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Abstract—The exact solutions of non-linear evolution equa-
tion, Benjamin equation, Dullin-Gottwald-Holm (DGH) equation
and generalized Dullin-Gottwald-Holm equation are established
using the conserved vectors. The multiplier approach is applied
to construct the conserved vectors for equations under consider-
ation. For non-linear evolution equation three conserved vectors
and for Benjamin equation four conserved vectors are obtained.
The conserved vectors for DGH and generalized DGH equations
were reported in [1]. The higher order multiplier is considered for
DGH equation and a new conserved vector is found. The double
reduction theory is utilized to obtain various exact solutions
for Benjamin equation, DGH equation and generalized DGH
equation.

I. INTRODUCTION

The association of symmetries (Noether, Lie-Biacklund or
non-local) with the conserved vectors plays an imperative
role in the development of a new method for construction
of exact solutions for partial differential equations (PDEs).
The interested reader is referred to some important works
in this direction. The classical Noether’s theorem [2] pro-
vides a relationship between conservation laws and variational
symmetries. Kara et al [3] derived the relationship between
Lie-Bécklund symmetries and conserved vectors. This idea of
association was extended to non-local symmetries by Sjoberg
[4], [5]. In [6], [7], Sjoberg developed the double reduction
theory for PDEs with two independent variables and this theory
based on symmetry conservation laws relationship. A k*" order
PDE with two independent variables can be reduced to an
ordinary differential equation (ODE) of order k — 1 provided
that at least one symmetry is associated with the conserved
vector. Recently, Bokhari et al [9] generalized the double
redaction theory for PDEs with n independent variables.

This article deals with the exact solutions of (1 + 1)-
dimensional non-linear evolution equation, Benjamin equation,
DGH equation and generalized DGH equation. The non-linear
evolution equation is a general form of some important
equations like duffing equation, Landau-Ginburg-Higgs
equation, sine-Gordon equation, q§4 equation, Klein-Gordon
equation [9-16] etc. The multiplier approach also known
as variational derivative approach is exploited to construct
conservation laws for equations under consideration. Stuedel
[17] introduced the multiplier approach and the conserved
vectors were written in characteristic form as D;T? = A®E,,.
The determining equations for the multipliers (characteristics)
were obtained by taking the wvariational derivative of
D;T! QR“E, for the arbitrary functions not only for
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solutions of system of partial differential equations [18].
There are some other methods as well to obtain conservation
laws. The comparison of different approaches to compute
conservation laws for some PDEs was given in [19] (see
also references therein). The symmetry conservation laws
relationship is used to determine symmetries associated with
the conserved vectors. Then the double reduction theory is
applied to find exact solutions of under study equations. Some
explicit solutions of DGH and generalized DGH equations
are computed by utilizing the sine-cosine method [27,28].

The arrangement scheme of this article is as follows. In
Section 2, we define some basic definitions, the characteristic
approach and double reduction theory. Conservation laws
and exact solutions of non-linear evolution equation are
discussed in section 3. Section 4 deals with the conservation
laws and solutions of Benjamin equation. We construct
conservation laws and exact solutions of DGH equation and
generalized DGH equation in Sections 5 and 6 respectively.
The concluding remarks are summarized at last.

I1.
The following definitions are well known [1], [3], [6], [7].

PRELIMINARIES

Suppose a k' order system of partial differential equations
(PDEs)

Ga(x,u,u(l),u(g),...,u(k)) =0, a=1,2,...,m, €))]
where = (z',2?,....,2™) are the independent variables
with coordinates x% and u = (u',u?,....,u™) the dependent

variables with coordinates u®. In Eq. (1) u; symbolize the
collection of ith order partial derivatives i.e.

o « o «@
uit = Di(u®), ui; = D;jDju®, ...,

where

0
9zt

0 0

« «
¥ —— + u¥ —
b oue R 8u§¥

is known as the operator of total differentiation with respect
to x'.

The summation convention is adapted throughout for repeated
indices.

