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Deformations of monic polynomial matrices.
Analysis of perturbation of eigenvalues

M. Isabel Garcia-Planas', Sonia Tarragona

Abstract—Let P(\) = Zf:o A'A;(p) be a family of monic poly-
nomial matrices smoothly dependent on a vector of real parameters
p = (p1,...,pn). In this work we study behavior of a multiple
eigenvalue of the monic polynomial family P()\) as well as we study
of behavior of a simple eigenvalue of a family of 1-degree singular
polynomial matrices representing families of singular linear systems.
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I. INTRODUCTION

Given a polynomial matrix P(\) = Zf:o M A; where A; are
square matrices over real or complex field, it is an important question
from both the theoretical and the practical points of view to know
how the eigenvalues and eigenvectors change when the elements of
P(X) are subjected to small perturbations.

Eigenvalue problem for polynomial matrices P(A)v = 0, appears
(among many other applications) modeling physical and engineering
problems by means systems of k-order linear ordinary differential
equations. The values of eigenvalues can correspond among others,
to frequencies of vibration, critical values of stability parameters, or
energy levels of atoms.

The eigenvalues of some matrices are sensitive to perturbations,
it is well know that the eigenvalues of monic polynomial matrices
are continuous functions of the entries of the matrix coefficients of
the polynomial, but Small changes in the matrix elements can lead
to large changes in the multiplicity of eigenvalues. For example a
little perturbation of the matrix (3 ) as (2 1) the double eigenvalue
A = 0 is perturbed to two different eigenvalues A\ = £/ changing
completely the structure of the polynomial matrix. Obviously if
we consider the perturbation ({ '1°) there are not changes in the
structure.

Given a square complex matrix A, it is an important question
from both the theoretical and the practical points of view to know
how the eigenvalues and eigenvectors change when the elements of
A are subjected to small perturbations. The usual formulation of the
problem introduces a perturbation parameter £ belonging to some
neighborhood of zero, and writes the perturbed matrix as A + B
for an arbitrary matrix B. In this situation, it is well known [15]
section II.1.2, that each eigenvalue or eigenvector of A + B admits
an expansion in fractional powers of €, whose zero-th order term is
an eigenvalue or eigenvector of the unperturbed matrix A.

In this paper, in section 1 we present an overview over polynomial
matrices P(\) and the analysis of perturbation of simple eigenvalue
Ao of P(X) such that 0 is a simple eigenvalue of the linear map
P(Xo). In section 3, inspired by the work of Arnold [2] on versal
deformations of square matrices, we derive versal deformations
providing a decomposition of arbitrary perturbation into tangent an
orthogonal spaces of the set of equivalent polynomial matrices. In
section 4, we study the perturbation of a multiple eigenvalue with a
simple eigenvector of a monic polynomial matrix smoothly depending
on parameters. Finally, in sections 5 and 6 we generalize the results
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to analysis of perturbation of simple eigenvalues of standard systems
and singular systems.

The study of behavior of simple and multiple eigenvalues of
a matrix depending smoothly of parameters has a great interest
for its many applications. Perturbation theory for eigenvalues and
eigenvectors of regular pencils is well established see [1],[17] for
example and for vibrational systems in [16]. In this paper we extend
some of these results to polynomial matrices.

II. PRELIMINARIES

A square polynomial matrix of size n and degree k is a polynomial
of the form

k
PA) =Y XNAi, Ao,..., Ax € Mo(F), 1))
1=0

where [ is the field of real or complex numbers. Our focus is on
monic polynomial matrices. A square polynomial matrix P()) is
said to be monic if Ay = I, is identically. The polynomial matrix
(1) naturally arises associated with linear systems of differential
equations

Apz® (1) + Ap_12® V(@) + .+ Arzt () + Aoz(t) = f(1) ()

where x(t) is a vector-valued function (unknown) with n coordinates,
2V (t) denotes the j-th derivative of z(t) and f(t) is another vector-
valued function with n coordinates. Of particular relevance is the case
of linear systems of second order, appearing in many engineering
applications.

The eigenvalues of a polynomial matrix P(\) are the zeros of the
nk-degree scalar polynomial det P()\).

Let Ao be an eigenvalue of polynomial matrix P()\), then there
exists a vector vo # 0 such that P(Ao)(vo) = 0, this vector is called
an eigenvector.

We will call a Jordan chain of length k41 for P(\) corresponding
to complex number \g to the sequence of n-dimensional vectors
0, - . ., Uk such that

i

1
> GPY o) =0,

£=0

i=0,....k 3)

where P©) denotes the /-derivative of P (M) with respect the variable
A. If Ao is an eigenvalue there exists a Jordan chain of length at least
1 formed by the eigenvector.

