
 

 

 

Abstract—An ensemble of neurons can correspond to a property, 

a characteristic, or any information identity. The ensembles can be 

intersected and can have common neurons that can be used in future as 

an evaluation level of association between the information identities. 

On the base of this type of information presentation it is possible to 

create a new model of associative memory. So, it is very important to 

investigate the problem of information capacity of neural network 

(NN) with neural ensembles. 

 

Keywords— Associative memory, information capacity, neural 

network, neural ensemble.  

I. INTRODUCTION 

HE neural network with ensembles’ structures may be 

used for semi supervised training. This type of training 

allows minimizing the work in preparing the data for training 

process. For example, in the task of information presentation in 

knowledge systems and pattern recognition we can use neural 

networks with ensembles structures. 

At the UNAM, National Autonomous University of Mexico, 

we work in the areas of image recognition and neural 

computing. In recent years was done preliminary work on the 

research of neural networks with structures of ensembles. To 

generate the ensemble we use random permutations of the code 

[1]. This procedure allows us to store not only information 

about the parameters, but also about their numeric values.  

The first neural network models used one neuron at the 

output layer to represent one information unit [2]. Many 

theories suggest neural ensembles (a set of neurons instead of 

one) represent the information in the brain [3] that gives the 

explanation of the associative memories properties. For 

example, the Hopfield neural network [4], [5] stores a number 

of neural ensembles. The concept of neural ensemble was taken 

from the biology and was proposed by Donald Hebb [3] in 

1949. According with his theory every feature is coded with a 

set of neurons. Between neurons, there are connections. The 

rule of their activation is the following: “what is activated 

 
E. Kussul is with the CCADET, UNAM , Circuito Exterior s/n, Ciudad 

Universitaria, 04510, Mexico city, D.F., Mexico (phone: 52 55 56228602; fax: 

52 56 55500654; e-mail: ekussul@ unam.mx).  

T. Baidyk is with the CCADET, UNAM, 04510, Mexico city, D.F., 

Mexico.  (ekussul@unam.mx). 

E. Cabello Pardos is with the University Rey Juan Carlos, Madrid, Spain. 

C. Conde Vilda is with the University Rey Juan Carlos, Madrid, Spain. 

This work was supported partially by projects PAPIIT IN110510-3, PAPIIT 

IN119610. 

together, is connected together”. Every ensemble can represent 

one “idea” or “concept”.  

If one ensemble is activated, due to the common neurons, 

another ensemble can be excited. The activity propagation 

between ensembles corresponds to associations between the 

concepts. The auto associative memories have larger storage 

capacities than hetero associative memories [6]. 

These studies showed the importance of information 

encoding methods for this type of neural networks. It is 

necessary to develop methods to obtain large information 

capacity of neural networks. 

Our main task is to develop and study these methods in new 

tasks. 

The aim of the research is to generate new knowledge about 

the area of neural networks with ensembles structure for 

patterns recognition. The generation of this knowledge will 

allow us to apply the semi supervised training to pattern 

recognition task.  

In our previous works we used the name “Ensemble Neural 

Network” to denote the artificial neural network that contains 

Hebbian neural ensembles, i.e. subsets of the neurons that have 

connections between each other with synaptic weights much 

higher than average value of synaptic weights in the neural 

network. 

At present the term “Ensemble Neural Network” frequently 

is used for a group of different neural networks that 

collaborates to solve common task (for example, pattern 

recognition). For this reason we will call our networks 

“Hebbian Ensemble Neural Networks”. This type of neural 

networks was proposed by D.O.Hebb in [3]. D.O.Hebb 

supposed that each concept may be presented in neural 

network not by single neuron (as output neuron that 

corresponds to recognized class in neural classifier) but by a 

subset of neurons that forms neural ensemble. When a part of 

Hebbian neural ensemble is excited, the excitation spreads on 

the whole ensemble. Though Hebbian ensemble consists of 

many neurons it behaves as a single information unit. Hebbian 

ensembles can have intersections. So each neuron can belong 

to many ensembles. This peculiarity generates the whole 

network excitation problem when initially only one ensemble is 

excited. This problem can be solved by simulation of attention 

mechanisms [7], [8]. 

