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Abstract- In this paper,the concepts of
homomorphism in fuzzy BI-algebra is intro-
duced, and also basic properties of homo-
morphisms are investigated.

The cartesian product in fuzzy ideals of
Bl-algebra is investigated with related prop-
erties; The concepts of fuzzy topology on BI-
algebra elaborated.
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I. INTRODUCTION

VER Imai,Y. and Iseki,K. in[9] introduced two
classes of abstract algebras, BCK-Algebras
and BCI- algebras. Neggers,J. and Kim,H.S.in[T4]
initiated the idea of B-algebras which is a general-
ization of BCK-algebras and they also introduced
the notion of d- algebras which is another useful
generalization of BCK -algebras and they investi-
gated different relations between d-algebras and
BCK-algebras in[14].

Jun,Y.B., Roh,E.H., and Kim,H.S. in
[I0]investigated on BH- algebras which are a
generalization of BCK/BCI/B — algebras.
Borzooel and et al in [2] introduced the notion
of implicative BCK-algebras and also discussed
that implication algebras are equivalent to the
dual implicative BCK-algebras; and Huang in [7]
define an algebra (X,x,0) of type (2,0) is called
a BCl-algebra if for any a,b,c € X the following
holds:

1) ((axb)x(a*c))*(cxb)=0.
2) (ax(axb))xb=0.

3)

)

4

axa=0.
axb=0and bxa =0 imply a = b.

If a BCI- algebra X satisfies the property Oxa =
0, then (X, *,0) is called a BCK-algebra.

Arsham Borumand Saeid and et al inf[I] in-
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troduced BI—Algebra as a generalization of
BCK/BCI/B — Algebras. BI— algebra is an al-
gebra of type(2,0) satisfying the following axioms:

1) axa=0.

2) ax(bxa)=a. forall a,be X.

In [I] a non -empty subset S of Bl-algebra

X is said to be a sub algebra of X if it is

closed under the operation ” x ”,since a x a = 0,
for all a € X . It follows that 0 € S.

Suad Abdulaali Neamah and Ayat Abdulaadi
Neamah in [15] initiated the idea of sub-implicative
ideal of a BH-algebra and deal with the relation
ships among the ideal with their intersection, union
of image of functions , and inverse function for sub-
implicative ideals of BH- algebra.

Sunshin ahn, and et al in [I6] introduced BI-Ideals,
normal subalgebras in Bl-algebras and they ob-
tain the quotient Bl-algebra which is useful for the
study of structures of Bl-algebras.

The concept of fuzzy set which was introduced
by Zadeh,L.A. in [I8] provides a natural frame
work for generalizing many of the concepts of
general mathematics and topology. Karrar De-
jaa,Mohamed in [12] initaited the idea of fuzzy A—
ideal of BH-algebra is ordinary and fuzzy senses
,and give some properties of\— ideals,and Hu-
sein Hadi Abbas and Suad Abd Neamah in [§]
dealt with fuzzy implicative ideal of a BH-algebra
and give some properties of fuzzy ideal and other
types of fuzzy ideals and fuzzy subsets of a BH-
algebra,and Gerima in [4] initiated basic ideals
about fuzzy ideals and fuzzy filters on implication
algebra.

Khosravishoar,S. in [I3] revealed the idea of a fuzzy
normal congruence on a group and the concepts of
a fuzzy relation on a group; and Young Bae Jun,
Roh,E.H., Chinju,and Hee sik Kim,seoul in [I7] dis-
cussed on the fuzzification of B-sub algebras and
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some related properties of fuzzy B-algebras.

Kandil,A. jand et al in [TI] made contribution on
separation and regularity axioms in fuzzy topology
on fuzzy set,and some of its characterization and
certain relation ship among them was discussed.
Foster in[3] discussed basic ideas about fuzzy topo-
logical groups. The concepts of fuzzy Bl-algebra is
introduced by Gerima T. and Abdi O. in [5] and
Gerima,T. and et al introduced ideals and filters on
implication algebra in [6].