Let Ao be an eigenvalue of P()\), then det P*(\o) = det P()\o) =
0, so Ao is an eigenvalue of P*()). For this eigenvalue there exists
an eigenvector uo, that is P*(\o)(uo) = 0, equivalently ubP()\o) =
0. The vector uo is called left eigenvector corresponding to the
eignevalue Ao of P()).

For more information see [5], or [14] for example.

Let P(\) = Zf:o A'A; be now, a polynomial matrix and we
assume that the matrices A; smoothly depend on the vector of real
parameters p = (p1, ..., pr). The function P(X;p) = Zf:o A A;i(p)
is called a multi-parameter family of polynomial matrices. Eigenval-
ues of the polynomial matrix function are continuous functions of
the vector of parameters. We are going to review the behavior of a
simple eigenvalue of the family of polynomial matrices P()\; p).
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Let A\(p) be a simple eigenvalue of the polynomial matrix P(\; p).
Since A(p) is a simple root of the scalar polynomial det P()), we
have

0

“)

The expression (4) permit us to make use the implicit function
theorem to the equation det P(A\;p) = 0, and we observe that
the eigenvalue A(p) of the family of polynomial matrices smoothly
depends on the vector of parameters, and its derivatives with respect
to parameters are

9]
—— det P(\;
g _ _ap TP
op: o , e T
a)\detP()\ D)

Taking into account that A\(p) is a simple eigenvalue and that
the sum of the lengths of Jordan chains in a canonical set is the
multiplicity of the eigenvalue as zero of det P(\;p), we have that
the Jordan chains consist only of the eigenvectors.

The eigenvector vo (p) corresponding to the simple eigenvalue A(p)
is determined up to a nonzero scaling factor «. This eigenvector
determines a one-dimensional null-subspace of the matrix operator
P(A(p); p) smoothly dependent on p. Hence, the eigenvector vo(p)
can be chosen as a smooth function of the parameters.

An approximation of the eigenvalues as well of the corresponding
eigenvectors by means their derivatives is given by the following
result.

Theorem 1:
+ OP(A;p)
uf—2 vo(po)
O _ 9P 000 ©
8pil(/\o:po) uh P"(Xo; po)vo(po)
and
o)
o OP(\:p) %)
T <a . (P'(\p)) + T,p) vo(po)-
b Pi / |(hopo)

where To = P(Xo);po) + uou§ P’ (Ao;po), and

9%\

oA __@
PiOP; (g o) 0
with
a =
oA OA X OP'(\;p)
t \: + - \"h )
( o (852 C’ipg )(8 iP) a?pi( f;pj
P'(\;p) OA :
+ Ops 5 )\ap' apg\p@c’;p; 4 vo(p)
+af <P’ A p + p)) Z¥o
'\ )Gpa)\ anI;JA apé
v (PO g + SN F0)
Pi Di P35/ |(x0.po)
and

b = ui P’ (Mo; po)vo(po)-

dvo(p) _
IPiOPi | (30.0)

- P'(X\;p)vo(p)+

o\ 9p;op,
(8>\ @ P(Ap) 1 DA 9P (i)
&y ip) 8 853 ( ap]ﬁ
P'(\;p) OX P(X\;p
4= —— |V
apb 8;0(% PO 81)31-81?33' ol#)
OX | OP(Xip)) Ovo
(P (\ip )3 + Op; opi
, X _ 9P(\p)\ 0
+ (P (Np)o—+ M) ﬂ) '
Opi Opi Op; [(Xo>P0)

The proof is analogous to that given in [16] for matrix pencils and
for vibrational systems.

III. VERSAL DEFORMATIONS

The Arnold technique of constructing a local canonical form,
called versal deformation, of a differentiable family of square matri-
ces under conjugation [2] provide a special parametrization of matrix
spaces, which can be effectively applied to perturbation analysis and
investigation of complicated objects like singularities and bifurcations
in multi-parameter dynamical systems (see [2], [6] among others).

The general notion of versality is the following. Let M be a
differential manifold with the equivalence relation defined by the
action «(g,x) (where z, gox € M and g € G) of a Lie group
G. Let us consider a smooth mapping x : Uy — M, where Uy is
a neighborhood of the origin of the space F’. The mapping (v) is
called deformation of xo = z(0) with the parameter vector y € ¥,
Introducing a change of parameters ¢ : Uy — Up, where U is a
neighborhood of the origin in F*, such that ¢(0) = 0, we obtain the
deformation o(4(€)) of xo with the parameter vector £ € U C F*.
Applying the equivalence transformation g(¢), where g : Uy — G
is a smooth mapping such that g(0) = e is the unit element of G,
we get the deformation

3

of 2(0) = a(e,zo) = xo. Then, ¢(v) is called versal deformation of
Zo, if any deformation z(§) of xo can be represented in the form (8)
in some neighborhood of the origin 24’ C F*. This definition implies
that a versal deformation generates all deformations of x¢ and, hence,
possesses properties (invariant under the equivalence transformation)
of all deformations of the given element zo € M.

