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Existence and Uniqueness of the Weak Solution
of a (time-dependent) Advection-Diffusion PDE

Atefeh Hasan-Zadeh, Neda Asasian and Mohammad Ali Aroon

Abstract—This paper deals with time-dependent advection-
diffusion equation which covers gas absorption, solid dissolution,
heat and mass transfer in falling film or pipe and other similar
equations of transport phenomena. Among various works about the
solution of these PDEs by numerically and somewhat analytically
methods, a general analytic framework for the equations is proposed.
In fact, drawing upon advanced ingredients of Sobolev spaces, weak
solutions and some important integral inequalities, an analytic
methodology is presented for the existence and uniqueness of the
weak solution of these PDEs which is the best solution in the
proposed structure. Then, the weak solution of the general parabolic
boundary value problem, covering transport phenomena PDEs, can
be obtained by a reduced system of ODE. Furthermore, the new
approach supports infinite propagation speed of disturbances of
(time—dependent) advection—diffusion equations in semi-infinite
media.

Keywords— Advection—diffusion equation, Integral inequality,
Parabloic boundary value problem, Transport phenomena, Weak
solution; sobolev space.

I. INTRODUCTION

Transport phenomena are a way that chemical engineers
group together three areas of study that have certain ideas

in common: fluid mechanics, heat transfer and mass
transfer, [1-2]. The idea behind the conservation of mass and
energy results in a general form of equation of change,
including several common terms such as accumulation,
diffusion, and convection.

A known form of such partial differential equations is time-
dependent advection-diffusion equation and describes physical
phenomena where mass and/or energy are transferred inside a
physical system due to two processes: diffusion and
convection.

These equations are equally important in soil physics, bio-
physics, petroleum engineering and chemical engineering for
describing similar processes, [3-6]. Such PDEs can be solved
analytically only in special cases, ([6-8]; however, a large
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number of advanced numerical methods have been developed
to approximate the solution to the equations, [9-12].

Among various boundary value problems in the field of
phenomena transport, in Section II.A, we introduce some of its
known problems such as gas absorption and solid dissolution
in falling film, advection—diffusion in semi-infinite media and
heat and mass transfer inside a circular pipe.

Then in Section I1.B, some functional analysis ingredients
has been given which result in the presentation of the general
framework.

A tabular comparison has been done between four known
problems of transport phenomena and our general
initial/boundary problem has been presented in Section I1.C.

Finally, after the explanation of the motivation of the
proposed methodology (Section I1Il1.A), the main result
expressed and proved in Theorem 1 (Section I11.B).

Also, our new approach that is proving the existence and
uniqueness of the weak solution of the general problem result
in the reduction of the general initial/boundary PDE to a
system of ODE which easily has been solved.

The other advantage of the proposed methodology is that
the maximum of the function in some interior of the film at a
positive time can be estimated by the minimum of it in the
same region at a later time. This fact supports infinite
propagation speed of disturbances of advection—diffusion

equations which has been proved in Corollary 1.
Preliminaries
[l. PRELIMINARIES
A. Introducing some boundary value problem in
engineering

Problem 1: Gas absorption in falling film ([1])

For example consider absorption of gas component A
diffusing into a laminar falling liquid film (B) leads to the

following problem

2
xj oxa _p

Vmax[l_[_ 5~ Dre

ach

o e’

Umax, 9, Dag : constant, (1)

C :dependentariable,

X, Z :independert vriable,
where & is the thickness of the falling liquid film, v, is the

maximum velocity, ca(x,z) is the concentration of A and
D g is the diffusion coefficient of A in the film B.


mailto:n.asasian@ut.ac.ir

INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS AND INFORMATICS

The boundary conditions are

z=0, CA=Cap

x=0, cp=Cp, (2)
X=90, aC—A=O.
oX

The first boundary condition corresponds to the fact that the
film consists of a constant concentration of A fi.e.,c, ) at top,

and the second indicated that at the liquid—gas interface the
concentration of A is determined by the solubility of A in
B fi.e.,ca ). The third one states that A cannot diffuse through

the solid wall.
Problem 2: Solid dissolution in falling film ([1-2])

In the case of dissolution of a solid matter (A) into a
falling liquid film near the wall, as the notion above, we have

the following problem
ac

ax—A =
oz
D ag : constant,

cp :dependenvwariable,

X, z :independert vriable,

®)

with the boundary conditions
Z=0, CA =CA0,
x=0, Ca :CAﬁ’

(4)

Xzé, CA :CAO'

Problem 3: Advection—diffusion equation with variable
coefficients in semi-infinite media ([5-6])

A one-dimensional linear advection—diffusion equation,
derived on the principle of conservation of mass, is
A

ocp, 0 ac

—2 =—| D(x,t)—=—u(x,t ,
at 6x(( )ax ( )CAJ
cp :dependentvariable,

X :independert vriable,

Q)

where D and u are called dispersion coefficient and velocity
of the flow field, respectively, and c,(x,t) is the dispersing
solute concentration at a position X along the longitudinal
direction at time, t .

