi(X,7)>(Y, pu)is

called an f*—continuous function if the inverse

topological spaces. A map

image of each open set in Y is an f*—open set in
X.

Theorem 3.2. Every
S *—continuous.
Let f :(X,7)—>(Y,u)be a
function and W be an open set in Y. By hypothesis

continuous function is

Proof. continuous

f is continuous. Then f~'(W) is an open set in X.
Since t<B*-O(X, 7). f(w) is

L*—open in X. Hence f is f*—continuous.

Therefore,

The converse of the above theorem is not true as
shown in the following example.
Example 3.3. Let the set X ={a,b,c,d} and let

r={g{a}.{c} {ac}.fabc}facd} X} be a
f:(X,7)>(X,z) be a
function defined by
f(a)=f(b)=f(d)=c,f(c)=a. We note that
{ab,d} is a p*-openset in X. Then
f’l({c})={a,b,d} isa B*—open setin X. Then

topology on X. Let
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clearly f is a f*—continuous function. Now since
f"({c}):{a,b,d} is not an open set in X.
Therefore, f is not a continuous map.

Theorem 3.4. Let (X,7) and (Y, ) be two

topological spaces. Let f be a map from X into Y.
Then the following statements are equivalent:
(1) f isa B*—continuous map;

(2) The inverse image of a closed set in Y is a
P*—closedsetin X ;

(3) ﬂ*—u[f*l(B)]gf*l[m(B)} for every set
B inv;

(4) fLﬂ*—CI(A)JgCILf (A)J for every set A in
X;

(5) f’l[lnt(B)}g/)’*—lnt[f’l(B)} for every set

B inY.
Proof. (1)=(2): Let B beaclosed set in Y, then

YBB is an open set in Y. Then
f'(YBB)=XB f'(B) isa f*—opensetin X;
It follows that f~'(B) isa f*—closed closed subset

of X.
(2)=(3): Let B be any subset of Y. Since

CI(B) is closed in Y. then fﬁl[CI(B)] is
p*—closed in X.Therefore, ﬂ*—C|[f71(B)]g
p*-Cl| 7(CI(B))|= f[CI(B)].
(3)=(4):Let A be any subset of X. By (3) we
have

p*—Cl(A)c p*—CI[ £ ((A) ] F[CI(f(A))].
Therefore, f Lﬂ* —Cl (A)J cCl Lf (A)J

(4)=(3): Let B be any subset of Y. Then by
hypothesis, we get
f[p*-ci(i(B))]<cI[ f(f(B))]=CI(B).
Therefore we
p*—CI(f7(B))c f[CI(B)].
(3)=(5): Let Bbe any subset of Y. Then by
hypothesis, we get
p*~CI(17(zB B))< f'[CI(Z B B)] and hence

X B[ p*—Int(f"(B))|= X B £ (Int(B)).
Therefore we

[ Int(B)]< g*-Int( £ (B)).

obtain

obtain
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(5)=(1): Let B be an open set in Y and

t[Int(B)]< g*-Int[ £ *(B)]. Then, 7~'(B)
< p*-Int[ £(B)] But, p*-Int[ £(B)|c
£ (B)=p*-Int[ f(B)].
Therefore, f~'(B) is f*—opensetin X.

Theorem 3.5. Let (X,,7,), (X,,7,) and (X,,7,)
be three topological
f:(X,5)—>(X,,7,)is

g:(X,,7,)—>(X,,7;) is a continuous map, then

f~'(B).Hence,

spaces. If a
f*—continuous

map
and

gof :(X,,7,) > (X,, ;) is f*—continuous.
Proof. Obvious.
Theorem 3.6. Let (X,7)

topological spaces. Then f :(X,z)—(Y,u) is a

and (Y, ) be two

S *—continuous map, if one of the following holds:
(1) f! [ﬁ*—lnt(B)]g Int[ffl(B)J for every set
B iny.

(2) Cl[f’l(B)]g f! [ﬂ* —Cl(B)} for every set
B iny.

(3) f LCI(A)J c p*-Cl Lf (A)J for every set A in

X.
Proof. (1) Let B be any open set of Y. Then

t[g*=Int(B)] < Int[ £(B)].
f’l(B)g Int[f"(B)]. Therefore, f~'(B) is an

open set. Since very open set is f*—copen. Hence,

We get

f isa f*—continuous function.

(2) Let B be a closed subset of Y. Then by
hypothesis, C|[f71(B)]g f! [ﬂ*—Cl(B)J. Since
B is p*—Cl(B)=B. Thus
Cl[ffl(B)Jg fﬁl(B). Hence f'(B) is closed in
X. So f isa p*—continuous function.

(3) Let B be any open set of Y.Then f'(B) isa

flci(f(B))]|<

This

closed,

set in X and

p=-Cl[ f(f(B))]

f[CI((B))]< p*—CI(B). This is nothing but

implies

condition (2). Hence f isa f*-—continuous map.

4.B3"—OPEN FUNCTIONS
AND B* —CLOSED FUNCTIONS
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Definition4.1. A map f:(X,z)—>(Y,u) I1s

(resp. f*—closed) if the
image of each open (resp. closed) set in X is
B*—open (resp. f*—closed) 1n (Y, u).

Theorem4.2. A map f:(X,z)—(Y,u) is
S *—open fLInt(A)Jg
p*—Int| f(A)| for each set A in X.

Proof. Suppose that f is a B*—open map.
Since Int(A)c A then f|Int(A)|c f(A). By
hypothesis, f|Int(A)| is a B*-open set and
p*—Int| f(A)| is the largest B*—open set
Hence fLInt(A)Jg

called pB*—open

if and only if

contained in

p*-Int| f(A)].
Conversely, suppose A is an open set in X.
Then,  f|Int(A)|c g*~Int| f(A)].

then f(A)gY—Inth(A)J.
Therefore, f(A) isa f*—open setin (Y, u)

f(A).

Since

Int(A)= A,

and f isa B*-open function.

Theorem 4.3. A function f :(X,z)—(Y,u) is
B *—closed if only if
p*—Cl| f(A)|< f|CI(A)| for each set A in

X.
Proof. Suppose f is a fB*—closed function.

Since for each set A in X. CI(A) is closed
set in x, then f|CI(A)| isa B*—closed set
Also, since f(A)c f|CI(A)],then
p*—Cl| f(A)|c f[CI(A)].

Conversely, Let A be a closed set in X.
p*Cl f(A)| is the
P*—closed set f(A),
f(A)c p*-Cl| f(A)|< f|CI(A)|=f(A).
Thus, f(A)=p*-CI| f(A)]. Hence, f(A) is

a p*-closed set in Y. Therefore, f

and

mn v.

smallest
then

Since

containing

is a
B*—closed function.
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Theorem 4.4. Suppose that (Xx,,z), (X,,7,)
and (X,,z,) are any three topological spaces.
Suppose also that f:(X,,z)—(X,,z,)and
g :(X2,12)%(X3,T3)
Then,

(1) if gof is p*—openand f is continuous

are two functions.

surjective, then g isa g*—open function.

(2) if gofis open and g is p*—continuous
injective, then f isa SB*—open function.

Proof. (1) Let v be an open set in X,.
Then, f-'(v) is an open set in X,. Since
gof 1is a B *—open then
(gof)[ f7(v)]= o F(f(v))]=0(v)

(because f is surjective) is a S*—open set

map,

in X,.Therefore, g isa S*—open function.
(2) Let u be an open set in X,. Then,
g/ f(U)] is an open set in X,. Therefore,
g"'[9(f(U))]=f(U) (because g is injective)
is a B*—open set in X,. Hence, f is a
L *—open map.

Theorem 4.5, Let (x,7z) and (Y, x) be two
topological spaces and f:(X,7z)—(Y,u) be
a bijective function. Then the following
statements are equivalent:

(1) f isa B*—open function;

(2) f isa p*-closed function;

(3) ' isa B*—continuous function.