Theorem 2: [2] The deformation ¢(vy) of ¢ is versal if and only
if it is transversal to the orbit of xp under the action of G.
This theorem reduces the problem of finding a versal deformation to
solving a specific linear equation determined by zo.

Proposition 1: A versal deformation of x¢ is given by

o + (Tuy O(0)) ™
In fact we can take any complementary subspace F' of T, O(zo).
In our particular setup we consider the Lie group G = Gl(n;R)
acting over the space of monic polynomial matrices Pr(A\) =

{SF ONA | Ak = I, A € My (F} = {(Ar—1,..., A1, Ao)} =
(M, (R)” in the following manner
(a7 g X Pk(A) — Pk()\) (9)
(S, (Ak_1,...,A0)) — (SilAk_ls,.,.,SilAQS)

Let us use the notation 77§ for the tangent space to the manifold
G at the unit element /. Since G is an open subset of M, (F), we
have 771G = M, (FF),
and, since Py () (identified with M, (F)™) is a linear space, at the
point £o = (Ak—_14,- - -, A1y, Aoy ), We have Ty, Pr(A) = Pr(N).
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Proposition 2: Let dag, : T1G — Pi(\) be the differential of
0z, at the unit element I. Then

doz;co (S) = (Ak,ls — SAkfl, ey
S e TiG.

ApS — SAg) € Pr(X),

(10)
Remark 1: Tt is well-known that the map do, provide a simple
description of the tangent space Ti, O(xo).
Proposition 3:

TeoO(z0) = Imdag, C Pr(N).
Hermitian product in Px(\) and 771G we will deal with in this paper
are the following ones:

<l‘1,$2> = tr(Ak,11A2712 +...tr
€T, = (Ak—li, .. .,Aoi) S Pk(A),

(Aodss

where A™ denotes the conjugate transpose of the matrix A.
Using the hermitian product (11) is easily to deduce a description

of Tpo O(z0) " for zo € Pr(N).

Proposition 4: Let zo = (Ak-14,-..,A0,) be a polynomial
matrix in Pg(\). Then (Xp_1,..., Xo) € TuuO(x0)* if and only
if

Xlz_lAk—lo — Ak—loXI:—lo + ...+ Xng — 14())(8< =0

Let ¢ a polynomial matrix, the values of eigenvalues of all poly-
nomial matrices “near” of x( are eigenvalues for some polynomial
matrix in the versal deformation of zg.

IV. PERTURBATION OF EIGENVALUE OF ARBITRARY
MULTIPLICITY WITH SINGLE EIGENVECTOR
-1 p) be a one

Let P(\;p) = A1z + A(p) with A(p) = b 0

parameter family of polynomial matrices. The eigenvalues are

1+ +/1+4p?

=+ ,
2

(12)

that they are branches of one quadruple-valued analytic function
14+ +/1+4p?
Ap) =\ Y

the exceptional points are:

1 2
-p= ii and the eigenvalues are :I:g both being double.

V2

1
- p = ——1 and the eigenvalues are =—— both being double.
-p = 0 and the eigenvalues are +1, —1 both being simple and 0
being double.

We observe that for p = %i, the polynomial matrix P(\;p) has

a single eigenvector up to a non-zero scaling factor for the double

eigenvalue A = —2

We next consider the behavior of the eigenvalues in the neighbor-
hood of one of the exceptional points. Concretely we take p = 1.
In this case the eigenvalues are not differentiable functions of %16:

parameter at p = 52, just where the double eigenvalue appears,

. . P 1.
derivative of the eigenvalues tend to infinity as p approaches to —4.

Therefore the analysis of perturbations of multiple eigenvalues with
single eigenvector, must be treated in a different manner.

Let P(A;p) be a monic polynomial matrix family and Ao an
eigenvalue of arbitrary multiplicity ¢ with single eigenvector up to
a non-zero scaling factor at the point p = po, then, there exists a
Jordan chain v, ..., vg_1 such that

P(Xo,po)vo = 0,
P’ (Mo, po)vo + P(Xo, po)v1 = 0,

(13)
PZ_I()\o,pQ)UQ + ...+ P()\O,po)'l)[71 =0,

((—1)!

and, there exists a left Jordan chain ug, ...,

UBP()‘(MPO) = 07

. uhP' (Ao, po) + uiP(Xo,po) =0, (14)

u§P(Xo, po) + ... + ui_1 P(Xo, po) = 0.

u¢—1 such that

=]
Remark 2:  a) ubP’'(Mo,po)vo =0,
b) uipl()\o,po)vo =0 <~ uiP()\o,po)’m = 0 <~

ug P’ (Mo, po)v1 = 0,

) upP'(Ao;po)vr = ui P’ (Xo;po)vo.

In order to analyze the behavior of two eigenvalues A\(p) that merge
to Ao at po, we consider a perturbation of the parameter along a
smooth curve p = p(e), where £ > 0 is a small real perturbation
parameter and p(0) = po.

