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On the Split (s, t)-Padovan and (s, t)-Perrin
Quaternions

Orhan Digkaya and Hamza Menken

Abstract—In this paper we consider the generalization of Padovan
and Perrin quaternions. We define the split (s, ¢)-Padovan and (s, t)-
Perrin quaternions which generalize Padovan and Perrin quaternions.
We derive the Binet-like formulas for the split (s,t)-Padovan and
(s,t)-Perrin quaternions. We establish their generating functions.
Also, we obtain certain binomial sums regarding the split (s,t)-
Padovan and (s, t)-Perrin quaternions.

Keywords—Padovan quaternion, Perrin quaternion, Binet-like for-
mula, Generating function, Binomial sum.

I. INTRODUCTION

The split quaternions were defined by James Cockle in
1849. The quaternions were defined by Hamilton in 1943 as
an extension to the complex numbers. They are formed a four
dimensional real vector space with a multiplicative operation.
They have played a significant role in physical science, dif-
ferential geometry, analysis and synthesis of mechanism and
mechines, theory of relativity and others. Unlike the quaternion
algebra, the split quaternions contain zero divisors, nilpotent
elements and non-trivial idempotents. A split quaternion is
defined by

q = Goeo + q1€1 + q2€2 + q3€e3

where qg, g1, g2 and g3 are real numbers and eg = 1, e; = 1,
es = j and es = k are the standard basis in R*. Then we can
write

q=54+V,

where S; = qoeg and V; = qre1 + gaez + gzes. Sy is called
the scalar part of the split quaternion q and V, is called the
vector part of the split quaternion q. The split quaternion
multiplication is defined using the rules;

efz—l, 6326326:23:1
€1€2 — —€9€1 — €3
€9€3 — —€3€y = —€1
and
€361 — —€1€3 = €9.

This algebra is associative and non-commutative . Let ¢ =
qo€o +g1e1 +gae2 + gses and p = poeg + p1e1 + paes + p3es
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be any two split quaternions. Then the addition and subtraction
of the split quaternions is

qFp = (qoFpo)eo+ (g1 Fp1)e1+ (q2 Fp2)ea+ (g3 Fp3)es

and multiplication of the split quaternions is

qoeo + qre1 + qz2e2 + qzes)(poeo + pre1 + paez + p3es)

qp = (
= (qopo — q1p1 + q2p2 + q3p3)eo

)

qop1 + q1po + q2p3 — qap2)er

qop2 + q2po — q1p3 + q3p1)e2
)

+(
+(
+ (qops + q3po + q1p2 — q2p1)es

and for £ € R the multiplication by scalar is
kq = kqoeo + kqrer + kqaea + kgses.

The basic operations on the two split quaternions given above
can also be seen in [1] and [7].
Special number sequences have play important role in mathe-
matics and applied sciences. Moreover, some special number
sequences such as Fibonacci, Lucas, Pell, Jacobsthal, Padovan
and Perrin sequences have many applications in art, music,
photography, architecture, painting, engineering, geometry and
others. It is well-known that the term golden ratio is defined
the ratio of two consecutive Fibonacci numbers converges to
L +2\/5 ~ 1.618034.

The golden ratio has many applications in engineering,
physics, architecture, arts and other. In similar way, the ratio
of two consecutive Padovan or Perrin numbers converges to

o1 1 /23 /1 1 [23
oy s - 22~ 132471
\/2+6 3+\/2 6\ 3 LTS,

that is called as ”plastic ratio”. The plastic ratio (number)
was first defined by Gerard Cordonnier in 1924. He described
applications to architecture and illustrated the use of the plastic
number in many buildings. Furthermore, the plastic number is
the unique real root of the equation

22— —-1=0,

the characteristic equation of Padovan number sequences. (see
[4], [6], [9]). The Padovan sequence { P, },,>¢ is defined by the
initial values Py = P; = P, = 1 and the recurrence relation

Poi3=Poi1+ Py, for all n > 0. (1)
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First few terms of this sequence are
1,1,1,2,2,3,4,5,7,9,12,16,21,28. The Perrin sequence
{Ry}n>0 is defined by the initial values Ry = 3, Ry = 0 and
Ry = 2 and the recurrence relation

Rn+3 - Rn+1 + Rn, fOI' all n 2 0 (2)

First few terms of Perrin sequence are
3,0,2,3,2,5,5,7,10,12,17,22,29. Padovan and Perrin
sequence can be found in [2], [6], [8], [9].