Proof. (1)=>(2): Suppose A is a closed set
in X. Then X B A is an open set in X and
by (1), f(XB A)isa B*—opensetin y. Since
f(XB A)=YB f(A).
1S a B*—closed

fis bijective, then
f(A)
Therefore, f isa S*—closed function.

(2)=(3): Let f bea p*—closed function and
A be closed set in Xx. Since f is bijective,
then (f)'(A)=f(A) which is a A*—closed
set in Y. Therefore, by Theorem3.4, f' isa

Hence, set in Y.

S *—continuous function.
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Let A be an open set in X. Since

/3 *—continuous then

(f")_l(A):f(A) iS a B*—open set in Y.

(3)=(1):
f'is a function,

Hence, f isa B*-open function.

5. B* —IRRESOLUTE FUNCTIONS
In this section, we introduce a new type of
function called S *—irresolute function and

obtain some of its properties and
characterizations.

Definition 5.1. A function f :(X,z)—(Y,u) is
called a g*—irresolute function if the inverse
image of each fF*—open setin Y isa

L *—open setin X.

Theorem 5.2. Every f*—irresolute function is a
S *—continuous function.

Proof. Straightforward.

Theorem 5.3.Let (X, z) and (Y, x)be two

topological spaces. Let f be a function from X

into Y. Then, the following statements are
equivalent:

(1) f isa p*—irresolute function;

(2) The inverse image of each f*—closed set in

Y isa fB*-closed setin X

(3) ﬂ*_CI[fil(B)]g fﬁl[ﬁ*—a(B)} for every
set B in v;

(4) f|p*-Cl(A)|cp*-Cl| f(A)] for every
set A in X;

(5) T p*-Int(B)]< p*—Int[ £(B)] for
every B in Y.

Proof. (1)=>(2): Let B be a f*—closed set in
Y. Then Y B B isa g*—open setin Y. Hence
f'(yBB)=XB f'(B) isa f*-open setin
X . It follows that f~'(B) isa B*-closed
subset of X.
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(2)=(3):Let B be any subset of Y. Since
B*—CI(B) isa B*—closed setin v, then

f~'[ p*—CI(B)] isa B*—closed setin X. Thus
p*-CI[ t7(B) ] p*—CI[ 7 (p*-ClI(B))]

= f7'[ p*-CI(B)].

(3)=(4): Let A be any subset of X. By (3),
we have g*~Cl(A)c *-CI[ £ (f(A))]<c

f! [ﬂ* ~CI( f (A))] Therefore

f| p*-CI(A) | p*-CI| f(A) .

(4)=(5): Let B be any subset of Y. By (4),
f[#*—CI(XB {(B))]c p*—CI[ (X B f"(B))]
and

f| X B (p*—Int(1(B)))|< p*~Cl(Y B B)=

Y B | f*-Int(B) |. Therefore we have

X B[ p*—Int(f(B))]< f'[YB(B*—Int(B))]
and hence [ A*-Int(B)]< p*—Int[ £(B)].
(5)=(1): Let B bea S*—opensetin Y and

f [ p*-Int(B)] < B*-Int] £ (B)]. Then
t(B)c A*—Int £ (B)] But,
p*—Int[ £~ (B)]< £ (B). Hence
f~(B)=p*-Int[ ' (B)]. Therefore f-'(B) is

p*—open in X. Thus f isa f*-irresolute
function.

Theorem 54. Let f :(X,,7,)—>(X,,7,) and
g:(X,,7,)—>(X;,7,) be f*—irresolute maps.
Then gof :(X,,7,)—>(X;, ;) is B*-irresolute.

Proof. Obvious.

6. TOTALLY B —CONTINUOUSFUNCTIONS

In this section, the notion of totally
S *—continuous function is introduced as well as

its characterizations are investigated.
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Definition 6.1. Let (X, ) be a topological space.
A subset A of Xis called g*-—clopenif A is
both S*—open and f*—closed setin X.

Definition 6.2. Let (X,z) and (Y, x) be two

topological spaces. A
fi(X,7)>(Y,u) is called a

p*—continuous function if the inverse image of

function
totally

each opensetin Y is f*—clopen in X.

Definition 6.3. A (X, 7) is

called S *—connected if it is not the union of two

topological space

non-empty disjoint S *—open sets.

Theorem 6.4. A topological space (X,z) is
S*—connected if and only if X and ¢ are the
only f*—clopen subsets of X.

Proof. Obvious.

Theorem 6.5. Let (X,z) be a topological
fi(X,z)>(Y,u) 1s a
(X,z) 1

is an indiscrete

space. If totally

S *—continuous surjection  and
B*—connected, then (Y, u)
space.

Proof. Suppose that (Y, ) is not an indiscrete

space and let V be a proper non-empty open
subset of (Y,u). Since f is a totally

B*—continuous ~ function, then f~'(V)
proper non-empty fS*—clopen subset of X.
Therefore X = f’l(V)U[X B f’l(V)} and X is

a union of two non-empty disjoint S *—open

1S a

sets, which is a contradiction. Therefore (Y, u)

must be an indiscrete space.

Theorem 6.6. A topological space (X,z) is
p*—comnected if and only if every totally
B*—continuous function from (X,z) into any

T, —space (Y, ) is a constant map.

Proof. = Suppose that f :(X,z)—>(Y, u) isa
(Y. 1)
is a T, —space. Assume that f is not constant
and X,yeX such that f(x)=f(y).

totally f*—continuous function, where

Since
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(Y,u) is T,,and f(x) and f(y) are distinct
points in v, then there is an open set V in
(Y, u) containing only one of the points f (x)
and f(y). We take the case f(x)ev and
f(y)eV. The proof of the other case is similar.

Since f is a totally f*—continuous function,
f'(v) is a pB*-clopen subset of X and
xef'(V), but yef'(v). Since X-=

f’l(V)U[X B f’](V):', X is a union of two
non-empty disjoint S *—open subsets of X.
Thus (X,z) is not SB*-—connected, which is a

contradiction.

< Suppose that (X,z) is not a B*-connected

space. Then there is a proper non-empty
B*—clopen subset Aof X. Let Y ={ab}and

u=1{Y 4 {a} {b}}, definef:(X,z)—>(Y,u) by
f(x):a f(X)zbel‘
xe X B A Clearly f is not constant and totally

for each xeA and

p*—continuous where Y is T,, and thus we
have a contradiction.

Definition 6.7. A topological space (X, z) is said
to be:

(i) B*-T, if for each pair of distinct points X
and y of x, there exist f*—open sets U and

V containing X and y, respectively such that
yeU and xeV.

(ii) B*-T, if for each pair of distinct points X
and y in X, there exist disjoint S*—open sets
Uand V in X suchthat xeU and yeV.

Theorem 6.8.Let f ((X,7)—>(Y,u) be totally
p*—continuous and Y be a T, —space. If A isa
non-empty f*—connected subset of x, then

f (A) is a singleton.

Proof. Suppose that f(A) is not a singleton.
Let f(x)=y,ef(A) f(x,)=y,ef(A),
such that y, #y,,where X,X,eAand X #X,.
Since Y,,y, €Y such that y #y, and Z isa

and

T, —space, then there exists an open set G in Y
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but not Y,. Since f is
Then f7'(G)

(say) containing Y,

totally  f*—continuous is a
S*—clopen set containing X, but not X,. Now
X = f“(G)U[X B f'l(G)]. Hence X is the
union of two disjoint non-empty S*—open
subsets. Let A=Al f(G)

A=Al (X-f7(G)). X €A
X, € A,.We observe thatA and A are two
disjoint nonempty SB*—open subsets of A such
that A=A UA,. This implies that A is not
S *—connected, which is a contradiction. Thus

and

Clearly and

f (A) is a singleton.