In this paper X represents BI —algebra unless oth-
erwise mentioned.

II. PRELIMINARIES

In [I] A partially ordering < on X can be de-
fined by a < b if and only if a xb = 0.

Proposition II..1 In [1] Let X be a BI— algebra.
Then the following hold:

1) ax0=a.

2) Oxa=0.

3) axb=(axb)xb.

4) Ifbxa =a, for all a,be X, then X = {0}.

5) If ax(bxc) = bx(axc), for all a,b € X, then
X ={0}.

6) Ifaxb=c, then cxb=c and bxc=0b.

7) If (axb)x (cxd) = (axc)x (bxd), then X =
{0}, for all a,b,c,d € X.

A Bl-algebra (X, *,0) is said to be right dis-
tributive [Left distributivelif for all a,b,c € X , we
have (axb)xc = (axc)x(bxc)[cx(axb) = (cxa)*(cxb)].
In [I] a subset I of X is called an ideal of X if

1) 0el.
2) axb e Tandb € I imply a € I,for any a,b € X.
An ideal I is said to be proper ideal of I # X.

Definition I1..2 A non-empty subset S of a BI-
algebra X is said to be a subalgebra if a,b € X |
then axb e S.

Definition II..3 In [16] A non- empty subset N
of X is said to be normal (or a normal subalgebra)
if (x*a)*(yxb) €N, for any x xy,axb € N.

Proposition II..4 [16] Let N be a normal sub al-
gebra of X. Then N is a sub algebra of X.

Example II..1 In [1] let X = {0,a,b,c} be a
Bl-algebra with the following table:
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Then {0,a,b} is a sub algebra of X but not normal,
since cke = 0,bxe = b € {0, a, b}, but (cxb)x(cxc) =
(cxb)x0=cxb=c¢ {0,a,b}.

Lemma I1..5 In [16] let N be a normal sub algebra
of X. Ifaxbe N , for all a,b € X,thenbxa € N.

Definition II..6 [16] Let I be an ideal of X. Then
1 is called a normal ideal of X if it is normal.

Proposition I1..7 [16] Let I be a normal ideal of
X. Then I is a sub algebra of X.

Definition I1..8 [T A  fuzzy  subset p
in X is called a fuzzy B- subalgebra if
it satisfies the inequality p(a * b) >

min{u(a), u(b), for all a,be X}.

In [12] A fuzzy subset p of a BH-algebra X is said
to be a fuzzy ideal if and only if

1) u(0) > pu(a), for all a € X.

2) p(a) > min{u(a*b),u(b)}, for all a,b € X.

Let I = 10,1 and I*¥ = {u:X -1}
Then the family of all fuzzy subsets of A =
{<z,u(x) >z € X} denoted by Fs. That is
Fy={BeIX:BC A}

If A, B € I and B(x) C A(z),for all x € X, then
B is said to be a fuzzy subset of A and denoted by
BCA.

The set S(u) = {z € X : u(x) > 0} is said to be
the supper set of p.

Lemma I1..2 [T]] Let
{Vi;i€ J} C Fa. Then

Uuyv € Fy and

1) SUNV)=5U)NSV).
2) S(UiesVi) = Uie s S(V3).

In[1] A ={< z,u(z) > x € X} be a fuzzy subset
of X. A collection o of fuzzy subsets of A. That is
o € F4 satisfying the following condition:

1) 0,A €o.
2) UVeoimply UNV €o.

3) {Vi,i € J} C o implies U;je;V; € o is called a
fuzzy topology on A.
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The pair(A, o) is called a fuzzy topological space
, members of ¢ called a fuzzy open sets and their
complements are called fuzzy closed sets of (A, o).

Definition I1..9 [5] Let (X,*,0) be a BI— alge-
bra. Then the fuzzy subset u of X is called a fuzzy
BI— sub algebra if p(axb) > p(a) A p(b), Where
w(a) A u(d) =inf{u(a),nd)} for all a,be X.

