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Abstract—In [1] and [4] we defined the elliptic curve over the
ring F3d [ε], ε

2 = 0. In this work, we will study the elliptic curve
over the ring A = F2d [ε], where d is a positive integer and
ε2 = 0. More precisely we will establish a group homomorphism
between the abulia group (Ea,b,c(F2d),+) and (F2d ,+).

I. INTRODUCTION

Let d be an integer, we consider the quotient ring

A =
F2d [X]

(X2)
,

where F2d is the finite field of order 2d.
Then the ring A is identified to the ring F2d [ε] with ε2 = 0,
ie:

A = { a0 + a1 · ε | a0, a1 ∈ F2d }.

We consider the elliptic curve over the ring A which is given
by equation Y 2Z+cXY Z = X3+aX2Z+bZ3, where a,b,c
are in A and c6b is invertible in A, see [1] and [2].

II. NOTATIONS

Let a,b,c ∈ A, such that c6b is invertible in A. We denote
the elliptic curve over A by Ea,b,c(A) and we write:

Ea,b,c(A) = { [X : Y : Z] ∈ P2(A) | Y
2
Z + cXY Z = X

3
+ aX

2
Z + bZ

3 }.

If b0, c0 ∈ F2d \ {0} and a0 ∈ F2d , we also write:

Ea0,b0,c0
(F

2d
) = { [X : Y : Z] ∈ P2(F

2d
) | Y

2
Z+c0XY Z = X

3
+a0X

2
Z+b0Z

3 }.

III. CLASSIFICATION OF ELEMENTS OF Ea,b,c(A)

Let [X : Y : Z] ∈ Ea,b,c(A), where X, Y and Z are in A.
We have tow cases for Z:

• Z invertible: then [X : Y : Z] = [XZ−1 : Y Z−1 : 1]
hence we take just [X:Y:1].

• Z non invertible: so Z = z1ε, see [3] in this cases we
have tow cases for Y.

- If Y invertible: then [X : Y : Z] = [XY −1 : 1 : ZY −1],
so we just take [X : 1 : z1ε] ∈ Ea,b,c(A), then is verified
the equation of

Ea,b,c(A) : Y 2Z + cXY Z = X3 + aX2Z + bZ3,

so we can write:

a = a0 + a1

b = b0 + b1

c = c0 + c1

X = x0 + x1

- We have:
z1ε+(c0+c1ε)·(x0+x1ε)·z1ε = (x0+x1ε)

3
+(a0+a1ε)·(x0+x1ε)

2·z1ε+(b0+b1ε)·z31ε
3
,

which implies that

z1ε+ (c0 + c1ε) · (x0z1ε) = x30 + (x20x1 + a0x
2
0z1)ε

so
z1ε+ c0x0z1ε = x30 + (x20x1 + a0x

2
0z1)ε

then

(z1 + c0x0z1) · ε = x30 + (x20x1 + a0x
2
0z1)ε

since (1, ε) is a base of the vector space A over F2d then
x0 = 0, so X = x1ε and z1ε = 0 (ie z1 = 0) hence
[X : 1 : z1ε] = [x1ε : 1 : 0].

- If Y non invertible: then we have Y = y1ε,
so x = x0 + x1ε is invertible so we take [X : Y : Z] ∼
[1 : y1ε : z1ε], thus 1 + a.z1ε = 0, ie: 1 + a0.z1ε = 0,
which is absurd

Proposition 1. Every element of Ea,b,c(A) is of the form
[X : Y : 1] or [xε : 1 : 0], where x ∈ F2d and we write

Ea,b,c(A) = { [X : Y : 1] ∈ P2(A) | Y
2
+cXY = X

3
+aX

2
+b }

⋃
{ [xε : 1 : 0] | x ∈ F

2d
}.

IV. THE π2 HOMOMORPHISM

We consider the canonical projection π defined by:

π : F2d [ε] −→ F2d

x0 + x1ε 7−→ x0

Lemma 2. π is a morphism of rings.

Proof.. let X = x0 + x1ε and Y = y0 + y1ε then:

X + Y = x0 + y0 + (x1 + y1)ε

X · Y = (x0 + x1ε) · (y0 + y1ε)

= x0 · y0 + x0y1ε+ y0x1ε

= x0 · y0 + (x0y1 + y0x1)ε,
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so :
π(X + Y ) = π(X) + π(y)

π(X · Y ) = π(X)× π(Y ),

therefore π is a morphism of rings.

Lemma 3. Let [X : Y : Z] ∈ P2(A), where

X = x0 + x1ε

Y = y0 + y1ε

Z = z0 + z1ε

a = a0 + a1ε

b = b0 + b1ε

c = c0 + c1ε

then [X : Y : Z] ∈ Ea,b,c(A) if and only if

y
2
0z0 + c0x0y0z0 = x

3
0 + a0x

2
0z0 + b0z

3
0

y
2
0z1+c0x0(y0z1+y1z0)+y0z0(c0x1+c1x0) = a0x

2
0z1+b1z

3
0+a1x

2
0z0+x

2
0x1+b0z

2
0z1

Proof.. Since (1, ε) is a base of the vector space A over
F2d , and [X : Y : Z] ∈ Ea,b,c(A), then

Y 2Z + cXY Z = X3 + aX2Z + bZ3,

so after the compute, we find the result.

? Let π2 the mapping defined by:

Ea,b,c(A)
π2−→ Ea0,b0,c0(F2d)

[X : Y : Z] 7−→ [π(X) : π(Y ) : π(Z)]

We proof that the mapping π2 is a surjective homomorphism
of groups.