Along the curve p(e) = (pi(e),.
parameter matrix family P (), p(e)),
the form of Taylor expansion

..,pr(g)) we have a one
which can be represented in

PO\ p(e)=Po+ePi+ P+ ...,
i OP(\,p(¢)) dpi
th Py = P(\ P; 22 VW PAR)) PR
with Py (Npo), PL=>7_, op; 5
_ 1 » 0P\ p(e)) dpi
P= (Zizl R
s O POLp(E)) do dy
6=l 9p;dp;  de de
where the derivatives are evaluated at po.
Taking into account that P(\,p(e)) = ZLO NiA;(p(e)

(Ak(p(e) = I.), we have that

k
= ZA’ Aig +eAiy + %Ay +..) (15)
i=0
where A, + c€Ar, + 52Ak2 + .. = In, Ay =
, OA dp;
Ae(po),  Ae, _ , 0Au(p(e)) dp Ay, —

=1 9p; de’
1 9Aup(e)) dpi 9% Ae(p(e)) dp: dp;
5 Zi:17 D D e e s sl B
2 Opi de? J=1 9piOp;  de de
and the derivatives are evaluated at po.

If Ao is a ¢-multiplicity eigenvalue of P(\;po) having a unique
eigenvector vo up to a non-zero scaling factor the perturbation
theory (see [15], for example) tell us that the ¢-fold eigenvalue Ao
generally splits into ¢ of simple eigenvalues A under perturbation
of the polynomial matrix P(\;po). These eigenvalues A and the
corresponding eigenvectors v can be represented in the form of the
Puiseux series:

A=Xo+ e + ¥+ N + V0 + ...

16
vzvo—&—sl/lwl+52/£w2+53/£w3+54/£w4+..A (16)

Lemma 1: Let po be a point such that A(po) = Ao is a f-
multiplicity eigenvalue with single eigenvector vo(po) and ug a
corresponding left eigenvector. Then, [ug]™ = Im P(Xo, po).

Proof: Let z € Im P(\o, po), then there exists a vector x such
that P(Xo,po)z = 2. So

uhz = uy P(o, po)z = 0'z = 0,

consequently Im P(Xo; po) C [uo]*. And taking into account that

rank P (Ao, po) = dim Im P(Xo, po) = n — 1 = dim[ug] ™,

we conclude the result. [ |

Corallarf 1: With the same conditions as the previous lemma,
we have. EuéPz(/\o;pg)vo + uBPZ_l()\O;po)vl + ...+
ubP'(Xo; po)ve—1 # 0.

Proof: Suppose é—uéPé()\o;po)vo + ...

1
7 0 (€—1)

1
-1

+ u§ P’ (Xo; po)ve—1

1
Then EP (Ao;po)vo  + Pé_l()\O?pO)Ul‘F
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.+ P'(Qo;po)ve—1 € ImP(Xo,po), and EP (Xo; po)vo
1
+(£ — 1)'P£71()\0;p0)’v1 + ...+ P/()\O;po)ve,1 = P(\o;po)z.
Equivalently:
Lt (A1 po)vo + ——— P (Ao po)ur +
7 0;Po)vo 1) 0;P0)V1L T ... (17)
+P'(Xo; po)ve—1 + P(Ao; po)(—x) = 0,
but the Jordan chains of the P()\;po) for A = Ao are length ¢, so
there is no vector x verifying (17).
|

A. Perturbation of double eigenvalue with single eigenvector

Firstly and for a more understanding, we analyze the case where
=2
Substituting (16) into (15) we obtain

P(X;p(e)) =
(/\(’ﬁln + A§‘1Ak710 + ..+ XA, + Aoy)+
V2RI, + (k= DN ALy, 4+ M A )+

e((RXETI 0 + %k(k — DXL + (k= DA+

1 _
5(’6 — 1)(k — 2))\0)\%)141“_10 + )\}8 lAk_11+
oot Aoy) +

A2Ai1, + AoAr, +
If v is an eigenvector for the eigenvalue A, we have that
P(X;p(e))v = P(X;p(e))(vo + ¢/

Then, we find the chain of equations for the unknowns A1, Mg, ...
and w1, W2, . ...

2w1+5w2+...):0.

P(Xo,po)vo = 0, (18)
)\1Pl(/\0;p0)7.)0 + P(Ao;po)wl =0, (19)
1
P(Xo;po)wa 4+ AL P’ (Xo; po)w: + iA%P”()\o;po)voJr 20)

A2 P’ (Xo; po)vo + P1(Ao; po)vo = 0,

1

P(Xo; po)ws + X1 P’ (Xo; po)wz + 5)\%PII(/\0;P0)U’I+

Azlil()\o;po)uh + P1(Xo; po)wi + A A2 P (Xo; po)vo+

)\?gpl”()\o;po)vo + X3P’ (Xo; po)vo + A1Pi (Xo; po)ve = 0,

' 1)

where P ()\o;po) = )\IgilAkfll + )\()Ak,Q1 + ...+ XoA11 + Aos.