D; + + +..., 2)

The Lie-Bicklund or generalized operator is defined
as
. 0 0 0
= g - x__ Ot e, 3
X=¢ e +1n Sue + §>1 ot g 3)
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where £, n® € A (space of differential functions). In Eq. (3)

i1..i, are the additional coefficients and can be found from

(= Di(W*) + &,

97

& =Dy Dy (W) + &, L, s>1. ()

A conserved vector of (1) is an n-tuple T =
(TY,T?,...,T"), T'eA, i=1,2,...,n, if

D;T" =0, )

holds for all solutions of (1).

The characteristic or multiplier A“ for conservation laws of
system (1) satisfies the property [16], [17]

A% (Gy) = D;T". (6)

The determining equations for multipliers can be constructed
by taking variational derivative on both sides of Eq. (6) (see

[171)

E,[A%(Ga)] =0, (7
where E, is the Euler operator, for each a, given by
0 , 0
Eu = aua +Z(_1)6D11..Dzbaua77 o = 1,2’...,m.
s>1 1.0
®)

If X and T are the Lie-Biacklund symmetry generator and
conserved vector respectively of system (1) and if

X(T + DT —TD;(¢") =0, i=1,2,...,n, (9)

then X is said to be associated with 7.

In case if X is not associated with T, then the following
theorem helps to find 7™, such that X will be associated with
T*.

Theorem [20], [21]: Let X is the Lie symmetry generator
and T is the conserved vector of (1), then

T = X(T")+T'D; (&) —=TD;(&"), i=1,2,..,n, (10)
forms a new conserved vector of (1) which satisfies D;T;" = 0.

One can obtain a reduced conserved form of the k"
order PDE (1) with two independent and one dependent
variable by utilizing the associated symmetry along with the
conserved vector of (1). In terms of similarity variables r, s
with the symmetry X = 9/0s, the conservation laws can be
expressed as

D, T" 4+ D,T° =0, (11
where T and T in terms of old variables (t, X) are
s T'Dy(s)+T*Dy(s) (12)
Dy(r)Dz(s) — Da(r)Dy(s)’
TtD T*D,
. () + T*D.(r) -

" Dy(r)Dy(s) — Dy(r)Dy(s)

Since the conserved components 7° and 7" are func-
tions of (s,r,w,w,, Wy, ...,w,x-1)) for solutions under
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the action of X and 7% and 7% are functions of
(t, 2, u, w1y, Uy, v, U(k—1)), therefore Eq. (11) implies that

oT*

D, T" =0,
0s +
which results in
X orT?
T = P dr + g(s).

The association of X with T gives rise to X7° = 0 and
XT" = 0, which further yields
0
—T"=0 —T°=0.
Js s

The conservation law in similarity variables reduces to

and 4

D, T" =0. (14)
Double reduction theorem [6]: A k" order PDE with
two independent variables and one dependent variable which
admits a symmetry generator X and is associated with the
conserved vector T is reduced to a (k — 1)th order ODE i.e.
T" =k, where T" can be determined from the formula given
in (13).

III. CONSERVATION LAWS AND EXACT SOLUTION OF

NON-LINEAR EVOLUTION EQUATION

In this section, we will derive the conservation laws of
a non-linear evolution equation by utilizing the multipliers
approach, then using these conserved vectors we will work out
for the exact solution of non-linear evolution equation using the
double reduction theorem. The nonlinear evolution equation is

Ugt + QUgy + bu + cu® =0, (15)

where v = wu(t,x) and a,b,c are constants. Consider the
multiplier of the form A = A(¢, x, u, us, u,). The determining
equations for multiplier of (15) are obtained by solving

Eu[A(uy + atgy + bu + cu‘g)] =0, (16)

where E, is the Euler operator described in (8).
Expansion of Eq. (16) gives rise to

Ay (Ut + agy + bu 4 cu®) — Dy[Ay, (use + atigs + bu + cu®)
— Dy [Ay, (Ut + atige + bu + cu®)] + A(b + 3cu?)

