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The Derivatives of Trigonometric Functions

Chii-Huei Yu

Abstract—This article uses the mathematical software Maple for
the auxiliary tool to study the differential problem of some type of
trigonometric functions. We can obtain the closed forms of any order
derivatives of this type of functions by using binomial theorem. On the
other hand, we propose two examples to do calculation practically. The
research methods adopted in this study involved finding solutions
through manual calculations and verifying our answers by using
Maple.
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I. INTRODUCTION

s information technology advances, whether computers

can become comparable with human brains to perform
abstract tasks, such as abstract art similar to the paintings of
Picasso and musical compositions similar to those of Beethoven,
is a natural question. Currently, this appears unattainable. In
addition, whether computers can solve abstract and difficult
mathematical problems and develop abstract mathematical
theories such as those of mathematicians also appears
unfeasible. Nevertheless, in seeking for alternatives, we can
study what assistance mathematical software can provide. This
study introduces how to conduct mathematical research using
the mathematical software Maple. The main reasons of using
Maple in this study are its simple instructions and ease of use,
which enable beginners to learn the operating techniques in a
short period. By employing the powerful computing capabilities
of Maple, difficult problems can be easily solved. Even when
Maple cannot determine the solution, problem-solving hints can
be identified and inferred from the approximate values
calculated and solutions to similar problems, as determined by
Maple. For this reason, Maple can provide insights into
scientific research.

In calculus

and engineering mathematics courses,

determining the n -th order derivative value f(”>(c) of a
function f(x) at x=c, in general, needs to go through two

procedures: firstly finding the n-th order derivative f(”)(x)

of f(x), and then taking x=c into f(”)(x) . These two

procedures will make us face with increasingly complex
calculations when calculating higher order derivative values of
this function (i.e. n is large), and hence to obtain the answers
by manual calculations is not easy. In this paper, we mainly
study the differential problem of the following trigonometric
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function

f (x) = sin™ (ax + b) cos" (ax + b)

(1)

where a,b are real numbers, and m,n are non-negative
integers. We can obtain the closed forms of any order
derivatives of this type of trigonometric functions using
binomial theorem; this is the major result of this study (i.e.,
Theorem K), and hence greatly reduce the difficulty of
calculating their higher order derivative values. As for the study
of related differential problems can refer to [1-21]. In addition,
we provide two examples to do calculation practically. The
research methods adopted in this study involved finding
solutions through manual calculations and verifying these
solutions by using Maple. This type of research method not only
allows the discovery of calculation errors, but also helps modify
the original directions of thinking from manual and Maple
calculations. Therefore, Maple provides insights and guidance
regarding problem-solving methods.

Il. MAIN RESULTS

Firstly, we introduce a notation and two formulas used in this
paper.
2.1. Notation

2.1.1. Suppose n,k are positive integers, k <n . Define

(s ()

k
2.1.2. Let s be a real number, the notation|s | represents
the largest integer less than or equal to s.

. n!
~ KkI(n—k)!

2.2. Formulas

2.2.1. Euler's formula
e =cosy+isiny, where i =+/—1, and y is any real
number.

2.2.2. Suppose «, S are real numbers, then
COSx-COSf = %[cos(a + f) +cos(a — p)].

Next, we introduce an important theorem used in this study.
2.3. Binomial theorem

(u+v)" = i (n

k=o\K
and n is a positive integer.

ju”_kvk , Where u, Vv are real numbers,

Before deriving our major result, we need a lemma.
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2.4. Lemma Suppose a,b, x are real numbers, and n is a

positive integer. Then
cos" (ax + b)

1 L(n-1)/2]
= (k]cos[(n—Zk)(ax+b)]+

Zn—l -0
1+( 1) i
on |_n/2j
And

sin" (ax + b)

(n-1)/2
- an_l L kgo J(:Jcos[(n - 2k)[ax +b— %ﬂ +

1+(=p" 1 ( n
2 on | [n/2]

Proof cos" (ax + b)

n
_ l(ei(ax+b) 4+ e-i(ax+b)
2
(By Euler's formula)