A generalization of the Padovan sequence {P, },>¢, which
is called the (s,t)-Padovan sequence, say {Py(s,t)}n>0 is
defined by the following recurrence relation for n > 0 and any
integer numbers s > 0 and t # 0 such that 27t% — 453 # 0:

PTL+3(S7 t) = S,Pn_t,_1(3, t) + tpn(sa t)v 3

where Py(s,t) = 0, Pi(s,t) = 1 and Pa(s,t) = 0. To
simplify notation, we take P, (s,t) = Pp.

A generalization of the Perrin sequence {Rn}nzo, which is
called the (s, t)-Perrin sequence, say {R(s,t)}n>0 is defined
by the following recurrence relation for n > 0 and any integer
numbers s > 0 and t # 0 such that 27t? — 453 # 0:

Rn+3(8, t) = S’R,nJrl(S, t) + tRn(& t), (4)

where Ro(s,t) = 3, Ri(s,t) = 0 and Ra(s,t) = 2s. To
simplify notation, take R,(s,t) = R,. The (s,t)-Padovan
and (s, t)-Perrin sequences were investigated in [2].

For every x € N, one can write the Binet-like formulas for
the (s,t)-Padovan and (s, t)-Perrin sequences as the form

P =aa™ +b8" + " 5)

and
Rp=a"+ 8" +7" (6)

where «, 8 and v are the roots of the characteristic equation
3 —
x> —sx—t=0 (7

associated with (1) and (2), where

TG R s V)
(o= B)(a—7)’ (B—a)(B—7)
_fa-nE-1
(@=7)(B -~
The Binet-like formulas for the (s,¢)—Padovan and

(s,t)—Perrin sequences were given in [2]. In the present
work we define the nth split Padovan and Perrin quaternions
by the formulas

SP, = Pyeg + Ppiie1 + Pyyoes + Py iaes ®)
and
SR, = Ryeo + Rpt1e1 + Ryqpoes + Ryyaes )

where P, and R,, are the nth Padovan and Perrin number.
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ITI. SPLIT (s,t)—PADOVAN AND (s,t)— PERRIN
QUATERNIONS

The (p, ¢)-Fibonacci quaternions were defined and studied
in [5]. As generalization of the Padovan and Perrin, the
(s,t)-Padovan and (s, t)-Perrin quaternions were defined and
investigated in [3]. In this work we consider their split cases.
In this section, we define two new split quaternions that are
split (s,t)—Padovan and (s, t)—Perrin quaternions. Then, we
give their Binet-like formulas, generating functions and certain
binomial sums.

Definition 1. The split (s,t)—Padovan quaternion sequence

{SPn(Sat)}nZO is deﬁned by
Slpn(sat) = Preo +Pn+161 +Pn+2€2 +Pn+3€3 (10)

where P, is the nth (s,t)—Padovan number. To simplify
notation, we take SPy(s,t) = SPp.

Definition 2. The split (s,t)—Perrin quaternion sequence
{SR.(s,t) }n>0 is defined by
SRn(s, t) =R,eo + Rn+161 + Rn+262 + Rn+3€3 (11D

where R, is the nth (s,t)—Perrin number. To simplify nota-
tion, we take SRy (s,t) = SR,.

