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Equations of the Second Kind by using 2-Point
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Mohana Sundaram Muthuvalu, Elayaraja Aruchunan, Jumat Sulaiman and Mohammad Mehdi Rashidi

Abstract—In this paper, we introduce and analyse the
performance of 2-Point Explicit Group Successive Over-Relaxation
(2-EGSOR) iterative method for the solution of dense linear systems
that arise from second kind Fredholm integral equations. The
derivation and implementation of the proposed method are described.
We present results of some test examples and computational
complexity analysis to illustrate the efficiency of the proposed
method.
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I. INTRODUCTION

NTEGRAL equations (IEs) have been one of the principal

mathematical models in various areas of science and
engineering. The IEs are encountered in numerous applications
including continuum mechanics, potential theory, geophysics,
electricity and magnetism, kinetic theory of gases, hereditary
phenomena in physics and biology, renewal theory, quantum
mechanics, radiation, optimization, optimal control systems,
communication theory, mathematical economics, population
genetics, queuing theory, medicine, mathematical problems of
radiative  equilibrium, particle transport problems of
astrophysics and reactor theory, acoustics, fluid mechanics,
steady state heat conduction, fracture mechanics and radiative
heat transfer problems ([1], [2], [3], [4]). Consequently, in this
paper, a type of IEs i.e. linear Fredholm integral equations of

M. S. Muthuvalu is with the Department of Fundamental and Applied
Sciences, Faculty of Science and Information Technology, Universiti
Teknologi PETRONAS, 32610 Bandar Seri Iskandar, Perak, Malaysia
(corresponding author; phone: +605-3687695; e-mail:
msmuthuvalu@gmail.com).

E. Aruchunan is with the Department of Mathematics and Statistics,
Curtin University, Perth WAG6845, Australia (e-mail:
earuchunan@yahoo.com).

J. Sulaiman is with the School of Science and Technology, Universiti
Malaysia Sabah, Jalan UMS, 88400 Kota Kinabalu, Sabah, Malaysia (e-mail:
jumat@ums.edu.my).

M. M. Rashidi is with the Mechanical Engineering Department, University
of Michigan-Shanghai Jiao Tong University Joint Institute, Shanghai Jiao
Tong University, Shanghai, Peoples Republic of China and Mechanical
Engineering Department, Engineering Faculty of Bu-Ali Sina University,
Hamedan, Iran (e-mail: mm_rashidi@sjtu.edu.cn).

ISSN: 2074-1278

33

the second kind is considered.
The general form of linear Fredholm integral equations of
the second kind can be defined as follows

o0 [ Kol = 100, xefenp]. @

The right-hand side function f and kernel K are given.
Meanwhile, ¢ is the unknown function to be determined. The

kernel function K is assumed to be absolutely integrable and
satisfy the Fredholm alternative theorem [5]. The application
of numerical methods for solving the problem (1) is the focus
of this paper. There is a huge literature on numerical methods
for solving problem (1), for instance refer [6]-[11]. The
implementations of numerical methods on problem (1) mostly
lead to dense linear systems. Thus, efficient iterative solvers
are required to solve the resulting dense linear systems.

Recently, a family of block iterative methods known as
Explicit Group (EG) iterative methods has been applied widely
in solving various types of linear systems. Thus, in this paper,
performance of an iterative method under EG methods i.e. 2-
Point Explicit Group Successive Over-Relaxation (2-EGSOR)
will be investigated in solving first order composite closed
Newton-Cotes quadrature (1-CCNC) algebraic equations. The
performance of the 2-EGSOR method on 1-CCNC algebraic
equations is comparatively studied by their application in
solving problem (1). The concept of the 2-EGSOR method is
derived by combining the standard 2-Point Explicit Group (2-
EG) method with Successive Over-Relaxation (SOR)
approach. Numerical performance of the 2-EGSOR method
will be compared with the standard 2-EG method. The
standard 2-EG method is also known as 2-Point Explicit
Group Gauss-Seidel (2-EGGS) method.