+ D?[A] + D?[aA] = 0. 17)

Simple but lengthy manipulations lead to the following system

Azx = 07 utAzut - Aa: = 0> Autut = 07 Au = 07

uy + augAy =0, uzAy, +uwAy, —A=0. (18)

The solution of system (18) capitulates the following multiplier
Aty z, u,ug, uy) = (—atds + do)ug + (dsz + dy )uy,

where dy, ds and d3 are arbitrary constants. The choice of
constants one by one equal to one and rest to zero yields

A =uy, Ay =wu,, A3 = —atu, + xu,. (19)
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The conserved vectors corresponding to the multipliers (19)
are

1 1 1
T = §u2 — §aui + Zcu4 + ibuz, 17 = augug,
1 1 1 1
T = upuy, TS = ——u? + ~cu* + Zbu® 4+ ~au?,
4 2 12 (20)
2 2 4 2

Ts = — 508Uy — atuty + 5Tl + ik + ibxu ,

x 1 a1 2 L o Lo o
15 = —zactu — §abtu + §atut + arugus — 3@ tuy.

Now we apply the symmetry conservation laws relationship to
find out which symmetry is associated with conserved vector.
Then with the help of double reduction theorem we will
determine the exact solution of (15). Eq. (15) possesses the
Lie point symmetry generators

9 9 X3 = —xg +at—
ot’ A e A '
Exact solution of Eq. (15) using 73: The Lie symmetries
X, and X5 are associated with the conserved vector T7. The
reduced conserved form of Eq. (15) can be obtained by using
the combination of symmetries X = X7 +aX5. The canonical

0

X1 = Xo = 21

form X = 0/0q is derived by solving the characteristic
equation

dt dr du dr ds

1 a 0 0 1°
Thus

s=t, r=x—at, u=u(r), (22)
where « is a parameter. Making use of (13), we obtain

T = oT} - TY. (23)

Under the change of variables (22) and substituting 77 =
(Tt, TF) from (20), Eq. (23) transforms to

3 1 1
e ;auf + Zacu4 + ibau%
Since Eq. (24) satisfies D, 7] = 0 which implies that 7] = c;.
Replacement of T = c; in Eq. (24) to obtain

Ty =

(24)

3 1 1
M—Taauf + ZQCU4 + §bau2 =c1.

The solution of Eq. (25) gives rise to

1o, 1, 0 [ 2
i/(cl—zcu —u ) 2du = m(m at)+ca, (26)

which constitutes the solution of Eq. (15). Using Maple, we
obtain an alternative solution of Eq. (15)

1

\/cl(ab + a(ab? + 4c¢i0))

(25)

. yJala? + a)(ab + /a(al? T dero))
[2¢1JacobiSN( Vaa(a t o?) T+ Ca,
\/— (4clc+2b2a+2b\/m) cic

2cic+ b2a + by/a (b2a +4dec) )
r=x— at. 27
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Exact solution of Eq. (15) wusing 75: Using relation
(9) one can easily verify that Lie symmetries X; and X5 are
associated with the conserved vector 75. In terms of canonical
coordinates, the reduced form of conserved vector 15 is
T = ozTée - T5. (28)
Utilizing T = (T%,T¥) from (20) and setting T3 = c¢; in
above equation, we arrive at
2
—af — 1 1
%uf - ibuz — ZCU4

From Eq. (29), we find the same solution as given in (26).

(29)

=Ci.

Remarks: X; is not associated with the conserved vector
Ts = (T4, T¥). Using relation (10), we find that

1 1 1 1
T3t = —augu,, T3" = —Eacu4 — §abu2 + §auf — iazui,
(30)

which is a constant multiple of T5. Hence in this case we get
the same solution of Eq. (15) as derived in Eq. (??). Similarly
X is not associated with T3 = (T%, T%) and applying the
relation (10), we conclude that

1 1 1 1 .

T3t = ZCU4 + ibu2 +5 56”%2“ T3 = augug. (31)
The resulting vector T5* obtained in Eq. (31) is just a constant
multiple of 7T, so we obtain the same solution of Eq. (15) as
in (26).