III. RESULTS

A.  Homomorphisms in fuzzy BI— algebras

Definition III..1 [16] Let X and Y be BI-
algebras. Then f : X — Y defined by f(a*b) =
fla) = f(b), for all a,b € X is said to be a homo-
morphism in Bl-algebra.

Definition II1..2 Let X and Y be any two sets.
w be any fuzzy subset of X, and let f
X — Y be any function. The set f=1(b) =

{a€ X|f(a)=f(b),Y beY} . The set B in Y
defined by B(y) = Sup(p(a)) if fﬁl({)) #0 for
0 otherwise

all b €Y is called the image of p under f and is
denoted by f(u).

Definition ITI..3 Let X and Y be any two sets,f :
X — Y be any function and B be any fuzzy
set in f(u). The fuzzy subset p in X defined by
w(a) = B(f(a)), for all a € X is called the im-
age of B under f and is denoted by f~1(b). That is

f7H(B)(a) = Bf(a).

Proposition II1..4 Let f: X — Y be a BI— epi-
morphism. If p is a fuzzy ideal of X, then f(u) is
a fuzzy ideal of Y.

Proof. Let f : X — Y be a BI— epimorphism
and let p be a fuzzy ideal of X. Then

g0 = {0 B0 20
Sup(p(a)acy-1(0)) if f71(0) #0
— 10 otherwise
=)
Imply that f(u)(0) > f(u)(d),for all beY
=f(p)(b), 1 (b) # 0.
2 fe  «  d) =
Sup(p(axb)) if f~Hexd) #0
0 otherwise
_ [ Suplutax b)) A sup(u(b)) if fexd) #0
— 10 otherwise
— () (c * d) A

F(u)(d), ifaxbe f~Y(exd),be f~1(d).

3) Left for reader.
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Proposition II1..5 Let f : X — Y be a BI—
homomorphism. If p is a fuzzy ideal of Y, then
F~Y(w) is a fuzzy ideal of X.

Proof. Let f : X — Y be BI— homomorphism
and let pu be a fuzzy BI— ideal of X. Then

(axb)) = p(f(axD))
cefzshomomorphzsm
Hp(a)) A f=H ().
fHula = b)) = fH(u(a) A
Y (u()),for all a,b € X.
Hence f~1(u) is a fuzzy ideal of X.

B.  Cartesian product in fuzzy ideal of BI—
algebras

Definition II1..6 Let A and p be a fuzzy ideals of
a BI—algebra X. Then the Cartesian product of A
and pAX p: X x X — [0, 1] defined by Ax u(a,b) =
Aa) A p(b),forall a,be X. Where A(a) A u(b) =
inf{\(a), u(d)}, for all a,be X.

Theorem IIL..7 If A and p are fuzzy ideal of

BI—algebra,then A\ x p is a fuzzy ideal of BI— al-
gebra.

Proof. Let A and p be a fuzzy ideals of BI— alge-
bra X. Then

1) (A x 1)(0,0) = A(0) A p(0)

> Aa) A p(b) = (A x p)(a,b),for all a,be X.
Hence (A A w)(0,0) > (A x
w)(a,b),for all a,be X.

2) (A x p)(a,a) = Aa
> (\axb) A (D))
= (Maxb) Aulax
=(Axu)(axd
Hence (A x p)
1)(b),for all a,b X.
3) A xp)axb,cxd))
(Ala) AAD)) A (1
(Aa) A ple)) A (A(
= (A x p)(a,e) A (XX p)(b,
Hence (A x p)(a xb) >
w)(b,d),forall a,b,c,d € X.
Therefore A\ x i is a fuzzy ideal of BI— algebra.

I |v;
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Proposition IT1..8 Let A and p be a fuzzy ideal
of BI—algebra and let A X p be a fuzzy ideal of
BI—algebra. Then \ X u is a fuzzy subalgebra of
BI—algebra X.

C. Fuzzy topology on BI— algebra

Definition II1..9 Let T be a fuzzy topology on
X,and let p be a fuzzy BI—algebra of X with in-
duced topology T),. Then T is called a fuzzy topo-
logical BI— algebra of X if for each a € X the
mapping Qq : (1, Ty) = (1, Ty) is relatively fuzzy
continuous.