This paper is organised in six main sections. Section Il
explains the derivation of 1-CCNC algebraic equations for
problem (1) followed by the formulations of the 2-EGGS and
2-EGSOR methods in Section Ill. The computational
complexity analysis and numerical results from the simulations
are given in Section IV and V respectively. Finally, concluding
remarks are given in Section VI.
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Il. 1-CCNC ALGEBRAIC EQUATIONS

In this section, discretisation of the problem (1) by using 1-
CCNC scheme is discussed. An application of the 1-CCNC
scheme for problem (1) leads to 1-CCNC algebraic equations
which will be solved by using 2-EGGS and 2-EGSOR
methods. Now, let the interval [c, ] divided uniformly into
N subintervals and the discrete set of points of x and t
given by x=a+ih (i=0L2--,N-2,N-1,N) and
tj=a+jh (j=012,+,N-2,N-1N) respectively, where

the constant step size, h is defined as follows

()

Before further explanations, the following notations i.e.,
A

A Ay A )
Ki,jEK(Xi’tj)' ¢i5¢(xi)' ngE(p(tj)and fiEf(Xi) will
be applied subsequently for simplicity.

An application of the 1-CCNC scheme reduces problem (1)
into algebraic equations as follows ([8], [12])

AN N A
<0i—ZWjKi,j<0j=fi @)
i=0

A
for i=012,---,N-2,N-LN. The solution ¢ is an
approximation of the exact solution ¢ to (1) and w j is the

weights of 1-CCNC scheme that satisfies the following
condition

h

W] = E’
ha

j=0,N
otherwise

(4)

Following the conventional process, the generated 1-CCNC
algebraic equations (3) can be written as the following matrix
form

Ap=f, (5)

where A= [ai' j Je 7N +X(N+1) s 4 real and dense coefficient

matrix with elements

1_WjKi,j7
B3 Wik
Ly

i=j 6
i=j ©)
1. 2-EGGS AND 2-EGSOR ITERATIVE METHODS

As afore-mentioned, the formulation and implementation of
the 2-EGGS and 2-EGSOR methods for solving the generated
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1-CCNC algebraic equations will be discussed. Now, let
consider any group of two points i.e., x; and Xj.q that are

N
used simultaneously to calculate the values of ¢ based on
algebraic equations (3). Therefore, at point x;, the solution is
approximated by

N

A A B A
(pi—ZWjKi’j 9= fi (i.e. equation (3)). @)
j=0
Whereas, at point X;,; the solution is given by
N N N
Piv1~ ZWij,j 9= fia. )
j=0

Now, the equations (7) and (8) can be written
simultaneously in the matrix form as follows

N
A Zai,j;\’j

i1,
fi-D 80—
j=0

i i || @ | j=i+2
Qi1 Qjsisd || = . A
i) | fia- ) anajej - D a1 #

j=0 j=i+2

©)

where coefficient matrix with size (2x2) can be easily

inverted. Thus, the equation (9) can be written in explicit form
as

N
Zai,i‘?’j

i1,
fi-Y a0~
j=0

i _irmm _ai,i+1} 52
A "Bl = a; 1i 3 i-1 N N .
Pi1 | | i+ i fi+1—zai+1’j(ﬂj— Zaiﬂ,jfﬂj
j=0 j=i+2
(10)
where |B| =detB = (ai,i Xaiﬂ’iﬂ)_ (ai+1,i Xai,i+1)- This
simplifies to the formulae
A
o |_1 8i.1i+1(C)-2j:1(D) 1)
o B|| —a:1i(C)+a;;i(D)
Pit1
with
i—1 A N N
C=fi-2aj0j= 2,49 12)
i=0 j=i+2
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and

i-1 A N R
D= fi+1_zai+1,j Q- Zai+l,j Pj- (13)
j=0

j=i+2

Hence, the iterative scheme for 2-EGGS method is given by

N (k+1)
i _1 3i11i:1(C)-a;,1(D) (14)
" B|| —aisi(C)+ai;i(D)
Piv1
for i=0,2,4,---,N-3,N -1, where
i1, N,
k k
C:fi_zai,j(Pj( ") zai,jcoj() (15)
j=0 j=i+2
and
i-1 N N N
k-1 k
D= fi+1_zai+1,j¢’j( ) Zai+1,j(0j( ). ()
j=0 j=ir2

By adding an accelerated parameter, @ into formulae (11),
the iterative scheme for 2-EGSOR method can be rewritten as

(k+1) ) o o
?i _(_p) ?i o [8i:1i+(C)-aijn D}
2" 1 e g?) L +|B|{ _ai+1,i(C)+ai,i(D)

(17)

for i=0,24,---,N-3,N -1, where C and D are as shown in
equations (15) and (16) respectively. When @ =1, the 2-
EGSOR method reduced trivially to the 2-EGGS method.