Theorem 6.9.Let (X, 7)
topological spaces. Let f :(X,7)—>(Y,u) be a

and (Y, u) be two

totally f*—continuous injection. If Y is T,
then (X,z) is B*-T,.

Proof. Let X,y € X with x »y.Since f is
injection, f(x)= f(y). Since Y is T, there
exists an open subset vV of Y containing f (x)
butnot f(y), orcontaining f (y)butnot
f(x). Thus for the first case we have,
xef'(v)and yef'(V). Since f is totally
f*—continuous and V is an open subset of v,
f'(v)and X B f'(V) are disjoint
p*—clopen subsets of X containing X and vy,

respectively. The second case is proved in the
same way. Thus X is g*-T,.

7. SLIGHTLY B*—CONTINUOUS

FUNCTIONS
In this section, the notion of slightly
p*—continuous function is introduced and

characterizations and some relationships of
slightly f*—continuous functions and basic

properties of slightly g*—continuous functions
are investigated and obtained.

Definition 7.1. Let (X,z) and (Y,x) be two

topological  spaces. Then a function
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f (X, 7)>(Y, 1) is called a slightly
B*—continuous function at a point X € X if for
each clopen subset V in Y containing f(x),
there exists a f*—open subset U in X
containing X such that f(U)cV. The function
f is said to be slightly £ *—continuous if it has

this property at each point of X.

Theorem 7.2. Let (X,z) and (Y,u) be two

topological spaces. The following statements are
equivalent for a function f :(X,z)—>(Y, u):

(1) f isslightly pg*—continuous;

(2) for every clopen set vy, f'(V) is
B *—open;
(3)for every clopen set vcvy, f'(V) is
P *—closed;
(4) for every clopen set v v, f'(V) is

B *—clopen,;

Proof. (1)=(2): Let v be a clopen subset of
Yand let xef'(V).

B*—continuous, by (1), there exists a S*—open

Since f is slightly

set U, in X containing X such that f(U,)cV;
U, cf' (V) We that

f(V)=U{U, :xe f(V)}. Thus ' (v) is
[ *—open.

hence obtain

(2)=(3): Let V' be a clopen subset of Y. Then
YBV is clopen. By (2), f'(YB V=
XB f'(V) is Thus £ (V) is
Y —closed.

Y —open.

(3)=(4): It can be shown easily.

(4)=(1): Let xeX and Vv be a clopen subset
of Z with f(x)ev. Let U=f"(V). By
assumption U is f*—clopen and so f*—open.
Also xeUand f(U)cV.

Theorem7.3. Let (X,,7), (X,,7,) and
(X;,z,)be  topological  spaces. Let
f:(X,.7)—>(X,.7,) and
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9:(X,,7,)—>(X,,z,) be functions. Then, the
following properties hold:
(1) If f

[ *—continuous, then

is p*—irresolute and gis slightly
gof is slightly

S *—continuous.

(2) If f is slightly B*—continuousand g is

continuous, then gof is slightly S*—continuous.

Proof. (1) Let V' be any clopen set in Y. Since
g is g'(v) s
[ *—open. P *—irresolute,
f’][g" (V)]z (gof)fl (V) is [ *—open.
Therefore, gof is slightly S *—continuous.

slightly ~ *—continuous,
Since f is

(2) Let v be any clopen set in Y. By the
continuity of g, g™'(Vv) is clopen. Since f is
sof'[g7(V)]=
(gof)f1 (V) is B*—open. Therefore, gof is
slightly f*—continuous.

slightly

S *—continuous,

Corrolary 7.4.
(Xs,r3)be
f:(X,.5)—>(X,,7,) 18 a

Let (X,,7;), (X,,r,) and
topological spaces. If

p ¥ —irresolute

function and g:(X,,7,)—>(X;,7;) s a
f*—continuous function. then gofis slightly
p*—continuous.

Theorem 7.5.  Let (X,,7), (X,.7,) and
(X,,7,)be topological spaces. Let

f:(X,.,5)—>(X,,7,) be a p*-irmesolute,
B*—open surjection and g:(X,,7,)—>(X;,7;)
be a function. Then g is slightly /S *—continuous

if and only if gof is slightly S*—continuous.

Proof. —>:Let g be slightly f*—continuous.
Then by  Theorem 7.3,

S *—continuous.

gofis  slightly
<: Let gof be slightly f*—continuous and Vv
be clopen set in Y. Then (gof)'(V) is

P*—open.Since f is a F*—open surjection,
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then f [(gof ) (V)J =97 (V) is B*—open in Y,
This shows that g is slightly £ *—continuous.

Theorem 7.6. Let (X,7) and (Y,u) betwo

topological spaces. Suppose that a function
f:(X,7)—>(Z,u)is a slightly S*—continuous
function and (X,z) is fS*-connected. Then Y
is connected.

Proof. Suppose that Y is a disconnected space.
Then there exist non-empty disjoint open sets U

and v such that vy =u uv. Therefore, U and v
are clopen sets in Y. Since f is slightly

B*—continuous, ' (U) fi(v) are
B*—open in X. Moreover, f'(U)
f'(v)are disjoint and X =f"'(U)Uf (V).

and

and

Since f is surjective, f'(U) and f'(V) are

non-empty. Therefore, X is not S*—connected.

This is a contradiction and hence Y is
connected.

Corrolary 7.7. The inverse image of a
disconnected  space under a  slightly

S *—continuous surjection is S *—disconnected.

Definition 7.8. A topological space (X, z) is said
to be

(l)locally indiscrete if every open set of X is
closedin x,

(2) 0—dimentional if its topology has a base
consisting of clopen sets.

Theorem 7.9.  Let (X,zr) be a topological
If  f:(X,z)>(Y,u) is a slightly

p*—continuous

space.
function and Y is locally

indiscrete, then f is f*—continuous.

Proof. Let Vv be any open set of Y. Since Y is
locally indiscrete, v is clopen and hence
f'(v) is B*-openin X. Therefore, f is

S *—continuous.

Theorem 7.10. Let (X,z) be a topological

space. If  f:(X,7)—>(Y,u) is a slightly
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S *—continuous function and Y is 0—dimentional,

then f is f*—continuous.

Proof. Let xeXand vcy be any open set
containing  f(x). Since Y is 0-—dimentional,
there exists a clopen set U containing f(x)
such that ucv. But f is slightly
[ *—continuous, then there exists a f*—open set
G of X  containing  Xsuch that
f(x)e f(G)cU V. Hence f is

S *—continuous.

Theorem 7.11. Let (X,z) be a topological
space.  Let f:(X,z)—>(Y,u)be a slightly
S *—continuous injection  and Y is

0—dimentional. If Y is T, (resp. T,), then X is
B*=T,, (resp. g*-T,).

Proof. We prove only the second statement, the
proof of the first being analogous. Let Y be T,.
Since fis injective, for any pair of distinct
points X,ye X, f(x)= f(y). Since Y is T,
there exist open sets V,, V, in Y such that
f(x)eV, f(y)eV, and V|1 V,=¢. Since Y is
0—dimentional, there exist clopen sets U;, U, in
Y such that f(x)eU, =V, and f(y)eU,cV,.

Consequently xe f'(U)c (V).
yef (U, f'(V,) and
f'(U,)l f'(U,)=¢. Since f is slightly
B*—continuous, f'(U,) and f'(U,) are

p*—open sets and this implies that X is
p*-T,.

Definition 7.12. A topological space (X,z) is
said to be:

(1) clopen T, if for each pair of distinct points
X and y of X, there exist clopen sets U and

V containing X and y, respectively such that
yeU and xeV.

(2) clopen T, (clopen Hausdorff or ultra-
HausdorfY) if for each pair of distinct points X
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and y in X, there exist disjoint clopen sets U
and v in X suchthat xeU and ye€V.

Theorem 7.13.Let (X,z) be a topological
space. Let f:(X,z)—>(Y,u) be a slightly
B*—continuous injection and (Y, «) be clopen
T,, then X is SB*-T,.