Theorem 3 (Binet-like formula). The Binet-like formulas for
the nth split (s,t)—Padovan quaternion is

SP,, = ada™ + bBB" + A", n>=0 (12)
where
& = eg + aey + ey + a’e,
B =eq+ Ber + ez + Bes,
and

4 = e+ ver +7’e2 + e

Proof: From the definition of nth split (s,t)—Padovan
quaternion SP,, in (10) and Binet-like formula for the nth
(s,t)—Padovan number P,,, we write

SPn = Pneo + Pnyier + Prnioea + Pryses

= (aa" + 6" + cy")eg

+ (aa™ 4 bET 4oy,

+ (a0 4 5B 4 ey ey

+ (a3 4+ 5B 4 ey ey

= a(eg + ey + a’ey + a’ez)a”
+ bleo + Ber + BPez + BPes)B"
+ c(eg + ver +72ea + Yie3)y"

= ada™ + bBS™ + A"

Thus, the proof is completed. [ ]

Theorem 4 (Binet-like formula). The Binet-like formula for
the nth split (s,t)—Perrin quaternion is

SR, = aa™ + A" +47",  n=0 (13)
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where
& =eg+ ey + a’eq + a363,

B = eo + Ber + B2z + Bes,
and
4 = eo +ve1 +72e2 + Ves.

Proof: From the definition of nth split (s,¢)—Perrin
quaternion SR, in (11) and Binet-like formula for the nth
(s,t)—Perrin number R,,, we write

SRy = Rneo + Rusie1 + Rpuqoez + Ryqses

— (a'n/ + /8'”/ + ,yn)eo
4 (an+1 + ﬂn+1 + ’}/n+1)61
an+2 4 Bn+2 4 ,Yn+2)e2
an+3 + ﬁn-&-S + 7n+3)83
3

(
(
(eo + ae; + a’es 4+ a’ez)a™
+ (eo + Bey + Bes + Bles) ™
+ (eo +ve1 + 72 + 7 e3)y"

= Ga™ + BB™ + 49"

_|_
+

Thus, the proof is completed. ]

Theorem 5. The generating function for the nth split
(s,t)—Padovan quaternion is

_e1+ ses+ (eg + sey + teg)x 4 (teg)a?
Gsp(r) = 1— sx? —ta? '

Proof: Assume that the function
Gsp(x) =Y  SPpa" = SPy + SP1x + Py’
n=0

+ 8Py + ...+ SPua" + ...

be generating function of the split (s, ¢)—Padovan quaternions.
Multiply both of side of the equality by the term —sx? such
as

—s8Pyz? — sSP1a® — sSPyzt
— 88Psx® — ... — sSSPz T2 — ...

—s2%Gsp(z)

and multiply by the term —tx3 such as
—ta3Gsp(x) = —tSPoa® — tSP1a* — tSPya®
—t8Psa® — . —tSP "t — ..
Then, let (1 — sx? — ta®)Gsp(z) = A. We write
A =8Py + SPix + (SPy — sSPy) x>

+ (87)3 — sSP; — tSP0)$3 + ...
+ (8P, — sSPp_2 —tSPp_3)z" + ...

Now, by using
SPy = e1 + ses,

SP1 = eg + seq + teg,
SPy = seq + tes + ses,
and

SP, — sSP,,_o —tSP,,_3 =0,
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we obtain that

e1 + sez + (eg + sez + tes)x + (teg)x?
1— sz2 — tz3 ’

Gsp(x) =

Thus, the proof is completed. [ ]

Theorem 6. The generating function of the nth split
(s,t)—Perrin quaternion is

_ 3eg + 2sey + 3tes + (2e1 + 3tes + 2s%e3)x

Gor(w) = 1— sa? —ta3
(—seg + 3tey + 2stez)a?
1— sx2 —ta3
Proof: Let

Gsr(z) = > SRua" = SRo + SRz + SRya?
n=0

+SRax® + ...+ SRz + ...

be generating function of the split (s,¢)—Perrin quaternions.
Now multiply both of side of the equality by term —sz? such
as

75x2ggn(x) = —sSRoz? — sSR12> — sSRyzt
— sSR3z® — ... — sSR,a" T2 — ...
and multiply by —tz> such as
—tx?’ggn(x) = —tSRoz> — tSRiz* — tSRo2°
—tSR3z% — ... —tSRa"t3 — ...
Then, let (1 — s2? — t2®)Gsgr () = B we write
B = SRO + S'R,l.i? + (SRQ — SSRQ).’EQ

+ (8R3 — S8Ry — tSR0)£U3 + ...
+ (SR — 5SRy_5 — tSRm_3)a™ + ...