For an even subintervals, N, the number of discrete node
points is odd i.e., N +1, which results in one ungrouped point.
Therefore, the ungrouped point i.e., Xy, will be computed

based on the following point iterations

A
k+l 1
oy D)
an,N

N-1 .
fi - Z(aN,j (ﬂj(kﬂ)J (18)

j=0
and

A

10l -

N-1 .
fi - Z(aN,j cﬂj(kﬂ)J (19)
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for 2-EGGS and 2-EGSOR methods respectively. By
considering formulations of 2-EGGS and 2-EGSOR methods,
algorithm for both cases i.e. complete grouped (Case 1) and
incomplete grouped (with one single point ungrouped) (Case
2) are described in Algorithms 1 and 2 respectively.

Algorithm 1: 2-EGGS and 2-EGSOR methods for Case 1

i.  Setall the parameters
ii. Iteration cycle
for i=0,2,4,---,N-3,N-1

(k+1) N (k) ( ) ( )
?i o) @i | i41i+1(C)-2i;1(D
;i+1 “t ;H +|B|{ -2j,1i(C)+2i(D) }

iii. Convergence test. If the converge criterion i.e., the maximum

Alk+1) (k)

norm |@ - |<e& (where ¢

criterion) is satisfied, go to Step iv. Otherwise, go to Step ii.

iv. Stop.

is the convergence

Algorithm 2: 2-EGGS and 2-EGSOR methods for Case 2

i.  Setall the parameters
Iteration cycle
for i=0,24,---,N-3N-2

“ T (€)-a7.4(0)

i l-0) ¥ +2{ai+1,i+l C)-aj;.(D }

A A _ 9. . C ..

Vit it IB| 8i,1i(C)+2;;(D)
fori=N
A A N-1 A
oY (1—w)¢i(k)+a_—w_ fi - Z[ai,j (Dj(k+1)\]

1,1 j=0

iii. Convergence test. If the converge criterion i.e., the maximum

Alk+1) (k)

norm | -@ |[<e (where ¢

criterion) is satisfied, go to Step iv. Otherwise, go to Step ii.

iv. Stop.

is the convergence

IV. COMPUTATIONAL COMPLEXITY ANALYSIS

An estimation amount of the computational work has been
conducted in order to evaluate the computational complexity
of 2-EGSOR method. The computational work is estimated by
considering the arithmetic operations performed per iteration.
In estimating the computational work, the values of a; j in A

and |B| are stored beforehand. Based on Algorithm 1 (for

Case 1), the total arithmetic operations (excluding the
convergence test) involved for 2-EGSOR methods is

(N2 +2N +1)ADD/SUB+(N 2 46N +5)MUL/DIV
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per iteration. Meanwhile, for Case 2, the number of arithmetic
operations required is

(N2 +2N +1)aDD/5UB + (N2 + 6N +3MUL/ DIV

per iteration. The ADD/SUB and MUL/DIV represent
additions/subtractions and multiplications/divisions operations
respectively.

V. SIMULATION RESULTS

The following two linear Fredholm integral equations of the
second kind are used as the test problems in order to compare
the performance of the methods.

Test Problem 1 [1]
Consider the Fredholm integral equation of the second kind

o(x)- I:(4xt - Xz)(p(t)d'[ =x, xe[0],

and the exact solution is given by
o(x)=24x-9x2.

(20)

Test Problem 2 [8]
Consider the Fredholm integral equation of the second kind

o[+t -5 0, 3, 02

with the exact solution

3 1045

) 2141
X X+ —.
28

6
o(x)=x® —5x ”

For the numerical simulations, three criteria are used for a
comparative analysis i.e.

k - Number of iterations,
CPU - CPU time (in seconds) when the converged solution
is obtained,
RMSE - Root mean square error [13].
A0)

The value of initial datum, ¢ , is set to zero for both the
test problems. The computations are performed on a personal
computer with Intel(R) Core(TM) i3-2120 CPU and 4.00GB
RAM, and the programming codes are compiled by using C
language. Throughout the simulations, the convergence test

considered is ¢ =101 and tested on eight different values of
N ie. 60, 120, 240, 480, 960, 1920, 3840 and 7680.
Meanwhile, the experimental values of @ were obtained
within £0.01 by running the programs for different values of
w and choosing the one that gave the minimum number of
iterations. For the case of more than one @ (based on
minimum number of iterations), the optimum value of @ is
chosen by considering the minimum RMSE . The numerical
results of the tested methods for test problems 1 and 2 are
presented in Tables | and 11 respectively.
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TABLEI. NUMERICAL RESULTS OF TEST PROBLEM 1
N Methods k CPU RMSE