Many authors (e.g., [9] - [12]) analyzed the properties of 

Hebbian ensembles using mathematical methods or computer 

simulations, but not so much attention was paid to practical 

Codification of information with Hebbian 

ensemble structures in neural networks 

Ernst Kussul, Tatiana Baidyk, Enrique Cabello Pardos, Cristina Conde Vilda 

T 

Issue 4, Volume 6, 2012 198

INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS AND INFORMATICS



 

 

applications of this paradigm. In this article we propose to 

apply Hebbian ensemble neural network for semisupervised 

learning in the image recognition tasks. 

Before description of our investigation we want to 

demonstrate one example of neural ensembles application. 

The idea that an image is presented by not just one neuron 

but by an ensemble is fruitful. Any concept may have different 

meanings. Its content may vary depending on the context. Only 

the central core of the concept whose activity may dominate in 

the system as a whole can be almost unchangeable. The 

possible presentation of an image or concept with one neuron 

deprives this concept of its features and characteristics. Neuron 

ensemble makes it possible to present a concept or image 

description with all features and characteristics. These features 

can be influenced by the context of the situation where the 

concept is used. For example, we create the model of the 

concept “building” (Fig.1). We can observe the building from 

different positions. A perceived object (building) consists of a 

number of perceptual elements. We can see many windows or 

a door. 

 
Fig.1. Model of the concept “building” 

 

However from different positions we can see the walls and 

the roof of this building. In an ensemble that represents the 

model of the concept “building,” a set of neurons corresponds 

to the walls, other neurons correspond to windows, and others 

correspond to the white color of the walls, and so on. The 

more frequently perceived features of the building form the 

core of the ensemble, and rare features create a fringe of the 

ensemble (Fig.2). 

 

Fig.2. Neural presentation of a model “building” 

Due to the fringe of the ensemble, different concepts may 

have a large number of associations with other concepts. The 

notion “Fringe” was introduced by Hebb to explain how 

associations are provided. Different circumstances lead to 

varying fringe activity. If it is day, the white colour of the 

building will be observed, and in the model the neuron set that 

corresponds to colour will be excited. “Core” is the most 

connected part of the ensemble. In our example, the core will 

be neurons that correspond to walls and windows. The 

conceptual activity that can be aroused with limited stimulation 

must have its organized core, but it may also have a fringe 

content, or meaning, that varies with the circumstances of 

arousal.  

There are different approaches to neural network with 

ensemble presentation. There were developed different 

paradigms of ensemble neural networks. Among them the most 

popularity has Hopfield neural network [4], [5]. 

Hopfield described his neural networks in 1982 [4]. The 

structure of neural network has the neural processing elements. 

The output of every processing element is the inputs of other 

neural processing elements. The transfer function of every 

processing element is: 
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for i = 1,…, n, 

where ijw  is the weight of the input with the restrictions 

jiij ww  and 0iiw , Ti is the threshold. 

The behavior of the Hopfield network is organized in such a 

way to minimize the energy function. No matter what is its 

initial state, the Hopfield network always converges to a stable 

state in a finite number of processing element update steps. 

There are many versions of the Hopfield network which are 

used in different applications. For example, the Hopfield 

network is a base of a hybrid Hopfield network-simulated 

annealing algorithm used for frequency assignment in satellite 

communications systems [13]. They use a fast digital Hopfield 

neural network which manages the problem constraints 

hybridized with a simulated annealing which improves the 

quality of the solutions obtained. Another example is Hopfield 

neural network application for general predictive control [14]. 

In this case the Hopfield neural network is used to solve 

quadratic optimizing problem. Existing predictive control 

method is very complex and time consuming. With this 

proposition of Hopfield neural network application and 

development of neural network chip, the method has a 

promising future in industry. The Hopfield neural network is 

used in information retrieval system too [15]. In recent years, 

with the rapid development of Internet and easy access to a 
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large amount of information on it, information retrieval has 

become more indispensable for picking out useful data from 

the massive resources. With the heuristic function of Hopfield 

network this model is used in query expansion, and therefore 

can solve the problems of information overload and word 

mismatch to some extent. 