2
Uy —

The vector X3 is associated with 73, but in terms of
canonical

IV. BENJAMIN EQUATION

Consider the following nonlinear Benjamin equation

Usp + 2aui + 2autyy + bUgprr = 0, (32)

where u = wu(t,z) and a,b are constants. The Benjamin
equation describes the dynamics of long internal gravity waves
in fluid flow where the surface tension effect cannot be
disregarded [10]. The multipliers A = A(t, z,u) of Eq. (32)
are obtained from the determining equation [18]
Eu[A(ug + 2002 + 20utizy + Digrez)] =0,  (33)

where F, is defined in (8). Expansion of Eq. (33) gives rise
to

Ay (Ut + 2002 + 20Utzp + Digrrs) + 20Uy,
—D,[A(4auy)] + D?[A] + D2[A(2au)] + Di[bA] = 0. (34)

Equating the coefficients of (34) with respect to different
combinations of u yield the following over determined system

Ay =0, Agp=0, A,=0. (35)
The solution of system (35) established four multipliers
A1 = 1, A2 = t, A3 =, A4 =tx. (36)
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Thus we obtain four conservation laws corresponding to mul-
tipliers (36)

Tf =, 17 = 2auuy + buggs,
TQt = —u+tu,, T3 =2atuuy + btugys,
T:f =zuy, 15 =2azuuy — au® — bugy + bruye.,
Ti = —zu + teuy, Tf = 2atzuuy, — atu® — btugy + btxUprsy.
(37)
Eq. (32) possesses the following three symmetries
X = %, X5 = %, X3 = t% + %x({% — u%. (38)

Exact solution of Eq. (32) using 77: We can obtain a
reduced conserved form of the PDE by using the association
of symmetries with the conserved vectors. From relation (9) it
can be easily shown that X 1 and X5 both are associated with
T,. The generator X = % + a% yield X = 0/0q subject
to the similarity variables in (22). The r-component of 7 is
then obtained by utilizing (13)

T" = a?u, + 2aut, + bty (39)
Setting 7" = ¢; in Eq. (39) gives

a2, + 2aun, + bipp, = c1. 40)
Integration of Eq. (40) with respect to r yields

a?u+ au? + buy, = 17 + co, 41)

where c; and cy are arbitrary constants. The above equation
does not admit any symmetry generator hence it can not be
reduced further by using the double reduction theorem [6].
However for particular solution and for sake of simplicity we
set c; = 0 in Eq. (41) to obtain

a?u+ au® + buy, = co. 42)

We introduce u,,- as %UT, then the above equation results in

1
updu, = ~(co — o?u — au®)du.

43
; “3)
Integration of Eq. (43) leads to
2 1 1
Uy = :I:\/b(@u — §a2u2 — gau?’ + ¢3), (44)

which finally yields

2 1
:l:/g(CQU - §a2u2 -
45)

The above solution satisfies Eq. (32).

Reduction/solution of Eq. (4.1) using 7, : The symmetry
X3 = t% + %az% — u% is associated with the conserved
vector Ty (given in equation (37)). Using Lie symmetry X3,
we compute the similarity transformation

=
\/{57
The r-component of the conserved vector T} is obtained by
utilizing (13) and (46)

s=1In(t), A(r)=tu (46)

r =

Tr = gTj T, (47)
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which finally yields
1
—r? A= 770 Ar =208 AA - a AP+ Ay —br Arpr = Ky, (48)

where we have used 7] = k;. Eq. (48) admits the following
polynomial solution

Vvaky +b 2
Ay = £ Y E0 T (49)
a 2a
which in terms of original variables capitulates
Vvaki +b 22
tx) == — . 50
u(t, @) at 2at? (50)

Remarks: X5 is associated with 75 whereas X7 is not. Using
relation (10), we obtain 735 which is associated with X; as
well as Xy, but 75 = T1, hence we get the same result as in
(45).