2-EGGS 183 0.13  2.29894x 10

60 2-EGSOR 40 0.04  2.29894x 10
(w=1.53)

2-EGGS 189 031 5.71079x10%

120 2-EGSOR 40 0.06  5.71079x 10
(w=1.54)

2-EGGS 192 1.10  1.42375x10%

240 2-EGSOR 40 0.25  1.42375x 10
(w=1.54)

2-EGGS 193 428  3.55480x 10"

480 2-EGSOR 41 0.94  3.55481x10%
(w=1.54)

2-EGGS 194 17.02  8.88150x 10

960 2-EGSOR 41 369  8.88154x10%
(w=1.54)

2-EGGS 194 67.92  2.21967 x 10*®

1920 2-EGSOR 41 14.64  2.21972x10®
(w=1.54)

2-EGGS 195 274.62 5.54797x 107

3840 2-EGSOR 41 58.48  5.54847 x 10
(w=1.55)

2-EGGS 195 1091.82 1.38651x 10

7680 2-EGSOR 41 235.13  1.38702x 107
(@ =1.55)

TABLE Il. NUMERICAL RESULTS OF TEST PROBLEM 2
N Methods k CPU RMSE

2-EGGS 54 0.05  2.15612x 10

60 2-EGSOR 23 0.02  2.15612x 10
(0=1.27)

2-EGGS 55 0.09  5.35413x10%

120 2-EGSOR 23 0.05 5.35413x10%
(w=1.28)

2-EGGS 55 0.32  1.33417x10%

240 2-EGSOR 23 0.14  1.33417x10%
(0=1.28)

2-EGGS 56 1.24  3.33005x 10

480 2-EGSOR 23 0.56  3.33005x 10"
(w=1.28)

2-EGGS 56 492  8.31845x 10

960 2-EGSOR 23 2.06  8.31846x10%
(w=1.29)

2-EGGS 56 19.81  2.07878x 10

1920 2-EGSOR 23 8.06  2.07879x10%
(w=1.29)

2-EGGS 56 79.49  5.19584x 10

3840 2-EGSOR 23 31.89  5.19593x 10
(w=1.29)

2-EGGS 56 317.22 1.29876x 10

7680 2-EGSOR 23 127.17  1.29885x 10
(w=1.29)
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The following tables show the approximation solutions of ¢

at some discrete points for test problems 1 and 2.
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TABLE V. NUMERICAL SOLUTIONS FOR CASE N =240 oF
TEST PROBLEM 1

X Exact Solution 2 - EGGS 2-EGSOR
TABLE Il1l. NUMERICAL SOLUTIONS FOR CASE N =60 OF
0.00000000 0.00000000
TEST PROBLEM 1 000 0.00000000 " (9,000000E+00) (0.000000E+00)
x _ ExactSolution  2-EGGS 2 —EGSOR 231032609 231032609
000000000 0.00000000 010 2.31000000 5 550900E-04) (3.260900E-04)
0.00  0.00000000 ' ' 4.44062717 4.44062717
(0.000000E+00) (0.000000E+00) 020  4.44000000 : X
10 petoooong 231522864 > 31559664 (6.271700E-04) (6.271700E-04)
(5.208640E-03) (5.228640E-03) 030 639000000 , 0:39090325 ~  6.39090325
70 azeo000g 44500637 A AE005637 (9.032500E-04)  (9.032500E-04)
' ' (1.005637E-02)  1.005637E-02 040 816000000 816115433 ~ 8.16115433
3 caoo00g 64044837 = A044831L7 (1.154330E-03) (1.154330E-03)
(1.448317E-02) (1.448317E-02) 050  9.75000000 (19;;55}&3%%3) (19;;;3?3%%3)
0.40  8.16000000 8.17850906 817850906 11.16158148 11.16158148
(1.850906E-02) (1.850906E-02) 0.60 11.16000000 a 5I81480E—03) a 5'81480E—03)
0.50  9.75000000 9.17213403 2 717213103 12.39175754 1239175754
(2.213403E-02) (2.213403E-02) 0.70  12.39000000 : :
60 11100000 1116535808 1118535808 (1.757540E-03) (1.757540E-03)
(2.535808E-02) (2.535808E-02) 080  13.44000000  13:44190861  13.44190861
070 1230000000 1241818121 1241818121 (1.908610E-03) (1.908610E-03)
(2.818121E-02) (2.818121E-02) 090 14.31000000 1431203467 1431203467
080 1344000000 1347060342 1347060342 (2.034670E-03) (2.034670E-03)
(30008425 2) (30008025 02) 100 15.00000000 QAITIED) (2135720503
1434262471  14.34262471 : - : -
0.90  14.31000000 (3.262471E-02) (3.262471E-02) (Value in the bracket shows an error of numerical solution)
15.03424509  15.03424509
1.00  15.00000000 TABLE VI. NUMERICAL SOLUTIONS FOR CASE N =480 OF