Equation (18) is satisfied because v is an eigenvector correspond-
ing to the eigenvalue \g. Comparing equation (32) with (3) for i =1
we observe that wi = Ajv1 + (v for all § is a solution, we take
w1 = )\1111.

To find the value of \; we premultiply equation (20) by wf, using
the given value for w; and taking into account u§P(Xo;po) = 0 and
uy P’ (Mo; po)vo = 0 we obtain

1
AT (ugP' (Xo; po)vr + 5“6P//(/\0§p0)00) + ub P1(No; po)vo = 0.

Taking into account corollary 1 we can find

—u§P1(Xo; po)vo

A== 1
tP'()\o;po)Ul-l— UOP//()\o,po)

(22)

If ub P1(Mo;po)vo # 0 we have two values of A1 that determine
leading terms in expansions for two different eigenvalues A that
bifurcate from the double eigenvalue Ag.

. Suppose then, that ufP1(Xo; po)vo # 0. Premultiplying (21) by
Uo,
Auy P (Ao, po)ws + %X;’ut P (Xo; po)vi—+
A A2uh P (Ao po)vr + AugPr(Xo; po)vi+
A A2ub P (Xo; po)vo + )\331 ub P"" (Ao; po)vo+
A1ug Pl (Xo; po)vo = 0.
Premultiplying (20) by «} and according to 2, we have:
ug P’ (Xo; po)wz =
Aiub P’ (No; po)wi + 1)\1u1P”()\o,po)vo+
A2ui P’ (Ao; po)vo + ui P1(Ao; po)vo.
So, taking into account (22)
A1z (2u5 P (Ao; po)vr + ug P (A po)vo) =
—()\3(u§P (Mo;po)vr + 1u1P”()\o,po)vo + 1u0P”()\o,p0)
+3 up P (Mos po)vo) + Ar(ui Pr(Aos po)vo+
ug P1(Mo; po)vr + ug P (Xo; po)vo))

Since A1 (u§ P’ (Xo;po)v1 + %uép”()\o;po)vo) # 0 we obtain

1 2 1 i
\ )\%(Euép ()\O;po)vl—i—g—uép (Mo; po)vo
2= —

2(ub P! (Mo o) + ~ubP" (s po)uo)
A2 (ul P’ (Xo; po)v1+§U1P”()\0§ Po)vo)

1
2( tP’()\o;po)U1 =+ QUOP"(Ao,po)UQ)
+u0P1(/\o,po)v1 + qul(onpo)Uo + ui P1(Xo; po)vo
2( tP'()\o,po)Ul + uéP”(Ao,po)Uo)

(23)
Now, we can compute w2. We have

P(Xo; po)wz = —A1 P’ (Ao; po)wi — *>\ 1P" (Xo; po)vo

24
A2 P’ (Mo; po)vo + P1(Xo; po)vo

Lemma 2: Following condition u§P1 (Xo; po)vo # 0 we have that
P(Xo;po) + uoub Pr(Mo; po)vovs is an invertible matrix.
Proof: Let & = avo + w with w € [vo]*, be a vector in the
null space, then (P(Xo;po) + uouh P (Mo; po)vovs)x = 0.
Premultiplying by uf, we have

uy(P(Ao; po) + uotg Py (Xo; po)vovg)x = 0,

0= uou6P1(/\0;po)vové(owo +w) =
|at][[uol|*[|vo [|*ug Py (Ao; po)vo.

Then a = 0.

Consequently, z = w € [Uo}L and x € Keruouf P1(Ao; po)vovs,
so x € Ker P(\o;po) and © = (g, but = € [vg]*, then =0. ™

Now we consider the normalization condition véwg = 0, and
adding uoub P1 (Mo; po)vovs from the left to equation (24) and using
lemma 2, we find vector ws.

Using these calculations we have the following theorem.

Theorem 3: Let Ao be a double eigenvalue of the polynomial
matrix P(\;po), with a single eigenvector up to a non-zero scaling
factor, and let vp, v1 be a Jordan chain and uo, u; a left Jordan chain.
We consider a perturbation of the parameter vector along the curve
p(e) starting at po satisfying the condition A1 # 0.