X1 is associated with T3 whereas X5 is not. From (10), we
compute T3 which is associated with X, as well as X7, but
T3 =T, therefore we obtain the same result derived in (45).

The relationship (9) shows thatX; and X, are not associated
with 7. Employing the same procedure, we obtain 7)) which
is associated with X; as well as X5, but T = T7, thats why
we attain the same result as in (45).

V. CONSERVATION LAWS AND EXACT SOLUTIONS OF
DULLIN-GOTTWALD-HOLM EQUATION

The integrable shallow water wave equation with linear
and non-linear dispersions recognized as the Dullin-Gottwald-
Holm (DGH) equation [1,22,23]

=0,
(5D
where o and /2w represents square of length scales and
w denotes the linear speed for undisturbed water at rest and
u(t,x) is the fluid velocity. Following two conservation laws
of (51) are reported in [1] corresponding to the multiplier A =
A(t, o, u, g, ug):

2

3 1
Tf = u—ozzum, 7 = §u2+2wufoz2uumf§a2ui+’yum,

1 1
th = 5'&2 — iazui - OZQUJUMM
1
T35 = wu? + u? — PP ug, + Pugu, + V(g — fui)
(52)

Now, we will consider the higher order multipliers A =
A(t,z, u, ut, Uy, ugy) to compute the associated conservation
laws fluxes. The determining equations for multipliers of the
form (7) yield

E,[A(ug + 2wuy + 3uuy

- 042 (utww + 2uzuzaz + uuza:a:) + 'Yuzxa:)] = Oa (53)
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where F, is the Euler operator presented in (8). Expansion of
(53) provides

A[(us + 2wty + 3utty — 02 (Uize + 2Uplpy + Ullpey)

+ YU )] + A3y — P tgppsr) — D[y, (us + 2w, + 3ut,
— & Utz + 2UpUsgy + Wpz) + Ylgzz) + A

— DAy, (us + 2wty + 3uty, — o (Upr + 2Uplzy + Ullprs)
+ VUgper) + A2w + 3u — 202Uy,

+ D2[A,, (us + 2wy + 3ut, — o (Uspe

Uz

+ Uy + Ullgas) + Vi) + A(—207u,)] (54)
—D3[A(—a*u+7)] — D2Dy(—a?) = 0. (55)
The solution of system (55) for multiplier A results in
dsa’+/2
A =dyu+dy + s0” V2 . (56)

\/2oz4um — 202%u — 202w — vy

where dy, ds and d3 are arbitrary constants. The choice of
constants established the following three multipliers

V2
\/2044um —202u — 202w — v
(57)
The first two multipliers are the same as derived in [1] and the
conserved vectors are given in Eq. (52). The new higher order
multiplier is related to constant ds. Thus the new conserved
vector corresponding to the multiplier As is

Alzu, A2:1, A3:

T?f = \/_'7 - 20w — \/2a4u:1::1: — 202U — 202w — Vs

TF = —\/20 gy — 2020 — 202w — yu — %m
a

+ lg\/2a4um. — 20%u — 202w — 7. (58)
el

Eq. (51) admits symmetries with generators

0 0
E? X2 - %a
0 3y .0 (—2w—2u)a®—v 09
X3 = ta - (t’LU + ﬁt)% + 20&2 -

X =

ou’
(59

The symmetries X; and X5 are associated with 73, 75 and
T3 whereas X3 is not associated with any of these conserved
vectors.

Exact solution of Eq. (51) using 7i: Since X; and
X5 are associated with 7} so the combination of these
symmetries X = X; + $X, yield the generator X = 9/0q
under the change of coordinates

s=x, r=p0t—x, u=ur). (60)
The r-component of T} is achieved using (13)
7 = ﬁTf —1T7. (61)

In terms of canonical variables, Eq. (61) becomes
1

So’uy + (*u—po® —y)ur, = ki, (62)