(3.424509E-02)

(3.424509E-02)

(Value in the bracket shows an error of numerical solution)

TEST PROBLEM 1

X Exact Solution 2-EGGS 2-EGSOR
TABLE IV. NUMERICAL SOLUTIONSlFOR cAseE N =120 oF 00 000000000 0.00000000 0.00000000
TEST PROBLEM ' ' (0.000000E+00) (0.000000E+00)
x  ExactSolution 2 _EGGS 2-EGSOR 010 231000000 2.31008151 2.31008151
o000 000000600 000000000 ' (8.151000E-05) (8.151000E-05)
: ' (0.000000E+00) (0.000000E-+00) 020 444000000 244015678  4.44015678
0 Juiooey 231130491 23113041 (1.567800E-04) (1.567800E-04)
' (1.304910E-03) (1.304910E-03) 030 639000000  ©:39022579  6.39022579
0 areooney 4290971 444750977 (2.257900E-04) (2.257900E-04)
: ' (2.509770E-03) (2.509770E-03) 040 816000000  0-16028855  8.16028855
0 csaoney 639801451 639361457 (2.885500E-04) (2.885500E-04)
: ' (3.614570E-03) (3.614570E-03) 050 975000000 279034506  9.75034506
0 aioooney 816461931 816461931 (3.450600E-04) (3.450600E-04)
‘ ' (4.619310E-03) (4.619310E-03) 060 11.16000000  11.16039533 ~ 11.16039533
o 7oy 075552400 975552400 (3.953300E-04) (3.953300E-04)
: ' (5.524000E-03) (5.524000E-03) 070  12.39000000  12:39043934 = 12.39043934
o i1oo0m0og 1116632862 1116632862 (4.393400E-04) (4.393400E-04)
: : (6.328620E-03) (6.378620E-03) 080 1344000000 1344047710 1344047710
0 1rasoooong 1239703319 1239703319 (4.771000E-04) (4.771000E-04)
: ' (7.033190E-03) (7.033190E-03) 090 14.31000000 1431050861  14.31050861
080 1344000000 1344763771 1344763771 (5.086100E-04) (5.086100E-04)
: ' (7.637710E-03) (7.637710E-03) 100  15.00000000  1>-00053387 ~ 15.00053387
000 1431000000 1431814216 1431814216 _ (5.338700E-04) (5.338700E-04)
. . (8.142160E-03) (8.142160E-03) (Value in the bracket shows an error of numerical solution)
100 1500000000 1500854656 1500854656

(8.546560E-03)

(8.546560E-03)

(Value in the bracket shows an error of numerical solution)
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TABLE VII. NUMERICAL SOLUTIONS FOR CASE N =960 OF
TEST PROBLEM 1
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TABLE IX. NUMERICAL SOLUTIONS FOR CASE N = 3840 oF
TEST PROBLEM 1

x  ExactSolution  2-EGGS 2-EGSOR x  ExactSolution  2-EGGS 2 _EGSOR
000 000000000 ('Cronooeaon) (0.000000E+00) % 090000000 (oo 00 (0.000000E400)
TR S TR
TR Re MeRTa A
o o S S e e
040 816000000 (/iuioies) (rovaooomos) OO B16000000 o oE 06 (45100006-06)
TR g ST
o i S IR o e e Ly
0701239000000\ Govsnoeon Losgaoon OO 1239000000 (5Eihnnoeoe) (e scooooe.0n
IR TR
oo o SE SIS o e e e
00 1500000009 1500013346  15.00013346 00 150000000 1500000834 1500000834

(1.334600E-04)

(1.334600E-04)

(8.340000E-06)

(8.340000E-06)

(Value in the bracket shows an error of numerical solution)