Proof. Suppose that Y is clopen T,. For any
distinct points X and y in X, there exist
clopen sets v and W  such that f(x)eV,
f(y)ev and f(y)ew, f(x)eW. Since fis
slightly p*—continuous, f~'(v) and f'(W)
are [*—open subsets of X such that
xe f'(V), yef'(V) and yef' (W),
xe f'(W). This shows that X is g*-T,.

Theorem 7.14. Let (X,z) be a topological
space. Let f:(X,z)—>(Y,u) be a slightly
S *—continuous injection and Y is clopen T,,
then X is B*-T,.

Proof. For any pair of distinct points X and y
in X, there exist disjoint clopen sets U and Vv
in Y such that f(x)eU and f(y)eV.Since f

is slightly S*—continuous, f~'(U) and f'(V)
are [*—open subsets of X containing X and
y,respectively. Therefore f'(U)I f'(V)=¢
because Ul V =¢. This shows that X is
L*-T,.

Definition 7.15. A topological space (X,z) is

said to be mildly compact (resp. mildly
Lindelof) if every clopen cover of X has a finite
(resp. countable) sub cover.

Definition 7.16. A topological space (X,z) is
called pB*-compact (resp. *—Lindelof) if every
p*—open cover of X has a finite (resp.
countable) sub cover.

Theorem 7.17. Let (X,z) be a topological
space. Let f:(X,z)—>(Y,u) be a slightly
[ *—continuous surjection, then the following
statements hold:
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(1) if (X,z)is B*—compact, then Y is mildly
compact.

(2) if (X, ) is p*-Lindelof, then Y is mildly
Lindelof.

Proof. We prove (1), the proof of (2) being
entirely analogous. Let {V, :a <A} be a clopen
cover of Y. Since f is slightly g*—continuous,
{f"(Va):aeA} is a B*—open cover of X.
Since X is f*—compact, there exists a finite
subset A, of A that
X=U{t"(V,):aeA,}.
Y =U{V, :a eA,} which means that Y is mildly

such
Thus we  have

compact.

Definition 7.18. A topological space (X,z) is
called pg*-closed compact (resp. S*—closed
Lindelof) if every cover of X by f*-closed sets
has a finite (resp. countable) sub cover.

Theorem 7.19. Let (X,z) be a topological
Let f:(X,z)—>(Y,u) be a slightly
S *—continuous surjection. Then the following
statements hold:

space.

(1) if (X,z) is p*—closed compact, then Y is
mildly compact.
(2) if (X,z) is B*-closed Lindelof, then Y is
mildly Lindelof.

Proof. It can be obtained

Theorem 7.17.

similarly as

8. ALMOST B*—CONTINUOUS
FUNCTIONS

Definition 8.1. Let (X, ) be a topological space.
Then a subset A of X is said to be regular open
(respectively, regular closed) if A=Int|CI(A)]

(resp. A=Cl [Int(A)]).

Let xe X. Then by O(X,x) we denote the set
of all open sets that contains X. Furthermore, by
B —0O(X, x) (resp. RO(X,X)), we denote the set
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of all f*—open (resp. regular open) sets that
contain X.

Definition82. A map f:(X,z)—>(Y,u) is
called almost continuous at xe X if for each
Ve RO(Y, f(x)). there exists U eO(X, x)such
that f(U)cv. If f

every point of X, then it is called almost

is almost continuous at

continuous.

Equivalently, Amap f :(X,z)—(Y, u) is called
almost continuous if f~'(V) is open set in X
for every regular open set v of v.

Definition83. A map f:(X,z)—>(Y,u) is

called almost f*—continuous atx e X if for each
VeRO(Y, f(x)), there exists U eB*-0O(X, x)

such that f(U)cv. If f is almost

Y —continuous at every point of X, then it is
called almost S *—continuous.

Definition 84. Let (X, 7) be a topological space.
Then a subset A of X is said to be d—open if
for each xe A, there exists a regular open set U
such that x cu = A. The complement of a
J—open set is said to be &—closed. The

intersection of all 5 —closed sets containing A is
called the 5 —closure of A and it is denoted by
5—CI(A).

The next three results characterize almost
S *—continuous functions.

Definition 8.5. Let f :(X,z)—(Y,u) bea

function. Then the following statements are
equivalent:

(1) f isalmost B*—continuous.

(2) (V) is B*—closed in X, for every
regular closed set v of V.

3) [CI(Int(V))] is f*—closed in x, for
every closed set v of v.

(4) f’][lnt(CI(V))} is S*—open in x, for

every open set V of Y.
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Proof. (1)=(2):Let v be regular closed set

in Y. Then Y BV is regular open setin v.
Since f is almost S *—continuous,

f'(YBV)=XB f'(V)is B*-open in X.
Hence f'(v) is B*-closed in X.

(2)=(3): Let v be closed set in Y. Then
V =CI[ Int(V)] is regular closed set in Y. Then
by hypothesis, ' [CI(Int(V))] is B*—closed in
X.

(3)=(4): Let
V=1Int|CI(V)] is regular open set in Y. Then
YB Int|CI(V)] is regular closed set in Y.
Then by hypothesis, f'[Y B Int(CI(V))]=
XB f’][lnt(Cl (V))J is pf*—closed in X.
Hence f’][lnt(CI(V))J is B*—open in X.

Vv be open set in Y. Then

(4)=(1): Let v be regular open set in Y.
Then V=Int|CI(V)] is regular open set and

every regular open set is open set in Y. Then by
tnt(C(v) =" (v) s

L*—openin  X.

hypothesis,

Hence f is  almost

[ * —continuous.
Theorem 8.6. Let f :(X,z)—(Y, ) be a map,
then the following statements are equivalent:

(a) f is almost B*—continuous.

(b)for each xex and each open set Vv

containing f(x),there exists S*—open set U
containing X such that f(U)c Int LCI (V )J

(c) f'(F) is B*—closed in X for every regular
closed set F in v

(d) f7'(v) is B*—open in X forevery
regular open set vV in Y.

Proof. The proof is obvious and thus omitted

Theorem 8.7. Let f :(X,7)—>(Y,u) bea

function, then the following statements are
equivalent:
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(a) f isalmost B*—continuous;

(b) f|B*—CI(A)|c6-Cl| f(A)]for every
subset A of X

(c) B* —CI[f"(B)}g f'[5-ClI(B)]for every
subset B of v ;

(d) f'(F) is B*—closed in X for every
S5—closed set F of v ;

(e) f~' (V) is f*—open in X for every
o—open set vV of Y.

Proof. (a)=>(b): Let A be a subset of X.
Since 6—Cl| f(A)] is 5—closed in v, it may be
denoted by 1 {F,:aeA}, where each F, is
regular closed setin Y such that f(A)cF,.The
set f'(F,) is B*-closed (Theorem8.5) and
contains A. We also have
f[s-CI(f(A)]=1{f(F,):@cA}. Now we
note that Ac f'(F,), for each aeA. Since
f'(F,) is  p*-—closed.  Thus
p*——CI(A)c f'(F,), for aeA. S0
B*—Cl(A)c1 {t7(F,):aeA}=f"[s-CI(f(A))].
Therefore we

£ g*—CI(A) |cs5—Cl| £ (A)].
(b)=(c): Let B be a subset of Y.We have
f|p*—CI(f(B))|co-Cl[ f(f(B))|=s5-CI(B)
and hence #*~Cl| f(B)]< f~'[5-CI(B)].

each
each

obtain

(c)=(d): Let F be any s5-closed setof Y. We
have g*-CI[ ' (F)]c f"[s-CI(F)]=
f~'(F) and hence f'(F) is f*—closed. in X.

(d)=(e): Let v be any d—open set of Y. Then
Y BV is 5 _closed. We have

f(YBV)=XB f'(V)is f*-closed in X.
Hence f~'(V) is f*—open in X.

(e)=(a): LetV be any regular open setin Y.