(B —2w)u— gu2 +
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where we have used 77 = k.
The solution of Eq. (62) is
a2 2
i/ o’u+t fa” +y du
V(=a2u + Ba2 + ) (Bu? — 2ulw — ud — 2kju + ¢1)
R (63)

which comprise the solution of (51). In order to get closed
form solution(s) we use sine-cosine method which was
presented in [27,28] and is represented below briefly:

Sine-Cosine Algorithm:

e Integrate the ODE P(u,tuy,Upr,...) = 0 as many
times as possible and set the constants of integration
equal zero.

e  Consider the solution of the form

u(r) = Asin(ur)®, (64)

or

u(r) = Acos(ur)”, (65)
where the parameters A, p and x are need to be
determined.

e  Substitute (64) or (65) in P(u, s, Upp,...) = 0 and
balance the terms of sine functions when (64) is used
or balance the terms of cosine functions when (65) is
utilized.

e  Separate the terms with respect to powers of sine
or cosine functions to obtain algebraic system of
equations in terms of A\, x4 and x and then solve this
system to obtian these parameters.

Employing the above mentioned algorithm to Eq. (62) and
setting k; = 0 we obtain the following two solutions

v+ 2wa? 5, 02T + At ol
ul(tax) = - O[Q COSh ( 2043 )7 ﬁ = _gy
(66)
v+2wa? | 5 o’z -+t ¥
us(t,z) = 2 sinh”( e ), 8= el
(67)

Exact solution of Eq. (51) using 75: Both the symmetries
X1 and X5 are associated with T5. The r-component of 75 is

Ty = BT — T% .

If Tp = (T, T¥) from (52) is substituted in above equation,
then we obtain

(%ﬁfw) 27u3+%(ﬂa2+7)uf+(a2u2—ﬁoﬁu—yu)um, = ko.

(68)
Writing u,. = ‘Z:; u, and then integration gives rise to the
same solution as obtained in case-1 above. The closed form
solutions of (68) are obtained using sine-cosine algorithm as
described above and then the exact solutions of (51) finally

expressed as
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v + 2wa? 9,x— [t
uy(t,z) = 2 cosh”( 5 ), (69)
y+2wa? | o x— ft
us(t,z) = 2 sinh”( 50, ). (70)

Exact solution of Eq. (51) using 73: It can be easily
verified that X; and X5 are associated with T3 hence we obtain
the same coordinates as derived in (60). Applying (13), we get
the reduced conserved form

BV =7 — 202w — /20 Uy — 202U — 202w — 7)

+ V20 U, — 202U — 202w — yu + 12\/ —y — 202w
a

- 12\/2044117.,. — 202y — 202w — v = k3, 1)
!
which yields
(f—2 — B4 u)v20 U — 2020 — 202w — v
a
7 + 8)vV =y — 202w = ks. (72)
!
Taking square and then simplification results in
pot, U= (35 + 8/~ = a%w)?
(—Z% -+ u)?
+ 202U + 202w + 7. (73)
We use u,., = ddf; in Eq. (73) to obtain
90t du, _ (k3 — (25 + B)v/—7 — 202w)?
" du (—az = B+u)?
+ 20%u + 202w + 7, (74)
and therefore
PTG ol ) Vit 20%w)?
(—Z —f+u)
+ o?u? + 202wu + yu + 05]%. (75)
Integration with respect to r furnishes
(Mo Gt ATy
(CZ-F+u)
+ o%u? +2a2wu+’yu+05) 2du =r+4c, r=pt—uz,
(76)

where c5 and cg are constants of integration. The above
implicit solution satisfies the DGH equation.
VI. GENERALIZED DULLIN-GOTTWALD-HOLM
EQUATION

The generalized DGH equation is defined by [24]

U + 2wty + 3u Uy — 07 (Ugge + 2Ualsy + Ullars)

+ YUgge =0, m > 0. (77)

The DGH equation can be derived from the generalized DGH
equation by taking m = 1 and the Camassa-Holm equation
can be deduced for m = 1 and v = 0. When vy = 0, then
Eq. (77) reduces the generalized Camassa-Holm equation
considered by Lixin Trian and Xiuying Song [25]. For a = 0,
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the generalized kdv equation is deduced.