(Value in the bracket shows an error of numerical solution)

TABLE VIIl. NUMERICAL SOLUTIONS FOR CASE N =1920 oF  TABLE X. NUMERICAL SOLUTIONS FOR CASE N =7680 OF
TEST PROBLEM 1 TEST PROBLEM 1
X Exact Solution 2-EGGS 2—EGSOR X Exact Solution 2-EGGS 2—EGSOR
000 0.00000000 ) onnoe00) (00o00o0Evo0) 0% 90000000 5 ohnoneion) (o.000000E+00)
010 231000000 (s hooonopon) (soaoonomon 10 231000000 (s%ihniorny aso0n0oeon
020 444000000 5 choonoeo) (osooonomon 020 444000000 (5'ionoery (6100000800
030 639000000 (\ionoes) (artonoeos 00 639000000 (5ionoen) (s.a00000E-0n
040 816000000 () bidonoeos) (oosonomos 040 816000000 (\’iinoron) (1130000800
050 97000000 )’ onoens) 2asonomos 0% STS00000 (\’iior e (36000000
080 1116000000 () ovoone s (2arnonoeon 000 HS000000 (\ Sivnine ) (1sa0n00e.op)
070 1239000000 () isonoe-o) (2rasononcn 070 1239000000\ %vine sy (72000000
080 134000000 () ronens) (ooeoonoecs %0 134000000\ ione o) (1.as0n0o-0n
090 1431000000 3\ sonoe o) (aazoonoecn 00 1431000000\ Gonnioe o) (190000006
1.00  15.00000000 15.00003337 15.00003337 1.00  15.00000000 15.00000208 15.00000209

(3.337000E-05)

(3.337000E-05)

(2.080000E-06)

(2.090000E-06)

(Value in the bracket shows an error of numerical solution)
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(Value in the bracket shows an error of numerical solution)
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TEST PROBLEM 2

NUMERICAL SOLUTIONS FOR CASE N =60 OF

TABLE XIII.
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TEST PROBLEM 2

NUMERICAL SOLUTIONS FOR CASE N =240 OF

X Exact Solution 2 - EGGS 2—EGSOR X Exact Solution 2—-EGGS 2—-EGSOR
000 254880952 Sonoserop) Laovsesecn) 000 254809524 oot oa) (s16700E-08
010 Z5IU0Z gy apprsean R0 2595802 g erioneon (o a2000E-00
00 24068 oeic ey qammineay 020 24018 e (eenaneon
030 290127581 ({usrisoron) aorisoean %0 PO s on (oa52000E-00
040 BSHIM (neon) psoriseon 020 SLSHEIL (oaionens (vososooe-od
080 34T00T8 (i oy qasermean 00 0078 (v os) (uisaomoeod
080 384904552 (o oprnne 0p) omseaoecn) 000 3494552 snnne os (vanzecoe-od
010 281840 o s gy assoroean 70 2878 (g on (1 azorsoeon
080 4181952 (o Coconn.0n) eosoosan) %0 TSI daiving oe) (1 esiotoe-o
090 SISO ot oy osoaneon 00 SV (oisines (worsssoend
1.00  59.80952381 59.84432928 59.84432928 1.00  59.80952381 59.81169794 59.81169794

(3.480547E-02)

(3.480547E-02)

(2.174130E-03)

(2.174130E-03)

(Value in the bracket shows an error of numerical solution)

TABLE XII. NUMERICAL SOLUTIONS FOR CASE N =120 OF
TEST PROBLEM 2

(Value in the bracket shows an error of numerical solution)

TABLE XIV. NUMERICAL SOLUTIONS FOR CASE N =480 oOF
TEST PROBLEM 2

x _ ExactSolution  2_EGGS 2 - EGSOR x  ExactSolution  2-EGGS 2-EGSOR
000 254880954 (soiie oy (ostosoeny 0% 54095 iiinoe o (oosteooe.on
010 2590302 (s onine oy (ossooecy 10 ZSII02(oecTone oy (2o657o0E-00
020 211068 (i oy asseooeny 020 240168 o loranoe o (o 167a00E-0
030 2901275281 (?f?fllff:é%é) (?f?fllffgé%é) 030 2901275281 (;257153(?:%% (22_ 2;7153(?3%%
040 SLSIBL () ippuee oy (iozaeorny 40 SSRGSt on (os7soone-o
080 TONTIH (yeiosmecy @eisioesy O IO ooy (osszsooeo
000 3BV (o1t o sorrreoeny OO0 FB4S02 (Gisunoe oy (s s6900E-0
070  42.87824424 (;3.153953;191(?2%3*3) (égfgfglgé%%) 070  42.87824424 (;2555(?012_1074) (;_ Egggolé_loz)
TR ML
090 SIS0 ooy (reoreeoeny 0% SISMIE (renenie oy (r esso0e-0
00 5os00sp3, 5981822120 50.81822129 00 508005235 5981006733  50.81006733