The initial and boundary conditions may be written as

x>0;t=0, ca(xt)=0,

x=0:1>0, cA(x,t)cho, (6)
X —o0; t>0, aC—A:O.
oX

Problem 4: Heat and mass transfer in a fully-developed
laminar flow inside a circular pipe ([2])

The energy equation inside a circular pipe in the region far
away from the entrance with a fully developed and parabolic
velocity distribution can be written as
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2pc,U

r)? 22T 1T
1-| L = g 22|
R Ford o2 ror
R, x, x, Pp ,U, :constant,

T :dependentariable,
r, z:independert vriable,

("

where T is temperature of the fluid, « is the thermal
conductivity of the fluid, c, is the specific heat of the fluid at

constant pressure, R is the radius of pipe, U, is the average

velocity of the fluid over the cross-section, and p is the

density of the fluid.
The boundary conditions are

2=0, T=T,,
r=R,

r=0

(8)

Now, we study some analytic notions which are needed in
the sequel.

B. Preliminaries of functional analysis

In this section, an extended structure for four problems
mentioned in Section A has been exposed. For this purpose,
only a summary of some notions from functional analysis has
been given to establish the main result and to make the paper
essentially self-contained, for more details refer to [13-15].

Assume U be an open, bounded subset of R" and consider

the Sobolev space W P(U) consists of all locally summable
functions u:U —» R such that for each multiindex « with

lof <k , D*U exists in the weak sense which means that for all

q [vedx and the weak
U

derivation belongs to LP(U). We denote by wP(U) the

test functions CZ(U),  [uD%pdx=(-1)
U

closure of CX(U) in W*PU) and W*?(U) with H*(QU),
then HO(U FL2(U).

Consider a variation of the initial/lboundary—value problems
mentioned in Section A, such as

ug+Pu="f, inUg,
u=0, onau x[0,T],
u=g onUx{t=0},

©)

where Ur:=U x(0,T] for some fixed time T>0, f:U; >R

and g:U—>R are given, and u:U; >R is the unknown;
u=u(x,t). The letter P denotes for each time t a second—order
partial differential operator, having the nondivergece form

n
Pu:-z al (x,t)JX_Xj+Zbi(x,t)uxi+c(x,t)u, (10)
ij=1 =1
for given coefficients a' b'.c (ij=1...,n).
Assume for now that al,b'cel®(Ur) (ij=L....n),

fel?(Ur), gel?(Uq) and a=al’ (ij=1,...n).



INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS AND INFORMATICS

The time—dependent bilinear form has been defined as

F[u,v;t]:JAZn:aij (-t vy +Zn:bi(.,t)uxiv +c(.,thuvd, (11)
Ui L E

For u,veH3(U)x, 0<t<T a.e

C. Statement of the problem

The initial/boundary value problem (9) covers four
problems mentioned in Section A, and all of them can be
expressed in the form of (10).

In fact, considering the open subset U as an open subset
containing the falling film/semi—infinite media results in the
following comparable results.

Table 1. Statement of the Problem

n | Equation/ | Corresponding
Problem Condition | Equation/Condition
First
equation First equation of (9)
of (1) and with u=ca(t.x,z).
Q).
First and | Initial condition of
second 9)
land2 2 | condition | with
of (2) and g:{ cal?) x=9,
(4)_ CA, otherwise.
Third
condition | Boundary condition
of (2) and | of (9).
(4).
First . First equation of (9)
equation with u=ca(t,x).
of (5) ’
First and
second Initial condition of
condition | (9).
3 L | o (6).
Boundary condition
Third of 9) with
equation :{CA(t)v x>>M,
of (6) CA, otherwise,
forsomeM >0 .
First First equation of (9)
equation with variation
of (7) u=Ttr,z).
First and | Initial condition of
4 2 second 9) with
condition :{ T(z) r=R,
of (8) T, otherwise.
Th'm.l . Boundary condition
condition of (9)
of (8) . '
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Then the problem of existence and uniqueness of the
solution of the boundary value problems (1)-(8) reduced to the
existence and uniqueness of the solution of initial/boundary
value problem (9). For this purpose, the weak solutions of it
will be searched..