The following two conservation laws are derived in [1]:

Tf =u-— a2um,

@ 3 m+1 2 L 9o

1 :mu + 2wu — « uum—2au + Yugzy,

1 1
T = 2u2 — Uy, — 50421@,
TQ'L = o 2 m+2 a2u2uajm + QQUtUm
1
+ Y (uttaq — u3). (78)

One can easily verify that for higher order multiplier the
variational derivative approach yields the same conservation
laws for generalized DGH equation. Eq. (77) admits the
following two symmetries

0 0

—, Xo=—.

ot’ 7 Oz

Employing the same method of solution as in the previous sec-

tion, the following two solutions are obtained for generalized
DGH equation

X, =

+ /(mQﬂoz2 +m2y + mpBa’ + 3my + 260 + 2v+
(—m2a® — 3ma® — 20®)u)(—(m? + 3m + 2)
(6u™T2 — Bm2u?® —
+ 2uksm® + 6mksu — 2u’3

+ 4utw + 4ksu — cym? — 3cym — 2¢7)
(Ba® — o®u + ’y))*%du —pft+x—cg=0

3pmu? + 2utwm? + 6ulwm

(79)
and

+ /(m25a2 +3Ba%m + m?y

+ 3my + 26a? + 2y + (—=m?a? — 3ma?

—202)u)(—(m? + 3m + 2) (4u*w — u?Bm?* — 2kem?

— 6kgm — dkg + 6u™ T2 — ucgm? — 3ucogm — 2uce + 2ulwm
+ 6u?wm — 3u’fm — 2u?3)

(Ba? — @?u+7)) " 2du— Bt + & — 19 = 0,

where ¢y, ..., c19 are arbitrary constants.

In case when m = 1, we obtain the same solution as in
(70). The solutions of generalized DGH equation for m = 2,
employing sine-cosine method are

—a? + /(1 — 4w)a* — 2a2y

2

(80)

uy(t,x) = 2. [a2—\/(1—4w)at—2a2~ o
a? cosh [\/ 8o (@ = 6t)]
a? — /(1 —4w)a? — 202y
uz(t, @) \/(¢14)742 o
a2 sinh? \/a - 8:4)1)& = *(z — t)]
_ —o” + /(1 - dw)a' — 202y
ug(t7 {L‘) = _a2+\/(1_4w)a4_2a2,), I’ (83)
a? COSQ[\/ 8at (z = B)
—a? + /(1 — dw)a’ — 2a%y
u4(t,x) — ., 70424»\/(174’&))044*20627 ) (84)
a?sin [\/ 8at (z = Bt)
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where
a? — v — sqrt(l — 4w)a* — 2a2y
0= ( 5 ) . (85)
«
VII. CONCLUSION

The conservation laws of non-linear evolution equation,
Benjamin equation and DGH equation were derived using mul-
tipliers approach. The first order multipliers were considered
for non-linear evolution equation and three conserved vectors
were constructed. The symmetry conservation law relationship
was used to determine symmetries associated with conserved
vectors. One exact solution for non-linear evolution equation
was computed using the double reduction theorem. For Ben-
jamin equation we considered multiplier as a function of de-
pendent and independent variables and four conserved vectors
were obtained. However first order multipliers generated same
conserved vectors. The fourth order Benjamin equation was
reduced to a second order ODE in terms of similarity variables.
A particular solution of this second order ODE was found
which constituted the exact solution of Benjamin equation. The
double reduction theorem was invoked to compute solutions
of DGH equation and generalized DGH equation. The same
combination of symmetries 0/9; and 0/, was used to derive
the invariant ansatz for equations under consideration which
yielded the same solution by using any associated conserved
vector T and the reduced conserved form of Benjamin equa-
tion was derived. The resulting equation could not be reduced
further however the polynomial solution was obtained using
Maple. Additionally, we invoked the sine-cosine method and
the explicit solutions of DGH and generalized DGH equations
were established.
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