Since v is d—openin v, we have f'(V) is
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p*—open in X and hence by Theorem 8.6, f is
almost S *—continuous.

The following equivalent definition of almost
S *—continuity follows immediately from

Theorem 8.6.
Definition 8.8. Amap f :(X,7z)—(Y,u) is
called almost B*—continuous if f~'(V) is

P*—open setin X for every regular open set
vV ofv.

Theorem 8.9. Every f*—continuous function is

almost [ *—continuous function.

Let

S *—continuous function.

Proof. fi(X,r)>(Y,u) be a
Let v be a regular
open set in Y. Then V is open set in v, since
every regular open set is open set. Since f is
B*—continuous function, f'(V) is B*—open
in X. Therefore f
function.

is almost [ *—continuous

Theorem 8.10. Every S *—irresolute function is

almost [ *—continuous function.

Proof.  Let  f:(X,z)—>(Y,u) be a
S *—continuous function. Let v be regular open
setin Y. Then v is fS*-open set in Y, since

every regular open set is open set and every
open set is f*-open set. Since f is

then ! V) is

Therefore f s

p*—irresolute  function,

B*—openin  X. almost

S *—continuous function.

Theorem 8.11. Every almost continuous function

is almost /S *—continuous function.

Proof. Let f : (X, z)—>(Y, u)be an almost

continuous function. Let V be regular open set

in Y. Since f is almost continuous function, then
f'(V) is open in (X,z), implies f~'(V)is
p*—open in (X,r). Therefore f is almost

S *—continuous function.

In fact, we have the following implications:
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continuity = S* —continuity = almost g* —continuity

Theorem 8.12. If f :(X,,7,)—>(X,,z,)is
B*—irresolute and g :(X,,z,)—>(X,,7,) is
almost f*—continuous, then

gof :(X,,7,) >(X,,7,) is almost

S *—continuous.

Proof. Let V be regular open set in X,. Since
g is almost pB*-continuous, then g™'(V) is
p*—open setin X,. Since f is f*—irresolute,
then f’l[g'1 (V)] is p*-openin X,. Hence

gof is almost S *—continuous.

Theorem8.13. Let f:(X,z)—>(Y,x) be a
function and g:(X,7)—>(XxY,rxu) be the
graph function defined by g(X)z(X,f(X)) for
every xe X. If g is almost f*—continuous, then

f is almost Y — continuous.

Proof. Let xe X and V €RO(Y, f(x)). Then

g(x) =(x, f (X)) e X xV. Observe that

X xV e RO(X xY,zx ). If g is almost

[ *—continuous, then there exists

U e p*-O(X ,x) such that g(U)c X xV. It
follows that f(U)cV, hence f isalmost

S *—continuous.

9. CONTRA —-B"—CONTINUOUS
FUNCTIONS

Definition 9.1. A function f :(X, t)—>(Y, o) is
called contra— f*—continuous if (V) is

P *—closed in X for every openset vV of v.

Definition 9.2.

and A = x. Then the intersection of all open sets
of X containing A is called kernel of A and is
denoted by Ker(A).

Lemma 9.3. The following properties hold for
subsets Aand B of a topological space (X, ).
(a) xeKer(A) if and only if A(\F#¢ for any
closed set F of X containing X.

Let (X,t) be topological space
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(b) AcKer(A) and A=Ker(A) if A is open in
X.

(c) If ACB, then Ker(A) < Ker(B).

Lemma 9.4. The following properties hold for a
subset A of a topological space (X, 1):

(i) B*-Int(A)=XB[p*-CI(XB A)];

(ii) xep*—CI(A) if and only if ANU=¢ for
each x e B*—0O(X, x);

(iii) A is PB*-openif and only if
A=B*—Int(A);
(iv) A is PB*—closedif and only if

A =B*-CI(A).
Theorem 9.5. Let f:(X,1)—>(Y.c) be a

function. Then the following conditions are
equivalent:
(a) f is contra—B*—continuous;

(b) for each xe X and each closed subset F
of Y f(x),
U e B*—0(X, x) suchthat f(U)cF;

(c) for each closed subset F of Y, f'(F) is

containing there  exists

B*—openin X;

(d) f [ﬂ*—CI (A)] c Ker[ f (A)} for every subset
A of X;

(e) B*CI[f7(B)]cf'[Ker(B)] for every

subset B of Y.
Proof. (a)=(b): Let xeX and F be any

closed set of Y containing f (x). Using (a), we
have f'(YBF)=XB f'(F) is B*—closed in
X and so f'(F) is PB*-openin X. Taking
U=f"(F), weget xeU and f(U)cF.
(b)=>(c): Let F be any closed set of Yand
xe f'(F). Then f(x)eF and there exists a
B*—opensubset U,
f (Ux) cF.
f(F)=U{U, :xe f'(F)}, which is B*-open
in X.

(c)=(a): Let v be any open set of Y. Then
(YBV) is in Y, by (¢

containing X such that

Therefore, we obtain

since closed
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f'(yBV)=XB f'(V) is B*—open in X.
Therefore, f'(V) is B*—closed in X.

(c)=(d): Let A be any subset of X. Suppose
that y e Ker[f (A)] Then by Lemma 9.3, there

exists a closed set F of Y containing y such

that f(A)NF =¢. This  implies  that
ANT'(F)=¢ and SO
B*—CI(A)N ' (F)=¢. Therefore, we obtain
f[p*—CI(A)|NF =¢ and
ye f[ﬂ*—CI(A)]. Hence,

f[ p*—CI(A) ] Ker[ f(A)].

(d)=(e): Let B be any subset of Y. Using
(d) and Lemma 33 we have
f[p*—CI(f(B))|=Ker[ f(f(B))]

< Ker(B). Thus it follows that

p*—CI £7(B)]< f'[Ker(B)].

(e)=(a): Let v be an open subset of Y. Then
from Lemma 9.3 and (e) we have
pr-CI[ 7 (V)]< f'[Ker(V)]=f"(V) and
hence B*-CI[ f~'(V)]=f"(V). This shows that
f'(v)is p*—closed in X.

The following lemma can be verified easily.
Lemma9.6. A function f:(X,1)—>(Y,c) is
S *—continuous if and only if for each xe X and
for each open set V of Y containing f(x),
there exists Uep*-0O(X,x) such that
f (U ) V.

Theorem 9.7. Suppose that a function (2) is
contra— #*—continuous and Y is regular. Then
f is p*—continuous.

Proof. Let xeX and V be an open set of Y
containing f(x). Since Y 1is regular, there

exists an open set G in Y containing f(x)
such that CI(G)cV. Again, since f is
contra— S *—continuous, so by Theorem 9.5, there
U e p*-0(X, x) that
f(U)<=CI(G). Then f(U)c=Cl(G)cV. Hence
f is B* —continuous.

exists such
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Definition 9.8. A function f:(X,t)—>(Y,c) is
called almost— 8" —continuous if for each X € X

and each open set V of Y containing f (X),

there exists Uep —O(X,x) such that
f(U)cp -Int[CI(V)].
Almost — " —continuous ~ function can  be

equivalently defined as in the following

proposition.
Proposition 9.9. Let f:(X,t)—>(Y,c) be a

function. Then the following statements are
equivalent:

(a) f is almost— B* —continuous.

(b) For each X € X and each regular open set

f (x),

U e B —0(X, x) suchthat f(U)cV.

V of Y -containing there exists

(C) f'(v) is g"—open in X for every regular
openset V of Y.

Definition 9.10. A function f :(X,t)—>(Y, o) is
said to be pre—p" —open if image of each
B —open setof X isa " —open setof Y.
Definition 9.11. A function f:(X, t)—(Y, o) is
said to be g —irresolute if preimage of a
S —opensubset of Y is a B -open subset of

X.