Then, the double eigenvalue Ao bifurcates into two simple eigen-
values given by the relation

A= Xo+ &2\ +eda + ofe),
with A; and A2 as (22) and (23) respectively.
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B. Perturbation of a (-multiplicity eigenvalue with single
eigenvector

Now, we analyze the general case.
Analogously, substituting (16) into (15) we obtain

Pape) = Mo+e/ M+ + .. 4+edh+.. ) L+
Mo+ A+ ) Ak + o At A, )+
R

()\0 + El/é)\l + 62/2)\2 + .. .)(A10 + EA11 + 52A12 +.. )+
AOO + 51401 + €2A02 +...=

(A6In + A6 Ak—1 + -+ MoA1y + Agg)+

eV RNETIN L, 4 (B — DA 2N Ap 1y + ..o+ M AL )+

e/ (RAE"I N0 + %k(k —DAAD L, + (k= DA 204

1
5(/Yc — 1)k —2)XoAD) Ap—1g + .-+ A2A1y) + ...

If v is an eigenvector for the eigenvalue A we have that
P(X;p(e))v = P(\sp(e))(vo + e/ wi + e fwy +..) =0

Then, we find the chain of equations for the unknowns A1, Mg, ...
and w1, wa, .. ..

P(Xo,po)vo =0, (25)
)\1Pl(>\0;p0)1}0 + P(Ao;po)wl =0, (26)
P(Aoipo)wz + AP (Xo; po)wi+ .
AP (Aoi po)vo + AzP'(Moi po)vo = 0, @n
1
A3 P’ (Mo, po)vo + gA?PW(AmpO)UO‘F
1 !
5A1A2P”(Ao;po)vo + X2 P’ (Xo; po)wi+ (28)
1
iz\fp”(Ao;po)wl + A1 P’ (Xo; po)wz + P(Ao; po)ws=0,
113()\0;;00)1012 + M P (No; po)we—1+
5)\%13”()\0;1)0)?0@72 + A2 P (Xo; po)wi + ...+ (29)

Ae—1P'(Ao; po)w1 + Pi(Xo;po)vo = 0,

where Pl(Ao;p()) = )\IgilAk_ll + A()Ak_zl 4+ ...+ XoA11 + Aos.

Equation (25) is satisfied because vg is an eigenvector correspond-
ing to the eigenvalue \o. Comparing equation (26) with (3) for i = 1
we observe that wy = A\jv1 + Bup is a solution, comparing equation
(27) with (3) for i = 2 wa = A2vs + Aovs is a solution, following
in this sense w3 = A\3vs + A1 d2v2 + Az ete.

Theorem 4: Let Ao be a (-multiplicity eigenvalue of the poly-
nomial matrix P(X;po), with a single eigenvector up to a non-
zero scaling factor, and let wvo,...,v¢—1 be a Jordan chain and
Ug,...,Ur—1 a left Jordan chain. We consider a perturbation of
the parameter vector along the curve p(e) starting at po. Suppose
uhP1(Ao; po)vo # 0, then, the eigenvalue Ao bifurcates into £ simple
eigenvalues given by the relation

X=X+ A +o(e),

with

—ub P1(Xo; po)vo

T .
EuéP“()\o;po)vo + ...+ ubP'(No; po)ve—1

Remark 3: Condition uéPl()\o;po)vo # 0 holds for almost all
perturbations.

Proof: To find the value of A\; using w1 = Ajvi + Svo in
equation (20) and premultiply it by u} and taking into account remark
2 and normalization condition uéP'(Ao; po)v; = 0, we obtain

1 1
A‘{(EuBPe()\o;po)vo + Wuépbl()\o;po)mﬁ-
oo+ u§ P (No; po)ve—1) + ub Pi(Mo; po)vo = 0.

Alzlf.

Now, corollary 1 ensures the result. [ ]

V. PERTURBATION ANALYSIS OF SIMPLE EIGENVALUES OF
STANDARD SYSTEMS

We consider systems in the form £ = Ax + Bu with A € M, (C)
and B € M, xm(C), we will write the systems as a pair of matrices
(A, B).

Remember that A\ € C is an eigenvalue of the system if and only
if there exists a non-zero vector vg such that

Atvo = /\()U()7 Bt'Uo = O,
and v is called eigenvector of the system for this eigenvalue.

The eigenvalues of the system (A, B) correspond to the eigenval-
ues of the associate 1-degree singular polynomial matrix A ((I 0) +
(A B) and the eigenvectors correspond to the left eigenvectors of
the pencil.

Remark 4: The vector vy is an eigenvector of A’ corresponding
to eigenvalue Ao, So, Ao is an eigenvalue of the matrix A, and the
corresponding eigenvector ug is a left eigenvector of the matrix A°.

Definition 1: An eigenvalue Ao of a system (A, B) is called
simple if it is simple as eigenvalue of A.

Observe that an eigenvalue of A is not necessarily an eigenvector of
(A, B).

Proposition 5 ([13]): Let Ao be a simple eigenvalue of (A, B).
Then we can choose g such that uvy # 0.

Sometimes an eigenvalue of (A, B) is not simple but there may
be a feedback such that the resulting closed-loop system has a simple
eigenvalue.

Let Ao be a multiple eigenvalue of A® which is a simple eigenvalue
of A' + K'B? for some feedback K.