By using
SRy = 3eq + 2se5 + 3tes,
SR1 = 2se; + 3tes + 2s%es,

SRy = 2seq + 3teq + 2s%eq + Hstes,

and
SRn — SSRnfg — tS’R,nfg = 0,
we obtain that
_ 3eg + 2sey + 3tes + (2e1 + 3teg + 2s%e3)x
- 1—sx2 —ta3
(—seg + 3tey + 2stez)x?
1—sz2 —ta3

Gswr(7)

This completes the proof.

Theorem 7. Let m be a positive integer. Then,

m

>

n=0

<m) sSSP, = SPa.
n
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Proof:  Applying Binet-like formula (12), let

St (M)smtm TSP, = C. We obtain the identities
C= i ™) sm e (a0 + BB + Ay
n=0 "

m
n=0

Note that, for any real numbers a and b, and any positive

integer m, the identity
(m> aTLb’H’L—TI
n

ad(sa+1)™ +bB(sB+ )" + cH(sy + )"

a® =sa+t, B3 =sB+tand v3 = sy +t are due to (7).
Hence,

m

(@rtym =3

n=0

(14)

holds. Hence

adad™ + b353m + C’Ay’)/?)m
Thus, the proof is completed.

Theorem 8. Let m be a positive integer. Then,

S <m> SHNSR, = SRanm
n
n=0

Proof: Applying Binet-like formula (13) and combining
this with (14) and (7), let >, (Z)s"tm_"SRn =D. We
obtain the identity

D=3 (1 )srerraen + 58" 45

m
n=

=a(sa+t)" +B(sB+1)" +A(sy+1)™
:&a3m+363m+;}/73m

Thus, the proof is completed.

Theorem 9. Let m be a positive integer. Then,

m

>

k=0

<TZ> Smiktkspn—k = SP7L+2m

Proof: Applying Binet-like formula (12) and combining
this with (14 ) and (7), let >, (') s™ *t*"SP_ = E. We
obtain the identity

m

m R
E = SRR (@@ R + 03B TR 4 4y R
g:o (k) ( Jofe] ")

(1)

mfktk

(s)™ FtkarTm 4 pB(sp) ™ kg™
k=0

+c3(s7) gl

—ad(so+ )" "™ + bB(sB + )" B

+cA(sy + 1)y T™

—aGa T2 4 pAATEET 4 Ryt

nfm)
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Thus, the proof is completed.

Theorem 10. Let m be a positive integer. Then,
m

D

m
( >Smktk8Rn—k = SR7L+2m
k=0

k

Proof: Applying Binet-like formula (13) and combining
this with (14 ) and (7), let }_;" (7)) s™ *t* SR, = F. we
obtain the identity

m m )
F = Smfktk: aanfk + n—=k +
I;) ( k) ( BB

s n—k

A" T)

k
mfktk;

<m> (d(sa)mfktkanfm + B(sﬂ)mfktkﬂn’m
0
,y'n—m)
s+ )" ™ 4 B(sp 4 t) " BT
+(sy 1)y
:dan+2m + 3ﬁn+2m + ,3/,}/7z+2m

—_— =~

Thus, the proof is completed.

ITII. CONCLUSION

The Fibonacci, Padovan and Perrin, and their generaliza-
tions play an important role in mathematics applied science, art
and architectural, etc. We firstly take into consideration split
quaternions and basic operations while preparing this work.
Then, we define the new generalizations of the Padovan and
Perrin as the split (s, t)-Padovan and (s, t)-Perrin quaternions.
We give their Binet-like formulas and the generating functions.
Also we obtain certain binomial sums and identities for them.
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