:in' i (EJ[ei(aXer)]nk[ei(ax+b)]k
27 k=0

(By binomial theorem)

1 n

N ) i(n—2k)(ax-+b)
i Z [ e|(n
2" Ko\k

1 i (nJcos[(n—2k)(ax+b)]
2" Zo\k

1 L(n-1)/2]r o )
=n k§O [kjcos[(n— )(ax +b)] +
1+( D" 1 n

on \_n/ZJ

And hence

sin" (ax + b)

:cosn(ax+b—£j
2

(n-1)/
= 2n1_1 . L kzllo ZJ(:JCOS[(H — 2k)[ax +b— %):| +
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14" 1N .
2 on\|n/2]

Next, we determine the closed forms of any order derivatives
of the trigonometric function (1).

2.5. Theorem K If a,b are real numbers, m,n are
non-negative integers, and p is a positive integer. Suppose the

(2) domain of the function
f (x) =sin™ (ax + b) cos" (ax + b)
is (—oo,o0) . Then the p -th order derivative of f (X),
f(P)(X)
aP  Lm=nr2)(-1/2]rm\n |
SommT A 2|y j(m+n—2k—21)p
k=0 j=0
3) xcos[(m+n—2k—2j)(ax+b)_WJ
p Lm-pr2l(n-1/2l/m\n
+ minfl' Z Z [ J(.J(m—n—2k+2j)p
2 k=0 j=o (KNI
xcos[(m—n—zk+2j)(ax+b)_WJ
+W(Lmr72j]un_l)/2j[ j(n 2j)P cos[(n 21)(ax+b)+7}
aP[L+ (-)"] [(m- 1I2j ; or
R om+n [l_n/zjj (m—Zk) COS| (f'r]—Zl()(élX-¢—b—Ej-¢_7
(4)
forall x e R .
Proof Because
f(x)
=sin™ (ax + b) cos" (ax + b)
1 L(m-l/sz /2] (mYn . »
1+ (=" [ m JL(nl)/zJ(nj _
T om " |cos[(n — 2 j)(ax + b)]
om+n {|m/2] Eo j
L(m- 1)/2j
St 2k cos| (m —2k) ax+b-Z
2mn Ln/ZJ 5
51
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LA+ DM+ (D))

2m+n+2

®)

(veiliorz)

(By Formula 2.2.2 and Lemma)

Thus,
f(p)(X)
aP Lmr2fl(n-yr2]ry
= 2 X (J( j(m+n 2k -2j)P
2 k=0 j=o \KAI
><cos[(m+n—2k—2j)(ax+b)_WJ

aP  Lmr2fn-n/2]rmyn _
2 k=0 j=0 J

xcos[(m—n—2k+2j)(ax+b)—w

m \-D/2] ;
[Lm/zjj Z U(" 2J) COS[(n 2j)(ax+b)+ 2}

bz
2

L APl ()"]

2m+n

n

L(m V12
+ p[;;En) ][Ln/ZJj [ ](m*Zk)pcos{(m—Zk)[aHb—%}

forall x e R

I1l. EXAMPLES

For the differential problem of trigonometric functions in this
study, we propose two examples and use Theorem K to
determine the closed forms of any order derivatives of these
functions and evaluate some of their higher order derivative
values. On the other hand, we employ Maple to calculate the
approximations of these higher order derivative values and
their solutions for verifying our answers.

3.1. Example 1 Suppose the domain of the trigonometric

function
f(x)= sin8[3x + %)cos6[3x + %) (6)

is (—oo,o0) . Then by (4), we obtain any p -th order
derivative of f (x),

f(p)(X)
3p > Z[ j[?](m—zk—zj)p
k=0 j=0 J

(8—2k — p)x
2

(-
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|

ZZ

k=0 j=0
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|

(6—2j)(3x+—

(8—2k — p)7

. T
cosl (2—-2k+2j)| 3x+— |—
x {( + J)( +4j >

P8 6 i
%(LJ [,](6—2])p cos
3P

J
2?[3 i (iJ(S —2k) P cos
k=0

2
>
j=0

(8- 2k)(3x -=

()

forall xeR.