Theorem 9.12.  Suppose that a function
f:(X,1)—>(Y,0) is pre—p" —open and
contra— f8° —continuous. Then f s

almost — 3" —continuous.
Let xeX and V be an open set

f ().

contra— B° —continuous, then by Theorem 9.5,

Proof.

containing Since f is

there exists Uep —O(X,x) such that
f(U)c=CI(V). Again, since f is
pre— " —open, f(U) is S —open in Y.

Therefore, f(U)=4"—Int| f(U)| and hence
f(U)c g -Int[CI(f(U))]c g ~Int[CI(V)].

So f is almost— B —continuous.
Theorem9.13. Let {(X,.7,):A€A} be any

family of topological spaces. If a function
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f:X——>J]X, is contra—"—continuous,

AeA
then rof : X—X, is

contra— S* —continuous, for each A € A, where

Tr; is the projection of [ X, onto X,.
AeA

Proof. For a fixed A € A, let V, be any open

subset of X,. Since 7, is continuous,

-1 . . . .

7, (V,) is open in []X,. Since f is
AeA

contra— 3 —continuous,

ar - -1
f! [ﬂtxl (V}L):| = (Ttkof ) (Vx) is B —closed
in X.
contra— B —continuous for each 4 € A,
Definition 9.14. Let (X , T) be a topological
space. Then the p* — frontier of a subset A of X,
denoted by B —Fr(A), is
B —Fr(A)=| 5" =CI(A)|N| " ~CI(X B A)|
=[# -Cl(A)|B[ B —Int(A)]

Theorem 9.15. The set of all points X of X at
which f:(X,1)>(Y,0) is not
contra— 3" —continuous is identical with the union

Therefore, r,of is

defined as

of B* — frontier of the inverse images of closed sets
of Y containing f (X)
Proof. Necessity: Let f be not

contra— 8" —continuous at a point X € X. Then
by Theorem 9.5, there exists a closed set F of Y

containing f (X) such that f(U)N(YB F)=g¢
for every Uepg" —0O(X,x), which implies that
UNT'(YBF)=g
xe -CI[ {7 (YBF)]=p-CI[XB f"(F)]

Xef_l(F), we get

Therefore,
Again,  since
xef ~CI[ f'(F)] and so it follows that
xep —Fr[ t7(F)].

Sufficiency: Suppose that x e (,8* - Fr[ f! (F)])
for some closed set F of Y containing f (X)

and f is contra— 8" —continuousat X. Then
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there exists Uep —O(X,x) such that

f(U)g F. Therefore xeU fﬁl(F) and

hence it follows that

xep —Int[ £ (F)|eX B (g -Fr[ f(F)]).

But this is a contradiction. So f is not
contra— 3* —continuous at X.

Definition 9.16. A function
f :(X , T) - (Y, 0') is called almost

weakly — 8° —continuous if, for each X€ X and

for each open set V of Y containing f (X),

there exists Uep —O(X,x) such that
f(U)cCI(V).
Theorem 9.17.  Suppose that a function

f :(X, T) —)(Y, 0') is contra— " —continuous.
Then f is almost weakly — " —continuous.

Proof. For any open set V of Y, Cl(V) is
closed in Y. Since f is contra— " —continuous,
f! [CI(V):l is S —open set in X. We take
u=fr'[civ)], f(U)cCI(V).
Hence f is almost weakly — #* —continuous,

Theorem 9.18.  Let f:(X,t)—(Y, o)
g:(Y,o)—>(Z,n) be any two functions. Then

then

and

the following properties hold:
(i) If f is contra— " —continuous function and

g is a continuous function, then gof is
contra— 8 —continuous.

(i) f f is

contra— 3" —continuous,

B —irresolute

then gof is

and g is

contra— 8 —continuous.

Proof. (i) For X€ X, let W be any closed set
of Z containing (gof)(x). Since g is
continuous, V =g~ (W) is closed in Y. Also,
since f is contra—g* —continuous, there exists

Uepg —0(X,x) that f(U)cV.
Therefore (gof )(U)c gLf(U)Jgg(V)gW and

such
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so it implies that (gof )(U)<Ww. Hence, gof is
contra— 3" —continuous.
(i) For x € X, let W be any closed set of Z

containing  (gof )(x).  Since g s
contra— 3" —continuous, there exists
Ve/)’*—O(Y, f(X))such that g(V)gW.

Again, since f is p"—irresolute, there exists
Uep —O(X,x) such that f(U)cV. This
(gof )J(U)cw. Hence, gof is

contra— 8 —continuous.
Theorem9.19. Let f:(X,t)—>(Y,o)  be

B —irresolute

shows that

surjective and pre— " —open
function and (¢ :(Y, O') —)(Z, 77) be any
function. Then gof :(X, Z') —)(Z, 77) is
contra— " —continuous  if and only if g is
contra— 8 —continuous.

Proof. The “if” part is easy to prove. To prove
“only if" part, let gof :(X, r)—)(Z, 1) be
contra— B —continuous and let F be a closed
subset of Z. Then (gof )_I(F) is a B —open
subset of X i.e. f"[g“(F)} is g —open in
X. Since f is pre— 3" —open,
f [fﬁl (g’] (F)):| is a g —open subset of Y
and so g‘l(F) is B"—open in Y. Hence, g is
contra— 8 —continuous.

Definition 9.20. A topological space (X , T) is
said to be B —normal if each pair of
non—empty disjoint closed sets can be
separated by disjoint B* —open sets.

Definition 9.21. A topological space (X, 7) is

said to be ultranormal if each pair of non-empty
disjoint closed sets can be separated by disjoint
clopen sets.

Theorem 9.22. Suppose that f:(X, t) (Y, o)
is a contra— 8" —continuous, closed injection and

Y isultranormal. Then X is B —normal.
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Proof. Let A and B be disjoint closed subsets
of X. Since f is closed injection, f( A) and

f (B) are disjoint closed subsets of Y. Again,

since Y is ultranormal, f(A) and f(B) are
separated by disjoint clopen sets P and Q (say)
respectively. f (A) cP

f(B)gQ Ac f’l(P)
Bcf™ (Q), where fﬁl(P) and fﬁl(Q) are

(since T is

Therefore, and

1.e., and

disjoint B*-open sets of X
contra— 3 —continuous). This shows that X is

£ —normal.

Definition 9.23. A topological space (X, Z') is
called pB* —connected provided that X is not
the union of two disjoint nonempty A* —open sets
of X.

Theorem 9.24. Suppose that f:(X, 1) —(Y, o)
is contra— 3" —continuous surjection, where X
is p"—connected and Y is any topological

space, then Y is not a discrete space.
Proof. If possible, suppose that Y is a discrete
space. Let P be a proper nonempty open and

closed subset of Y. Then fﬁl(P) is a proper
nonempty pB*-open and B —closed subset of
X, which contradicts to the fact that X is
B —connected Hence the theorem follows.
Theorem 9.25. Suppose that f:(X, 1) —(Y, o)
is contra— 3" —continuous surjection and X is
B —connected. Then Y is connected.

Proof. If possible, suppose that Y is not
connected. Then there exist nonempty disjoint
open sets P and Q such that Y =PJQ. So P

and Q are clopen sets of Y. Since f is
contra— " —continuous function, f! ( P) and
f_l(Q) are 8" —open sets of X. Also f_l(P)
and f_l(Q) are nonempty disjoint A*—open
sets of X and X = f~(P)U f7(Q), which

contradicts to the fact that X is B” —connected.
Hence Y is connected.
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Theorem 9.26. A topological space (X , z’) is

B —connected if and only if every

contra— B —continuous function from X into
any T, —space (Y, o) is constant.

Proof. Let X be A" —connected. Now, since Y
is a T-space, Q={f"(y):yeY} s
disjoint S —open partition of X. If |Q|22
(where |Q| denotes the cardinality of Q), then

X is the union of two nonempty disjoint
S"—open sets. Since X 1is B" —connected, we

get |Q| =1. Hence, f is constant.