So, neural network with ensembles can be used to resolve 

many practical tasks.   

II. INFORMATION CODING 

Many different methods of input information coding for the 

neural networks are proposed and developed [16], [17], [18] 

which is connected with the great variety of the neural 

networks. 

In this paragraph we consider the so-called stochastic or 

local connected coding, and also shift coding [19]. These 

methods of coding relate to the distributed coding with the low 

level of activity (sparse coding) [20], [21]. This means that in 

the neural network any coded object is represented not with 

one neuron but with many neurons. Let us term these neurons 

as neuron ensemble. The low level of activity means that the 

number of neurons in the neuron ensemble is much less than 

the total number of neurons in the neural network. 

The special feature of local connected coding consists in the 

fact that the different numerical values of the parameters are 

represented by different binary stochastic vectors. For this 

purpose all the numerical values are presented as integer 

numbers in the specified range. 

 

X = {x1, x2, … , xq} ,          (2) 

 

where  

           xi – xi-1 = 1. 

 

Let the minimal integer is Xmin and the maximum integer is 

Xmax and we have a parameter y that is limited by the values 

Ymin and Ymax. Here y, Ymin and Ymax can be real numbers. To 

present them as the integer number in the range (Xmin, Xmax) it 

is necessary to calculate the value x
*
: 

 

x
*
 = Xmin + ((y – Ymin) /(Ymax – Ymin)) * (Xmax – Xmin),  (3) 

 

and then round x* up to the nearest integer value x. The value 

x will correspond to the numerical value of the parameter in the 

range (Xmin, Xmax).  

Each feature must be represented in the form of the n-

dimensional binary vector which has m components equal “1”. 

Here n is the quantity of the neurons in the neural network, m 

is the quantity of neurons in a neuron ensemble, moreover 

m<<n. Such binary vectors we call input masks. To create the 

input mask we set all the components of binary code vector to 

“0” and then randomly select m components and change their 

values to “1”. In order to feed mask to the input of the neural 

network it is necessary to excite the neurons of this network 

whose numbers coincide with the numbers of the positions of 

unit elements in the binary vector-mask. After this the network 

will have active neurons that correspond to values “1” in the 

code vector. 

Randomly generated input mask is the binary code vector:  

 

V
1
 = {v1

1
 , v2

1
 , … , vn

1
 }.         (4) 

 

This code vector corresponds to the value of parameter y 

equal to x1.  To obtain input mask for parameter value x2, we 

do the following operations: 

1. Randomly select k elements from m components of 

code vector that had value “1” and change each value 

to “0” (k << m). 

2. Randomly select k elements from (n - m) components 

of code vector that had value “0” and change each 

value to “1”. 

After these operations we obtain the input mask for the 

value x2. Repeating this procedure, we obtain the input masks 

for all parameter values. 

   Let us consider the function I(V
i
, V

j
). This function equals 

to the number of components r that fit the condition: 

 

                  (vr
i
 = 1) && (vr

j
 = 1)        (5) 

 

 Locally connected coding has the following property: if 

we create the code vectors for two different parameter values, 

the function I will be large if the difference between parameter 

values is small, and it will be smaller when the difference will 

increase. This property is very important to create the 

ensembles that form the core from code vectors of the similar 

objects. 

 The shift coding was the next step in information coding. In 

the shift coding just as in the local connected coding the neural 

code of the feature name is the random binary vector. This 

code is stored in the memory of computer and is extracted each 

time when it is necessary to do coding or decoding of the 

feature. Let us term this vector the feature mask. The position 

of feature in the image is coded by the appropriate shift of the 

feature mask. 

Next chapters are dedicated to our neural network 

presentation and the ensemble formation in neural network. 

III. NEURAL NETWORKS WITH ENSEMBLES 

As it was mentioned, a neural network is used as an 

autoassociative memory [22]. It consists of N neurons with full 

connectivity, in other words, each neuron is connected with all 

neurons, including itself (in contrast with Hopfield neural 

network). The example of neural network is presented in Fig.3.  