I1l. OUR METHODOLOGY: WEAK SOLUTIONS

A. Motivation for exposing weak solution

As the notions of Section 11.B, let u=u(x_t)is in fact a
smooth solution of our parabolic problem (9). Now switch the
viewpoint, by associating with u a mapping, u:[0,T]— H3(U)
defined by [u(t)[x):=u(xt) (xeU0<t<T).

Returning to problem (9), similarly define :[0,T]— L2(U)
by [f(t)[x):=f(xt) (xeU,0<t<T).

Then if we fix a function ve H§(U) , multiply the PDE (3)
by v and integrate by parts, to find

(U VHF[uv;t (V) (:%j
for each 0<t<T, the pairing (,) denoting inner product in
L2(U) and F is defined as the equation (11). Then

n
—~0 j :
U=g E gx‘j inUy
=
n

n
for g0=f-2biuxi-cu and ngZaijuxi (ij=1...,n). Then the
i=1 i=1

(12)
(13)

right hand side of (13) lies in the Sobolev space H™(U).

n 2
"ut"H'l(U) < [2“9’ iz(u)] < C("u"Hé(U )+||f||L2(U)j :
j=0

This estimate suggests it may be reasonable to look for a

weak solution with u'e H'l(U) for a.e. (almost everywhere)
time 0<t<T; in which case the first term in (6) can be

expressed as (u',v), (,) being the pairing of H'(U) and
But

uel20T;H5UL))  with

u'e LZ(O,T;H()l(U )) which satisfies in equation (12) for each

H(l)(u ). a function

veH}(U) and ae. time 0<t<T, and u(0fg is a weak
solution of the parabolic initial/boundary value problem (9).

B. Existence and uniqueness of the weak solution

Theorem 1. The weak solution of the gas absorption
equation (1), the solid dissolution equation (3) in falling film,
advection—diffusion equation (5) in semi—infinite media, and
heat and transfer equation (7) inside a circular pipe, with
initial/boundary conditions (2), (4), (6) and (8), respectively,
exists and is unique.

Proof. From Table 1 of Section Il. C, it is suffices to prove
this for initial/boundary problem (9). The proof arranged in
four steps:
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Step 1. Let the functions g=g (x) (k=L...) are smooth,

1

) and is an orthonormal

{o Sy is an orthogonal basis of H
basis of L2(U) .

Fix a positive integer m . a function u,:[0,T]—HU) of
the form

Un ©:=_ o (o
k=1

will be found where we want to select the coefficients pf (t)
(0<t<Tk=L,...,m) so that

(14)

ok 0F(g. o) (k=L....m) (15)
and
(U'm 01 FF[um it () (0<t<Tk=L,...,m) (16)

where, (,) denotes the inner product in L2(U).

Thus a function u, of the form (14) can be found that
satisfies the projection (15) of problem (9) onto the finite
dimensional subspace spanned by {g, i, .

For this purpose assuming u,, has the structure (14), at first

note from orthonormal property of {p i, in L*(U),
(U (t). 2 FRR" E) -

m
Furthermore F[um,(ok;t]=2ekl(t)prln(t), for e (tEFlp.ot]
1=1

(kI=1...m). Let fX(t)=(f(t) o) (=1...m). Then (16)
becomes the linear system of ODE
, m
ph O+ e Opn M) (k=L...m), (17)
1=1
subject to the initial conditions (15).
According to standard existence theory for ordinary
differential equations, there exists a unique absolutely

continuous function pm(t):=(prln(t)|....pm(t)) satisfying (15) and
(17) fora.e., 0<t<T.

Step 2. Now propose to send m to infinity and to show a
subsequence of our solutions u,, of the approximate problems

(15), (16) converges to a weak solution of (9).

For this some uniform estimates such as energy estimates
will be necessary which states there exists a constant c,
depending only on U , T and the coefficients of L, such that

MaX gt [l (tlh} @ )+||Um ®)] 12(0,T:Hi(U ))+||U'm (t]h_z orHL)
< iz o) m=12

According to the energy estimates (18), the sequence
{umJ2 is bounded in L? (O,T;H(l)(u )) and {u', |7 is bounded
in LZ(O,T;H{)l(U)).