(8.697480E-03)

(8.697480E-03)

(5.435200E-04)

(5.435200E-04)

(Value in the bracket shows an error of numerical solution)
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TABLE XV. NUMERICAL SOLUTIONS FOR CASE N =960 OF
TEST PROBLEM 2

TABLE XVII.
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OF TEST PROBLEM 2

NUMERICAL SOLUTIONS FOR CASE N = 3840

x  ExactSolution  2-EGGS 2-EGSOR x  ExactSolution  2-EGGS 2 _EGSOR
oo SN o 00 B (ot fen
o s SEh GO0 SE (e G
020 2114068 grnoons aoomeos 2 2M40IR oo o (s aaooone o
o sz S Sl o0 mamm RN Soien,
o s IR Gl o0 s SEEE JSRC,
om0 s SR e 00 s MR S,
o0 (SIS e 00w i s
on_amn SIETG S o0 amewn SSETG Bome,
o wwer (et dien 00 TS (et G
o0 mamss SIST) (o 0% S Chnil o,
100 598005235  29:80965969  50.80965969 100 598005235  09:80953230  50.80953230

(1.358800E-04)

(1.358800E-04)

(8.490000E-06)

(8.490000E-06)

(Value in the bracket shows an error of numerical solution)

(Value in the bracket shows an error of numerical solution)

TABLE XVI. NUMERICAL SOLUTIONS FOR CASE N =1920 oOF  TABLE XVIII. NUMERICAL SOLUTIONS FOR CASE N = 7680
TEST PROBLEM 2 OF TEST PROBLEM 2
» Exact Solution 2 _EGGS 2 _EGSOR X Exact Solution 2—-EGGS 2-EGSOR
000 2548809524 1 oo 5 (1 orooooE0s) 000 2548809524 Sonone ) (7 s000o00E-0
010 2602 paioone s (1 ootoooE0s) 10 5902 g lonone 07 (s 100000E0
020 211063 i sioonenn (o sssooe0s) 020 P03 o Conone 07) (s sono00E-0n
030 2901275281 (12.?15110207557%;5) (fig’llgggg_‘é) 030 2901275281 (922(?010207557027) (92_ igolgggsg)
040 SLSOIEL (Gooe s (otooooE0s) 40 SLSSOIEL (Ginnooe o) (1 o10000E 00
050 SATOS0TTH (i ssaoooe 05 (1sozoooE0s) %0 HTON0TTE 4 1snooe o) (1 130000E.00)
080 3049046552 ) osenooe 05 (2oseoo0E0s) 000 3409552 punnooe o) (1 o30000E-08)
070 42T sianooe s (ostoooE0s) OO 428TEM2S(inooe o) (1 aanoooE.00
080 4TSI coaoone s (posmoooE0s) %0 TSI ccone o) (1 6sno0oE-00)
090 SISO soinonens) (posaoooEcs) %0 SIS (urnonen (1 sTooooE 0o
1.00  59.80952381 59.80955778 59.80955778 100 59.80952381 59.80952593 59.80952593

(3.397000E-05)

(3.397000E-05)

(2.120000E-06)

(2.120000E-06)

(Value in the bracket shows an error of numerical solution)
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VI. CONCLUSION

In this paper, 2-EGSOR method has been successfully
applied in solving linear Fredholm integral equations of the
second kind. By referring Tables I and 11, the numerical results
show that implementation of the 2-EGSOR method solved the
both test problems with minimum number of iterations and
fastest CPU time. In terms of accuracy, numerical solutions
obtained via 2-EGSOR method are in good agreement
compared to the 2-EGGS method. Through the observation in
Tables 111 to XVIII, increment of N improved the accuracy of
numerical solutions and maximum error of the numerical
solution occurred at point x =1.00 for both test problems.
Finally, it can be summarized that the 2-EGSOR method is
better than 2-EGGS method, especially in the aspect of
number of iterations and CPU time.
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