The response E of the neural network to the input vector X 

is calculated by the equation: 

 

)( WXSE T           (6) 

 

where 
TX  is the transpose input vector X, whose elements xi = 
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[0, 1] for i = 1, 2, …, N, E is the output vector, whose 

elements ei = [0, 1] for i = 1, 2 ,…, N, and the function ()S  is 

the threshold function of the neurons: 
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where i  is the threshold value for neuron yi. 

 

 

 
 

Fig.3. Three-neuron network 

IV. ENSEMBLE CREATION 

The neurons of one ensemble are randomly chosen. The size 

of ensemble is M, which specifies how many neurons will be in 

one ensemble. We also define the number of ensembles K to be 

memorized by the neural network. The ensemble is presented 

as a vector (these two terms will be used as equals) X = X1, X2, 

…, XK, whose internal product MXX jj . The internal 

product is used and understood as the measurement of 

similarity between vectors. 

Now the interconnection weights among the ensemble 

neurons are formed using the Hebbian training rule: 

 

)11(,1)()( 1 jitijtij xxifww    (8) 

 

where tijw )( is the synaptic weight between neurons ix  and 

jx  at time t, 1)( tijw  is the synaptic weight at time (t+1) and 

 denotes the logical disjunction. 

The training process can be represented using the external 

product of each ensemble with itself: 

 
K

k
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)(        (9) 

 

where W is the matrix of dimension (N x N) initialized with 

zeros. 

V. INFORMATION CAPACITY 

To investigate the information capacity of the neural 

network, the next procedure is implemented. 

It is added noise to every ensemble from set X in such way 

that the half of elements in each vector changes, but without 

altering the ensembles size M. 

Let us consider the example for a neural network size N = 

10 with ensemble size M = 4, the vector to represent the 

ensemble is: 

 

X1 = [1, 0, 0, 0, 1, 0, 1, 0, 1. 0], 

 

the vector X1 is changed with noise into the vector X1*: 

 

X1*= [0, 1, 0, 0, 1, 1, 0, 0, 1, 0]. 

 

In this process M/2 active neurons from vector X1 were 

randomly changed and M/2 inactive neurons changed their 

value too, in order to keep constant the ensemble size M. 

Once the original ensembles were altered with noise, we 

have the set X* = X1*, X2*, …, XK*. 

Every vector is presented at the input of the neural network 

and the activity if neural network is recalculated R times (R is 

the number of cycles) in order to recover the original ensemble. 

This procedure is shown in Fig.4. 

In Fig.4 the scheme of Hebbian ensemble neural network is 

presented. The scheme of the Hebbian ensemble neural 

network consists of input neurons, synaptic weight matrix and 

output neurons (Fig.4). 

 

 
 

Fig.4. Diagram with R cycles 

 

Input neurons are latches that store the value of input code 

vector. Output neurons sum up the signals of input neurons 

multiplied with synaptic weights and perform threshold 

function to produce binary output vector. 
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where jx  is the binary output value of the j-th
 
 input neuron, 

iy  is the binary output value of the i-th,  is the output 

neuron threshold. The threshold  is the same for all output 

neurons. Its value is calculated by special algorithm in each 

cycle of neural network recalculation. The threshold is selected 

to achieve the number of active neurons close to the constant 

value m that is given for the neuron network as a parameter.  

As a rule the threshold value is larger for larger synaptic 

weights between ensemble neurons. The threshold value can be 

used to estimate “how strong” ensemble is excited at the 

moment. 

In our investigation R=5 like optimal experimental value, 

where the output vector Y* is fed back as the new input X. The 

value  shown in Fig.4 and mentioned in equations (7) and 

(10) is chosen in each calculation like the value that allows the 

activation of not more than M neurons in vector Y*, because it 

is desirable to fulfill the condition (Eix Ei)  M. 

After R cycles we have the set of output vectors E*=E1*, 

E2*, …, EK*. Each output vector Ek is compared with the 

original ensemble by internal product. If (Ei x Xi) 0.9M, then 

it is said that the ensemble has been recognized successfully, 

otherwise an error occurred, the ensemble was not recognized. 

The objective of this methodology is to store the maximal 

number of ensembles K in the neural networks of size N, but 

allowing the recovering of at least 90% of each original 

ensemble of size M even though it was changed with noise 

(50%). 