Proposition 6: Let Ao be an eigenvalue and v a corresponding
eigenvector of (A, B). Then Ao is an eigenvalue and vo the corre-
sponding eigenvector of (A + BK, B) for all K.

Proof: If Atvg = \ovo and Bvg = 0 then K*Bfvy = 0 and
(At -+ KtBt)vo = Aovo.

Reciprocally, if (A" + K*B*)vo = Aovo and B'vg = 0, then
At”U() = Atvo + KtBt’Uo — KtBt’U() = (At +KtBt)’U() — KtBt'U() =
Aoo. |

Corollary 2: Let K such that po is an eigenvalue of A® + KB
and wo a corresponding eigenvector. If o is not an eigenvalue of
(A, B), then B'wg # 0.

Let (A, B) be a linear system and we assume that the matrices
A, B smoothly depend on the vector of a real parameters p =
(p1,-..,pr). The function (A(p), B(p)) is called a multi-parameter
family of linear systems. Eigenvalues of linear system function are
continuous functions A(p) of the vector of parameters. In this section
we are going to study the behavior of a simple eigenvalue of the
family of linear systems (A(p), B(p)).

Let us consider a point pg in the parameter space and assume that
A(po) = Ao is a simple eigenvalue of (A(po), B(po)) = (Ao, Bo),
and v(po) = vo an eigenvector, i.e.

t t
ono = )\01}0, BO’UO = 0.

Equivalently

(Ah + K'B" v = Movo, Biuo =0, VK.

Now, we are going to review the behavior of a simple eigenvalue
A(p) of the family of standard linear systems.

The eigenvector v(p) corresponding to the simple eigenvalue A(p)
determines a one-dimensional null-subspace of the matrix operator

&gi ) smoothly dependent on p. Hence, the eigenvector v(p) can be
chosen as a smooth function of the parameters. We will try to obtain

an approximation by means their derivatives.
We write the eigenvalue problem as

(A*(p) + K*(p)B*(p))v(p) = A(p)v(p) }

B! (p)u(p) (30)
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equivalently
A'(p)u(p) = Mp)v(p)
B'(p)o(p) =0, D
Taking the derivatives with respect to p;
A (p) du(p) _ OA dv(p)
At =
o v(p) + A'(p) o, apiv(p) + Alp) a:
0B'(p) ¢, 0v(p)
B =
o v(p) + B'(p) ap.
At the point pg we have.
A" oA 0
(P52~ 1) w0 =(oal — Ao S5
Di 'Di |tp0 Pi |po 32)
9B (p) ¢ Ov(p)
3 + B*(po) 3 =0
Di po Di |po
This is a linear algebraic system of equations for the unknowns
O and ov(p) where the matrix \ol, — A’ (po) is singular with

3}% Di
rank equal n — 1 because of X\ is a s1mple elgenvalue

Lemma 3 ([13]): The matrix (Aoln, — A" (po) —uoud is invertible.
Proposition 7: With the same conditions. The system (32) has a
solution if and only if

t
(g» - A ),,0_0
Pi|pg Pi po (33)
9B'(p) e, yOU(D)
vo+ B'(po)—F5— =0
Ipi IPo Ipi Ipo

where ug is a left eigenvector for the simple eigenvalue Ao of the
matrix A°.
Proof: From first equation of (33) we obtain a solution for

Ipi \(Xo;po).

ﬁ(utv ) :Ut aAt(p)U
api oo 0 8]?1 0,
BaAt (p) 0
ox _ %. (34)
8;[)7; UOUO

We can choice g in such away that uhvy = 1
Replacing this solution in first equation of (32) we obtain

8)\
Bpl

ov(p)
8p,~

dA* (p)
6])1'

= ()\oln — At(po) — ’LLoué)_l ( ) 0.

Now we need to see if this expression verifies the second equation
of (32). [ |
Taking the partial derivative 9% /9p;0p; of both sides of eigenvalue
problem (30) we have:

|Pi

A (p)
OpiOp; olp) +
dA*(p) du(p)
826;17(]' ) dv(p)
p

é’piapjv(p) *
OA(p) 9v(p)
Op;  Op;
9’B! ( )+8B (p) Ov(p )+

apop; P op: Oy
dB' (p) Ou(p)  prO*v(p)
dOp;  Opi apzapj

DA (p) dv(p)
dpi  Ov(p)