Theorem III..10 Let X and Y be two
BI—ualgebras, f X — Y be a BI— homo-
morphism. Let T and S be the fuzzy topology on
X,and Y respectively such that T = f~1(S),and
let A be any fuzzy topological BI—algebra of Y
with membership function pa,where u is a fuzzy
BI— algebra. Then f~Y(A) is a fuzzy topologi-
cal BI—algebra of X with membership function
Hf=1(4)-

Proof. For each a € X, the mapping Q, :
(fil (A), Tf—l(A)) — (fil (A), Tf—l(A)) is rela-
tively fuzzy continuous.

Let U be any open fuzzy set in Ty—14y on f~1(A).
Since f is a fuzzy continuous mapping from (X, T)
into (Y, .S) by lemma 2.2 follows that f is relatively
fuzzy continuous mapping of (f~1(A), Tt-1(4)) into
(A,S4). There exists an open fuzzy set v € Sy
such that f=(V) = U. The membership function
of Q;'(U) is given by fip-1(y(b) = v (Qa(b))
=pu(b*a) = pp-rv)(bxa) = py(f(bxa))

= pv(f(b) x f(a)). Since A is a fuzzy topological
BI— sub algebra of Y, the mapping

Qo : (A,54) — (A, qa) is relatively fuzzy continu-
ous for each b € Y.

Henceyigy-1 ) (b) = v (f(6) % £(a))

= v (R (f(b))

= NR;(L)(V)(f(b)) = ,LLf_l(R;(la)(v)(b) which implies
that Q' (U) = [~ (R (V)

Therefore Q;1(U) N f~1(A) = f_l(R;(la)(V)) N

f71(A) is open in the relative fuzzy topology
f7HA).

Theorem III..11 Given BI—algebras X and Y
and let f + X — Y be Bi— epimorphism,let T be
the fuzzy topology on X , and S be the fuzzy topology
on Y such that f(T) =S . Let A be a fuzzy topolog-
ical BI—algebra of X. If the membership function
wa of Ais an f— invariant, then f(A) is a fuzzy
topological BI—sub algebra of Y.

Proof. We have to show the mapping Q,
(f(A),Sfay) — (f(A),Sfay) is relatively fuzzy
continuous for all b € Y.

Since U € T4 there exists U € T such that
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U = U N A, by f—invariant of 4, we have
F(U) = fU N A) = f(U) N f(A) € Speay-

Hence f is a relatively fuzzy open mapping in Sy ().
Let V' be an open fuzzy set in Sy(4y. Forany b € Y
by hypothesis there exist a € X such that /f(a) =b.
Thus pprigoign(©) = M@V =
ty (Q(a) (f(c))

=y (f(e) * f(a)) = py (fc*a))

= Mffl(v’)(c * a) = Mf*l(v’)(Qa(C)) =
Moz (v (©)-

Hence f~1(Q, (V') = Q' (f~*(V')). But by hy-
pothesis @, is a relatively fuzzy continuous map-
ping from (A,T4) to (A,T4), and f is a rel-
atively fuzzy continuous mapping from (A,T4)
to(f(A), S¢(a))-

Therefore f~1(Q; ' (V') NA=Q; (f~'(V)nA
is open in T4.

Since f is relatively open ,then f(f~1(Q,'(V')) N
A) = F(F7HQINV) N F(A)

= Q' (V)N f(A) is open in Sy(4). Which com-
pletes the proof.

IV. CONCLUSIONS

In this paper. the concepts of homomorphism
in fuzzy Bl-algebras are discussed, and also basic
properties of homomorphisms are investigated.

The cartesian product in fuzzy ideals of Bl-algebras
has been investigated with related properties; The
concepts of fuzzy topology on Bl-algebra is elab-
orated. As a future work it is possible to extend
to coding Bl-algebra,fuzzy dot product of ideals of
Bl-algebras.
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