To estimate the storage capacity we wrote special program. 

With this program we evaluated the maximum number of 

correctly restored ensembles for different ensemble sizes. The 

maximum number of ensembles we obtained in cases when the 

number of retrieval errors less than 1%. 

VI. RESULTS OF NEURAL NETWORK SIMULATION 

We obtained the following results for experiments with size 

of neural network N=28 000 neurons and ensemble size M=64. 

The number of ensembles that can be generated and then 

recuperated from noise was near 190,000. This information 

capacity demonstrates that the number of ensembles is more 

than number of neurons in the neural network.  

For the size of neural network N=40 000 neurons we 

obtained the following results. In the experiments with 

ensemble size M=64 we obtained 410,000 ensembles. 

The number of ensembles in the neural network depends on 

the size of ensemble. G.Palm and A.Knoblauch [22], [23] made 

theoretical estimations of optimal size of the neural ensembles 

and obtained the asymptotical value: 

  

2log/log Nm .           (11) 

 

For our first case when N=28 000, we obtain m=14.8. The 

closest integer is 15. We did the experiments with ensemble 

size M=15. In this case for M=15 we obtained the number of 

ensembles of 12,000. At the same time for M=64 the number 

of ensembles was 190,000. G. Palm did not analyze the 

presence of noise in the input code. When we have noise it is 

necessary to increase the size of ensemble to obtain optimal 

storage capacity. 

The next step in the investigation of information capacity 

will be investigation of the ensembles that have correlation of 

their codes. This type of ensembles appears when we start to 

codify real world objects, for example triplets of the letters that 

are used in handwritten text recognition. 

VII. ENSEMBLE NEURAL APPLICATION IN FRAV2D  

In this article we describe the application of Hebbian 

ensemble neural network for the problem of object detection in 

the image. We use FRAV2D image database that was collected 

and developed in Rey Juan Carlos University, Madrid, Spain 

[24], [25]. The FRAV2D image database contains 1696 

images: 16 different images for each person, in total the 

database contain 106 people’s images. 16 different images 

correspond to expressions of different emotional states, 

different head inclination to the left, to the right, and so on. 

One example of the FRAV2D image database is presented in 

Fig.5. 

 

 
 

Fig.5. Scan window in image from FRAV2D  

 

We suppose that Hebbian ensemble neural network will be 

capable to find the objects as eyes, nose, and mouth without 

preliminary marking them on the images. 

Preliminary processing of the images includes correction of 

mean brightness and filtration with high spatial frequencies 

filters.  

After preliminary processing it is possible to start the 

program of Hebbian ensembles formation. For this purpose we 

use relatively small window (Fig. 5), that scans the image and 

produces the binary code of the image part that appears in the 

window. The size of the window should be selected as follows: 

the internal space of the window has to include the whole 

object or the major part of the object to be found. If we expect 

to recognize the objects of different sizes, various windows 

should be selected, and the image should be sequentially 

scanned several times.  

VIII. IMAGE CODING 

The scheme of image part coding in the window is shown in 

Fig.6. It works as follows: preprocessed image is scanned by 

the window and for each position of the window feature 

extractor FE finds the specific features in the window. 
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Different types of feature extractors can be used. In this work 

we use feature extractor from PCNC (Permutation Coding 

Neural Classifier [26]). To use this feature extractor we 

consider the scan window as a whole image and create smaller 

window that is moved within scan image to provide the 

information for encoder ENC (Fig.6). Encoder produces binary 

code that is used for Hebbian ensembles formation. 

The Hebbian ensembles can be used to find the similarity of 

different objects. If scan window finds two images that 

produce code vectors with many equal components, the 

synaptic weights between neurons that correspond to these 

components grow up. The Hebbian ensemble corresponding to 

similar images starts to appear. If similar images are found 

many times, corresponding synaptic weights achieve values 

much larger than the mean values of synaptic weights in the 

matrix. It means that the Hebbian ensemble is formed for the 

group of similar images.  