Thus, the 9-th order derivative value of f (X) at x = % ,

£(9) [ﬁj
2

2+3k+ j)x
2

86 .9
[k)[]J(M_Zk_ZJ) cos

[8](6_5)(2 —2k+2j)° cos 3K =17
kKN j 2

( j(G a)) cosw
j=0 2

( Ji[ J(B—Zk)gcosw

In the following, we use Maple to verify the correctness of (8).
>f:=x->(sin(3*x+Pi/4))"8*(cos(3*x+Pi/4))"6;
>evalf((D@@9)(f)(Pi/2),18);

(®)

-6.1873982892-10"°

>evalf(379/2713*sum(sum(8!/(K1*(8-k)1)*61/(1*(6-j)!)*(14-2*
k-2%])"9*cos((2+3*k+])*Pi/2),j=0..2),k=0..3) +379/2713*sum(
sum(8Y/(K1*(8-K) 1Y *61/(j1*(6-)1)*(2-2*k+2%])"9*cos((3*k-])*
Pi/2),j=0..2),k=0..3)+ 319/2713*81/(41*41)*sum(6/(j1*(6-j)!)*
(6-2*)79*Cos((2+)*Pi/2),j=0..2)+ 379/2713*61/(31*31)*sum(
81/(KI*(8-K)1)*(8-2*K)"9*cos((1+3*K)*Pi/2) k=0..3),18):

-6.1873982892-10'°

3.2. Example 2 Suppose the domain of the trigonometric

function
-7 Vs 10 T
X)=sin"| 5x —— |cos | bX — —
908 =in 31 Jeos? s £

is (—o0,00) . Also, using (4), we obtain

©)

g(p)(X)
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5P 3 & (7)10 _
=5 17 -2k —2j)P
216 kgojgo[kJ(jj( )
xcos{(17—2k—2j)[5x_£j_w}
6 2
5P 3 & (7)10 _
5 —3-2k+2j)P
o k;ojgo(kj(jj( +2D
x Cos[(—3— 2k +2 j)[5x _Ej _w}
6 2
5P (10N 3, (7 0 27 pr
+2T6(5Jk§)(kj(7—2k) cos{(7—2k)(5x-7j+7}
(10)
forall xeR.
Hence,
®)( 27
? [?J
B B A(TYI0) s (1+2k- )z
—ZTG-EOEO(IJ(]J(U 2k —2j)cos——— %
58 3, 4 (7)10 s (B+2k+j)7
+2W.k§0 EO(J[ j J(—3—2k+2]) cosT
+ 5° (10 i ’ (7_2k)8c05w (11)
16| 5 k 3

>g:=x->(sin(5*x-Pi/6))"7*(cos(5*x-Pi/6))"10;
>evalf((D@@8)(g)(2*Pi/3),18);

6.87371559530496597-10'°

>evalf(578/2716%sum(sum(7!/(K1*(7-K) 1y * 101/ *(10-j)1)*(17-
2%k-2%])"8*cos((1+2*k-j)*Pi/3),j=0..4),k=0..3) +5°8/2"16*
sum(sum(7Y/(K!*(7-K)1)*10/(1*(10-j)1)*(-3-2*k+2%])"8*cos((
3+2%k+j)*Pi/3),j=0..4),k=0..3)+ 58/2716%101/(5!*5!)*sum(7!
J(KI*(7-K)1)*(7-2*K)"8*cos((2+2*K)*Pi/3),k=0..3), 18);

6.87371559530496597 -10°

IV. CONCLUSION

In this paper, we provide a new method to evaluate any order
derivatives of some type of trigonometric functions. We hope
this method can be applied to solve another differential
problems. In addition, the binomial theorem plays a significant
role in the theoretical inferences of this study. In fact, the
applications of this theorem are extensive, and can be used to
easily solve many difficult problems; we endeavor to conduct
further studies on related applications. On the other hand, Maple
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also plays a vital assistive role in problem-solving. In the future,
we will extend the research topic to another calculus and
engineering mathematics problems and solve these problems by
using Maple. These results will be used as teaching materials for
Maple on education and research to enhance the connotations of
calculus and engineering mathematics.
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