Consequently there exists a subsequence {umI }|°0:1 c {um}ﬁz1

(18)

and a function ue2(0T;HA(U)) with ue L2(0,T;HG (U)) such
that
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Up —Uu  weaklyin LZ(O,T;H%(U)
Up, —> U weaklyin LZ(O,T;H(')l(U)

Next fix an integer N and choose a function
ve Cl([OvT]? H3(U )) having the form

v(tripwm

where {p, }ﬁ'zl are given smooth functions. We choose m>N ,

(19)

(20)

multiply (16) by eX(t), sum k=1....,N , and then integrate with
respectto t find

IOT (um,v>+F[um,v;t]dt =-‘;T(f,v):it

Set m=m, and recall (19), to find upon passing to weak
limits that

T T
J. (u,v)+F[u,v;t]dt:I(f,v)it
0 0
This equality then holds for all functions
vel? (O,T;H(l,(u )) as functions of the form (20) are dense in
this space. Hence in particular
(uv+FluvitE(Fy) wWeHgU), 0<t<T ae

(21)

(22)

(23)

furthermore we have ue C([O,T]; L2 ))
Step 3. In order to prove u(0)=g , first note from (22) that

E(v,u>+F [u,v;t]dt=ﬁf ,v dt+(u(0),v(0)),

(24)
vV e Cl([O,T]; H3U )) v(T =0

.
Similarly, from (21), deduce that J.-(v',um)rF[um,v;t]dtz
0

J-Ozf,v)dt+(um(o),v(0)). Set m=m, and once again employ (19) to
find

T T
IO-(V,U>+F[u,v;t]dtzjo(f,v)jt+(g,v(0))

Since upy, (0)— g in L2(U). As v(0) is arbitrary, comparing
(24) and (25), concludes that u(0)=g .

Step 4. Also a weak solution of (9) is unique. Since it
suffices to check that the only weak solution of (9) with
f=g=01su=0.

To prove this, observe that by setting v=u in identity (23)
(for f =0) results (of [13-14])

d

_G"“"é(u )j”:[U:U;t]:<U,U>B[u,u;t]:o

dt

(25)

(26)

Since then

Fluwt]> plulfy g 7ulzg) > 7l

Gronwall's inequality ([15]), and (26) imply u=0.
The structure of the proof can be coincided in Figure 1.
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Looking for the function

m
um(t):=th1(t)(pk that satisfies the
k=1

projection (15) of problem (9) onto the
finite dimensional subspace spanned

v

Reduction the PDE (3) to system of ODE

m—w Energy estimation

Showing a subsequence of our solutions up,

of the approximate problems (15), (16)
converges to a weak solution of (3)

b

Uniqueness of weak
u(0}g e

Gronwall's
inequality

\4

Existence of weak solution

Fig 1. Structure of the proof of Theorem 1

Corollary 1. The uniformly PDE (9) supports infinite
propagation speed of disturbances. Then can be suitable for
(time—dependent) advection—diffusion, heat and mass—transfer
equations in some inconvenient falling films such as semi-
infinite media with more propagation.

Proof. Assume ueC?Z(U) solves u+Pu=0 and u>0 in
U . Suppose V ccU is connected. Then Harnak's inequality
([15]), states that for each O<t; <t, <T, there exists a
constant ¢ such that supy u(,t)<cinfy u(,t,). The constant
¢ depends only on V,t;,t, and the coefficient of P (of

course, if the coefficients are continuous or bounded, it is
manageable, too). Then, Harnack's inequality states that if u is
a nonnegative solution of our parabolic PDE, then the
maximum of u in some interior at a positive time can be
estimated by the minimum of u in the same region at a later
time.

Assume UGC]_Z(UT)OC(E) and c¢=0in U;. Suppose
also U is connected. If u+Pu<0in U; and u attains its
maximum over U; at a point (xg,up)eUr, likewise, if
u+Pu>0 in Ur and u attains its maximum over U7 ata
point (xq,uq)eUs then of Harnack inequality we have u is
constant on Uy .
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IV. CONCLUSION

In this paper, a novel methodology was presented to
examine existence and uniqueness of the weak solution of gas
absorption and solid dissolution in falling film, advection—
diffusion in semi-infinite media and heat and mass transfer
inside a circular pipe which are the most important problems
in the field of phenomena transport. In fact some advanced
functional analysis ingredients have been caused to present a
general framework for these PDEs and showed that weak
solution is the best one in this structure.

The main advantage of our approach is that it provides a
general methodology which outperforms the numerical
methods. Also it results in the reduction of the general
initial/boundary PDE to a system of ODE which easily can be
solved. The other benefit is that it supports infinite
propagation speed of disturbances of advection—diffusion
equations in some awkward falling films such as semi-infinite
media.
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