At the first stage of semisupervised learning the scan 

window looks through all images of the training database and 

the synaptic weight matrix is corrected in each position of the 

scan window. For this purpose the following equation is used:  

 

wij(t+1) = wij(t) + 1 , if ((vi = 1) & (vj = 1)),   (12) 

 

where  wij(t+1)  is the value of synaptic matrix component after 

correction, wij(t+1) is the value of synaptic matrix component 

before correction, vi is the i-th component of the binary code 

vector that appears at the output of the encoder ENC (Fig.6), 

vj is the j-th component of the code vector. 

 

 
 

Fig.6. Image coding  

 

When all images of the training database are scanned we 

have the Hebbian ensembles that correspond to different 

objects that were found in the images. Now it is necessary to 

give the names to the ensembles using the names of 

corresponding objects. For this purpose it is necessary to 

prepare the code vectors of the names. For each class of the 

objects that can be found in the image we prepare a random 

binary vector that will serve as the name of this class. 

When all the names are created the second stage of 

semisupervised learning is started. The training database is 

scanned secondly. In each position of the scan window after 

coding of input information Hebbian ensemble neural network 

is recalculated according to the equation (10) and the threshold 

value  is selected to obtain approximately m active neurons 

at the output. If the value is low, no Hebbian ensemble 

corresponds to the window position. If the value  is high, the 

supervisor (operator) looks at the image and selects the name 

of the object that appears in the scan window. If one of the 

created names is good for the scan window image, the binary 

code vector of the name is added to the code vector of excited 

ensemble, and correction of synaptic weights is made 

according to the equation (12). The code of the name contains 

less than m active neurons, but these active neurons repeatedly 

appear in each example of the ensemble that corresponds to the 

objects with the same name.  

Hebbian ensembles have relatively complex internal 

structure. As a rule a part of the ensemble neurons has very 

strong synaptic connections between them. This part is termed 

“nucleus”. The neurons of the nucleus are excited always when 

initially was excited any part of the ensemble. Other parts of 

the ensemble belong to the “fringe”. Real image determines 

what part of the fringe will be excited in each case. In our 

system the name of the object corresponds to the “nucleus” of 

the ensemble.  

When we apply this network to the test database, the 

neurons corresponding to the names of the objects will appear 

when the system will “see” the object in scan window, i.e. the 

system will recognize the objects. 

IX. DISCUSSION 

The Hebbian ensemble neural network permits us to work 

with unmarked image databases for semisupervised learning. 

Semisupervised learning starts from the Hebbian ensemble 

formation. These ensembles include feature combinations that 

frequently appear in corresponding objects. 

After ensemble formation the operator gives the object 

names to the corresponding ensembles. This process demands 

much of work at the initial stage. Little by little the system 

begins to recognize the names of the objects, and operator has 

to correct it only when the system makes the error. For large 

image databases this process will demand less work than the 

mark up process for supervised learning. 

This coding technique with Hebbian ensembles can be used 

with different types of neural classifiers [27]-[30]. 

X. CONCLUSION 

The neural networks with ensembles are congruent with the 

biology and the representation of the information, which 

explain and illustrate diverse neurological phenomena and can 

be used for artificial intelligent systems development. It was 

shown in this article that ensemble neural network has a large 

capability to store independent ensembles. For correlated data 

from real world, the capacity will decreases, but this fact 

needed further investigation. 

There are some limitations for the ensemble sizes to code 

more precisely the information we want to memorize. This fact 

has a direct impact in the size of the neural network and in the 

maximal number of ensembles that can be stored. 

It is interesting to investigate deeper the relationships 

between parameters of the neural networks, the number of 

ensembles and the correct decoding. It must be increased the 
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database provided by the simulator. In future we plan to 

investigate the ensemble neural network application in new 

situations that were not presented in the training process. 

The structure of ensemble neural network is proposed in this 

article. The evaluation of storage capacity of ensemble neural 

network shows that the number of neural ensembles will be 

larger that the number of neurons. In our experiments we 

worked with independent Hebbian neural ensembles. 

The Hebbian ensemble neural network is proposed for 

semisupervised learning. The learning process begins from 

automatic formation of the neural ensembles that correspond to 

the images of different objects. At the second stage of 

semisupervised learning operator gives the names of the 

objects to the neural ensembles that were formed previously. 

This type of learning will be used for very large image 

databases that are difficult to mark up. 
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