Conversely, suppose that X is not
B —connected and every
contra— " —continuous function from X into

any 1,—SPaCe Y is constant. Since X is not
B —connected, there exists a non-empty proper
B —open as well as B* —closed set V (say) in
X. We consider the space Y = {0,1} with the
discrete  topology o. The  function
f:(X,7)>(Y,0) defined by f(V)={0}
F(XBV)={l} s
contra— 3" —continuous

non —constant. This leads to a contradiction.
Hence X is g —connected.

and obviously

and which  is

Definition 9.27. A topological space (X, 7) is
said to be p"-T, if for each pair of distinct
points x, y in X there exist U e 8" -0O(X, x)
and V e " ~O(X, y) such that UV =¢.

Theorem 9.28. Let (X, 7) and (Y, o) be two

topological spaces and suppose that for each pair
of distinct points Xand y in X there exists a

f:(X,7)>(Y,0)
f(X);t f(y) where Y is an Urysohn space

function such that

and f is contra— " —continuous function at X
and y. Then X is 8" -T,.
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Proof. Let Xx,ye X and X#Y. Then by
assumption,  there  exists a
f:(X,1)>(Y,0),

such that f (X) = f (y) where Y is Urysohn

and f is contra— B —continuous at X and y.
Now, since Y is Urysohn, there exist open sets
U and V of Y containing f (X) and f (y)

respectively, such that ClI(U)NCI(V)=4¢.

Also, f being contra— 4" —continuous at X and

function

y there exist B"—open sets P and Q containing

X ~and y  respectively such  that

f (P)gCl(U) and f (Q)gCl(V). Then
f(P)Nf(Q)=¢ and so PNQ=¢.
Therefore, X is g"-T,.

Corrolary 9.29.  If  f:(X,t)—>(Y,c) s
contra— " —continuous injection where Y is an
Urysohn space, then X is g —T,.

Corollary 9.30. If f is contra— " —continuous
injection of a topological space (X , Z') into an
ultra Hausdorff space (Y, G), then X s
B -T,.

Proof. Let X,y € X where X# Y. Then, since
f is an injection and Y is ultra Hausdorff,

f(x)# f(y) and there exist disjoint closed
sets U and V containing f(X) and f(y)

respectively. Again, since f is
contra— " —continuous, f1(U)ep —-0(X,x)
and f(V)ep -0O(X.y) with

f'(U)Nf'(V)=¢. This shows that X is
B -T,.

10. ALMOST CONTRA-B* —
CONTINUOUS FUNCTIONS
Definition 10.1. A function f:(X, t)—>(Y, o) is
called almost contra— 4" —continuous if (V)

is " —closed for every regular open set V of Y.
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Theorem10.2. Let f:(X,t)—>(Y,c) be a

function. Then the following statements are
equivalent:

(a) f is almost contra— £ —continuous;
(b) f! (F) is p'—open in X for every
regular closed set F of Y;

(c) for each X€ X and each regular open set
F of Y containing f(x), there exists
U e B —0(X, x) suchthat f(U)cF.

(d) for each X€ X and each regular open set

V of Y non-containing f (X) , there exists a
[ —closed set K of X non-containing X
such that f~'(V)c K.
Proof. (a) < (b): Let F be any regular closed set
of Y. Then (YyB F) is regular open and
therefore f'(YB F)=XB f'(F)ep —C(X).
Hence, f™'(F)e g ~O(X). The converse part
is obvious.
(b)=(c): Let F be any regular closed set of Y
containing f (X) Then f'(F)e g —O(X)
and X € f_I(F). Taking U = f'(F) we get
f (U ) cF.
(¢)=(b): Let F be any regular closed set of Y
and xe f'(F). Then, there exists
U,ep —O(X, x) such that f(U,)cF and so
U, c f'(F). Also, we have
f(F) :Uxef,l(F)Ux. Hence
f'(F)ep —O(X).
(¢)=(d): Let V be any regular open set of Y
non-containing f(x). Then (YBV) is regular

closed set of Y containing f(x). Hence by (c),
there exists Uep —O(X,x) such that

f(U)c(YBV). Hence, we obtain

Ucf'(YBV)cXB f (V) and SO
f'(V)c(XBU).Now, since Uep -0O(X),
(XBU) is " —closed set of X not containing
X. The converse part is obvious.
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Theorem 10.3. Let f:(X, t)—(Y, ) be almost
contra— g* —continuous. Then f is almost
weakly — 8" —continuous.

Proof. For X€ X, let H be any open set of Y
containing f(X). Then CI(H) is a regular
closed set of Y containing f(X). Then by
Theorem 10.2, there exists Ge g —O(X, x)
such that f(G)ccCI(H). So f is almost
weakly — 8" —continuous.

Theorem10.4. Let f:(X,t)—>(Y,c) be an
almost contra— " —continuous injection and Y

is weakly Hausdorff. Then X is g*-T,.

Proof. Since Y is weakly Hausdorff, for distinct
points x, y of Y, there exist regular closed sets

U and V such that f(x)eU, f(y)eU and
f(y)eV, f(x)ev. Now, f being almost
contra— 3" —continuous, f~'(U) and f'(V) are
B —open subsets of X such that xe f™'(U),
yef'(U) and yef'(V), xe f'(v). This
shows that X is g -T,.

Corollary 10.5. Iff:(X,7)>(Y,0) is a
contra— B —continuous injection and Y s
weakly Hausdorff, then X is pg"-T,.
Theorem10.6.Let f:(X,t)—>(Y,c) be an
almost contra— 8" —continuous  surjection and
X be B —connected. Then Y is connected.

Proof. If possible, suppose that Y 1is not
connected. Then there exist disjoint non-empty

open sets U and Vof Y such that Y =UUV.
Since Uand V are clopen sets in Y, they are
regular open sets of Y. Again, since f is
almost contra— 8" —continuous
f'(U) and f'(v)are p"—opensets of X and
X =f"(U)Uf (V). This shows that X is not
B —connected. But this is a contradiction.

surjection,

Hence Y is connected.
Definition 10.7. A topological space (X, 1) is said

to be B —compact if every S*—open cover of
X has a finite subcover.
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Definition 10.8. A topological space (X, 1) is said
to be countably #* —compact if every countable
cover of X by B —open sets has a finite

subcover.
Definition 10.9. A topological space (X, 1) is

said to be B" —Lindelof if every 4" —open cover

of X has a countable subcover.
Theorem 10.10. Let f:(X,1)—(Y,o) be an

almost contra— " —continuous surjection. Then
the following statements hold:

(a) If X is B"—compact, then Y is

S —closed.

(b) If X is g —Lindelof, then Y is

S —Lindelof .

(C) If X is countably 8 —compact, then Y is
countably S —closed.

Proof. (a):Let {V,:ael} be any regular
closed cover of Y. Since f is almost
contra— 4" —continuous then {f™'(V,):ael} is
a B —open cover of X. Again, since X is

B —compact, there exist a finite subset |0 of 1

such that X =U{1"1 (V,):ae IO} and hence
Y ={V, :ael,}. Therefore, Y is S —closed.
The proofs of (b) and (C) are being similar to
(a): omitted.

Definition 10.11. A topological space (X,t) is
said to be pB"—closed compact if every
B —closed cover of X has a finite subcover.
Definition 10.12. A topological space (X,t) is
said to be countably 8" —closed if every
countable cover of X by " —closed sets has a
finite subcover.

Definition 10.12. A topological space (X, 1) is
said to be B —closed Lindelof if every

B —closed cover of X has a countable

subcover.
Theorem 10.14. Let f :(X, t)—(Y,oc)be an

almost contra— A" —continuous surjection. Then
the following statements hold:
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(a) If X is B"—closed compact, then Y is

nearly compact.

(b) If X is g"—closed Lindelof, then Y is
nearly Lindelof .

(C) If X is countably 8" —closed compact,
then Y is nearly countable compact.