—+

=0

At po and premultiplying the equation by u$, we can deduce an
2

expression for derivatives Alp)
OpiOp; [po
PAp) . + 02 A(p)
uhvo = uf Vo+
Opidp; |po e 9pidp; IPo ’
9A'(p)  w(p) 9A'(p)  Ov(p)
Uuo =+ u
Op; Opi [po opi Ipo Op; Ipo
g0 ) " oae) G
Ip; Ipo Ipi Ipo Ipi lpo Ip; Ipo
2 2
Knowing we can deduce the values of 07v(p)
OpiOp; Ipo IpiOp; |Po
calling S = (A*(p) — M(p)T — woub)™*
Pu(p)  _
OpiOp; |,
*A(p) 9A(p) dv(p) | OA(p) Ov(p)
S v(p) + +
( ?Piapj P) a];i Op; 8p]; Op;
_0°A (p)v(p) _ 0A'(p) du(p)  9A'(p) 8v(p)) .
OpiOp; Opi  Op; dp;  Opi

VI. PERTURBATION ANALYSIS OF SIMPLE EIGENVALUES
OF SINGULAR SYSTEMS

Finally, we consider systems in the form Fi = Ax + Bu with
E,A € M,(C) and B € Myxm(C), we will write the systems as a
triple of matrices (F, A, B).

Let M(\) = (AE + A, B) be a matrix pencil associated to the
triple (E, A, B), Ao is an eigenvalue of (E, A, B), if rank M (X\o) <
rank M (). (In the case where the matrix pencil A\E + A is regular
this is equivalent to det(AoE + A) = 0.

vp € C™ is an eigenvector corresponding to the eigenvalue Ao, if
()\()Et + At)’Uo =0 and Btvo =0.

Proposition 8: Let Ao be an eigenvalue and v a corresponding
eigenvector of (F, A, B). Then X\o is an eigenvalue and vo the
corresponding eigenvector of (E + BK1, A+ BK»,, B) for all K.

Suppose that matrices E, A, B, defining the singular system,
smoothly depend on the vector of a real parameters p = (p1,...,pr).
The function (E(p), A(p), B(p)) is called a multi-parameter family
of singular systems.

We write the eigenvalue problem as

=0
=0
(p) + K3(p)B' (p)))v(

(AE'(p) 4+ A*(p))v(p)
B'(p)v(p)

(p) =0

B*(p)v(p) :0}

equivalently

(ME*(p) + K1(p)B*(p)) + (A

Taking derivatives

O\ i OB @)
(asz( ) A apé

(2! () + A () 222

OB (p)v(p) LB

api
At the point (Mo, po) is

(e

+ —a‘gpip )) o(p)+

=0
av()

p)—5— o =0

OE*(p)
api

(AE'(p) + A'(p))

(5

A (p)
api
ov(p)

“(p) + \———~ +

v(p) + B'(p)
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Premultiplying by u{, the first equality we have [7]
oA Ok A
T T [8]
Op: - Op i/ \(x0.p0)
9B (p) vo + B2V @) —0
9P (r0,p0) 9Pi 1(30.,p0) (9]
102
D o = 1o
OB s
*Aouéﬁ vy — ué (p) vo =0 [11]
Ipi  10r0.p0) a%i (D)
=2 (v) UO+BE§—;(”) =0 2]
Pi|(x0.p0) Pi |(x0.p0)

Suppose that rank (Ao E(po) + A(po)) = n — 1, in this case we

can chose o in such away that ufve # 0. (13]
Using the normalization condition ufv(p) = 1 (it is possible
because the function uv(p) in p = po is non zero) we have that [14]
¢ Ov(p) _
Uoi —_ 0.
OPi 1 (r0.p0) [15]
Lemma 4: There exists a left eigenvector such that u$ E(po)vo # [16]
0.
Proof: Taking into account that Ao is a simple eigenvalue (17]

Elvg + (/\Etvl + Atm) # 0 for all vector v;. Taking v1 = 0
we have that Efvy # 0.

If ubE'vy = 0 we have that Fug, Aug € [vo]L, SO wug 18
an eigenvector of the linear map (Ao E + A)|jy,perr for the zero
eigenvalue of, but zero is a simple eigenvalue of A\ FE + A. [ ]

Lemma 5: The matrix Ty = MoE'(po) + A'(po) + uoud is
invertible.
Proof: uoud is a symmetric map of rank 1, uo is an eigenvector
of eigenvalue ||luo|®> and [uo]* is the null-space.
Let w € Ker Ty, we can write w = auo + w1 with wi € [uo] ™.
Then 0 = Tow and

0 = ugTow = ug(AoE* (po) + A (po) + uoup)(auo + w1) =
uf (uoud) (auo 4 w1) = alubuo)?.

Then @ = 0 and w = w1 € Keruoub, consequently (Ao E*(po) +
A'(po))w = 0, and taking into account that Ao is a simple eigenvalue
we have w = w1 = Bug € [uo]™. Finally, condition ufvo(po) # 0
implies 8 = 0 and Ty is invertible. [ ]

VII. CONCLUSION

In this paper the perturbation of a multiple eigenvalue with a
simple eigenvector of a monic polynomial matrix smoothly depending
on parameters is analyzed, as well as the perturbation of a simple
eigenvalue of a standard and a singular linear system smoothly
depending on parameters.
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