Proof. (a) : Let {V, :a eI} be any regular open
almost

cover of Y. Since f s

contra— ° —continuous, then { f(V,):ae I}
isa g —closed cover of X. Again, since X is
B —closed compact, there exists a finite subset
ly of 1 such that X=U{f"(V,):ael,} and
hence Y={V,:ael,}. Therefore, Y is nearly

compact.

The proofs of (b) and (C) are being similar to
(a): omitted.

11. CLOSED GRAPHS VIA
B* —OPEN SETS

Definition 11.1.

function.

Let f:(X,1)—>(Y.c) be a
Then the graph
G(f)={(x, f(X)):XeX} of f issaid to be
S —closed (resp. contra— " —closed ) if
for each (x,y)e(XxY)BG(f), there exist a
U e B —0O(X, x) and an open set (resp. a closed
set)y V in Y that
(UxV)NG(f)=¢.

Lemmall2. A graph G( f) of a function
f:(X,1)—>(Y,o) is B —closed (resp.contra
B —closed) in X xY if and only if for each
(x,y)e(XxY)BG(f),
U e B —0(X, x) and an open set (resp. a closed

containing y such

there exist

set) V in Y containing y such that
F(U)NV =4,
Proof. We shall prove that f(U)NV=¢ <

(UxV)NG(f)=¢. Let(UxV)NG(f)=¢. Then
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there exists (x,y)e(UxV) and (x,y)eG(f).
This  implies that XxeU, y eV and
y=f(x)eV. Therefore, f(U)NV =¢. Hence

the result follows.
Theorem 11.3. Suppose that f:(X, t)—(Y, o)

is contra " —continuous and Y
Then G( f) is contra B* —closed in X XY.
Proof.Let (x,y)e(XxY)BG(f).
that f (X) # Y. Since Y is Urysohn, there exist

is Urysohn.

It follows

open sets V and W in Y such that f (X) eV,
yeW and CI(V)NCI(W)=¢. Now, since
f is contra S —continuous,
Uep -0(X,x) such that f(U)cCI(V)
f (U)NCI(W)=¢.Hence by

there exists a

which implies that
Lemma 11.2, G(f) is contra " —closed in
X xY.

Theorem114. Let f:(X,t)—>(Y.c) be a
function and g: X — X xY be the graph
function of f, defined by g(x):(x, f(X))
for every X € X. If g is contra ' —continuous,

then f
Proof. Let G be an open setin Y, then XxG is

is contra B” —continuous.

an open set in X XY. Since g is contra
B —continuous, it that
f'(G)=g"'(XxG) isa B —closed set of X.
Therefore, f is contra S*—continuous.

Theorem11.5. Let f:(X,1)—(Y,c) have a
contra " —closed graph. If f is injective, then

X is g -T,.

implies

Proof. Let X, and X, be any two distinct points
of X. Then, we have
(%, f(x,))e(XxY)B G(f). Then, there exists a

B —-open set U in X and
FeC(Y,f(x,)) such that f(U)NF=4.

Hence U f™'(F)=¢. Therefore, we have

containing X,

X, €U. This implies that X is g° T,
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Definition 11.6. The graph G( ) of a function
f:(X,1)—>(Y, o) is said to be strongly contra
B —closed if for each (x,y)e(XxY)B G(f),
there exist U e g —0O(X, x) and regular closed
that

set V in Y containing

(UxV)NG(F)=6.

Lemmall7. The graph G( f ) of a function
f:(X,1)—>(Y,0) is
B —closed in XxYif and only if for each
(x,y)e(XxY)BG(f),
U e B —0(X, x) and regular closed set Viny
containing y such that f (U)NV =4.
Theorem11.8. Let f :(X,1t)—>(Y,o)be an
almost  weakly— " —continuousand Y is
Then

y  such

strongly contra

there exist

Urysohn. G( f )is strongly contra

B —closedin X xY.
Proof. Let (x,y)e(XxY)BG(f).

y# f (X) and since Y is Urysohn, there exist

Then

open sets G, H in Y such that f(x)eG,
yeH and ci(G)NCI(H)=¢. Now, since f
is almost weakly — " —continuous, there exists
U ep —0O(X,x) such that f(U)cCI(G). This
that f(U)NCI(H)=
f(U)ﬂCI[Int(H)}zcb, where CILInt(H)J is

regular closed in Y. Hence by above Lemma

implies

11.7, G(f) is strongly contra fS*—closed in

XxY.
Theorem11.9. Let f:(X,t)—>(Y,c)be an
almost ' —continuousand Y is T,. Then

G( f)is strongly contra " —closed in X XY,
Proof. Let (x,y)e(XxY)BG(f). Then
y # f(X) and since Y is I,, there exist open
sets G and H containing y and f(X),
such that GNH=¢;which is
equivalent to Cl(G)N Int[CI(H)]:(I). Again,

since f s

respectively,

almost A" —continuous  and
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Int| CI(H) |is regular open, so there exists
W e 8 —O(X, x) such that f(W)cInt[CI(H)].
This implies that f(W)NCI(G)=¢ and by
Lemma 11.7, G(f) is strongly contra

B —closed in X xY.
Definition 11.10. A filter base

topological space (X, t) is said to be

3 on a

B —convergentto a point X in X
Uep —0O(X,r) containing x, there exists an
F e 3such that F cU.

Theorem 5.11. Prove that every function
v:(X,7)>(Y, o), (Y.o) is
with B —closed graph s
B —continuous.

if for any

where

compact

Proof. Let y be not " —continuous at X € X.
Then there exists an open set S in Y containing
l//(X) that w(T)zs for
Tep —0(X,x). It is obvious to verify that
go:{T cX:Tep -0(X, X)} is a filterbase on
X that g"—convergesto X.Now we shall show
that Y, ={y/(T)N(YBS):Tep -O(X,x)} is a
filterbase on Y. Here for every T e g -0(X, x),
w(T)zS, ie. w(T)N(YBS)=g¢. So ¢ .Let
G,HeY,. Then there are T,T,e@ such that
G=y(T)N(YBS) and H=y(T,)N(YBS).
Since  is a filterbase, there exists a T, € o
such that T, cT,NT, and SO
W=y (T,)N(YB S)eY, with WcGNH. It is

such every

clear that GeY, and GCH imply He Y .
Hence Y, is a filterbase on Y. Since Y B S is
closed in compact space Y, S is itself
compact. So, Y&g must adheres at some point
yeYBS. Here Yy# l//(X) ensures that

(x,y)2G(y). Thus
Uep —O(X,x) and an open set V in Y
that  y(U)NV =4, ie

Lemma 11.2 gives us a

containing  y such



INTERNATIONAL JOURNAL OF PURE MATHEMATICS
DOI: 10.46300/91019.2020.7.6

But this is a

[(U)N(YB SNV =4
contradiction.
Theorem 11.12. Suppose that an open surjection

w:(X,7)—>(Y,o) possesses a " —closed
graph. Then Y is Tz-
Proof. Let P, P, €Y with P, # P,. Since

is a surjection, there exists an X, € X such that

W(Xl): P, and \V(Xl)¢ P,
(x. p,)2G(y) and so by Lemma 11.2, there

Therefore

exist U, ep -0O(X,x) and open set Vi in v
containing P, such that y(U,)NV, =¢. Since
is B" —open, \V(U1) and V1 are disjoint open
sets containing [, and P, respectively. So Y
is T,.

Corollary 11.13. If a
l//:(X, Z')—)(Y, O‘) is a surjection and

function

possesses a S* —closed graph, then Y is T,

12. CONCLUSIONS

The author introduced A" —continuous,

B —open, B —closed, B° —irresolute, totally

" —continuous, slightly A" —continuous, almost

B —continuous, contra— 3" —continuous and almost
contra — 3* — continuous functions in topological

space and investigated several properties and
characterizations of these functions. He also
presented closed graphs via B” —open sets.
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