Theorem 4. Let P = [X1 : Y1 : Z1] and Q = [X2 : Y2 : Z2]
tow points in Ea,b,c(A), and P+Q = [X3 : Y3 : Z3].

• If π2(P) = π2(Q), then:
X3 = X1Y1Y 2

2 +X2Y 2
1 Y2 +cX2

2Y 2
1 +c2X1X2

2Y1 +aX2
1X2Y2 +aX1X2

2Y1 +

acX2
1X2

2 + bX1Y1Z2
2 + bX2Y2Z2

1 + bcX2
1Z2

2 + c2bY1Z2
2Z1 + c2bY2Z2

1Z2 +

c3bX1Z2
2Z1

Y3 = Y 2
1 Y 2

2 + cX2Y 2
1 Y2 + acX1X2

2Y1 + a2X2
1X2

2 + bX2
1X2Z2 +

bX1X2
2Z1 +bcX1Y1Z2

2 +bc2X2
1Z2

2 +abX2
2Z2

1 +bc3Y1Z1Z2
2 +bc4X1Z1Z2

2 +

abc2X1Z1Z2
2 + abc2X2Z2

1Z2 + b2Z2
1Z2

2

Z3 = X2
1X2Y2 + X1X2

2Y1 + Y 2
1 Y2Z2 + Y1Y 2

2 Z1 + cX2
1X2

2 + cY 2
1 X2Z2 +

c2X2
1Y2Z2+aX2

1Y2Z2+aX2
2Y1Z1+c3X2

1X2Z2+acX1X2
2Z1+bY1Z1Z2

2 +

bY2Z2
1Z2 + bcX1Z1Z2

2

• If π2(P) 6= π2(Q), then:
X3 = X1Y 2

2 Z1+X2Y 2
1 Z2+cX2

1Y2Z2+cX2
2Y1Z1+aX2

1X2Z2+aX1X2
2Z1+

bX1Z1Z2
2 + bX2Z2

1Z2

Y3 = X2
1X2Y2 +X1X2

2Y1 +Y 2
1 Y2Z2 +Y1Y 2

2 Z1 +c2X2
1Y2Z2 +c2X2

2Y1Z1 +

aX2
1Y2Z2 +aX2

2Y1Z1 +acX2
1X2Z2 +acX1X2

2Z1 + bY1Z1Z2
2 + bY2Z2

1Z2 +

bcX1Z1Z2
2 + bcX2Z2

1Z2

Z3 = X2
1X2Z2+X1X2

2Z1+Y 2
1 Z2

2+Y 2
2 Z2

1+cX1Y1Z2
2+cX2Y2Z2

1+aX2
1Z2

2+

aX2
2Z2

1

Proof.. Using the explicit formulas in W.Bosma and
H.Lenstra article , see [5], we prove the theorem.

Lemma 5. The mapping π2 is a surjective homomorphism of
groups

Proof.. The formula of lemma(3) means that π2([X : Y :
Z]) = [x0 : y0 : z0], and [x0 : y0 : z0] ∈ Ea0,b0,c0(F2d), so π2
is well defined.
π2 is surjective: let [x0 : y0 : z0] ∈ Ea0,b0,c0(F2d) we will
show that [x0 : y0 : z0] have an antecedent

[x : y : z] ∈ Ea,b,c(A)

• Case 1: z0 = 0, then [x0 : y0 : z0] = [0 : 1 : 0] and we
just take [X : Y : Z] = [0 : 1 : 0].

• Case 2: z0 6= 0, then [x0 : y0 : z0] = [z−1
0 x0 : z−1

0 y0 : 1]
so we just take [x0 : y0 : 1].

so we will find an antecedent [X : Y : Z] of [x0 : y0 : 1] of
the form

[x0 + x1ε : y0 + y1ε : 1],

from the formulas of the lemma (3) we have:

y20 + c0x0y0 = x30 + a0x
2
0 + b0,

and

c0(x0y1 + y0x1) + c1x0y0 = a1x
2
0 + x20x1 + b1,

there is three sub-cases:
• Case 2,1: x0 6= 0, then we just take

[X : Y : Z] = [x0 : y0+(c0x0)
−1·(a1x20+c1x0y0+b1)ε : 1],

because c6b is invertible so c0 6= 0
• Case 2,2: y0 6= 0, then,we just take

[X : Y : Z] = [(c0y0)
−1 · b1ε : y0 : 1]

• Case 2,3: y0 = 0 and x0 = 0 then we have b0 = 0 absurd
because c6b is invertible ie b0 6= 0 and c0 6= 0

π2 is an homomorphism: we just use the theorem(4) and
lemma(2)

Lemma 6.

[xε : 1 : 0] + [yε : 1 : 0] = [(x+ y)ε : 1 : 0]

Proof.. We have π2([xε : 1 : 0]) = π2([yε : 1 : 0]), so by
applying the formula in theorem (4)we have:

X3 = (x+ y)ε, Y3 = 1 + cyε and Z3 = 0,

so

[xε : 1 : 0]+[yε : 1 : 0] = [(x+y)ε : 1+cyε : 0] = [(x+y)ε : 1 : 0]

Lemma 7. The mapping

F2d
θ−→ Ea,b,c(A)

x 7−→ [xε : 1 : 0]

is an injective morphism of groups.
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Proof.. θ is well defined because

[xε : 1 : 0] ∈ Ea,b,c(A),

see proposition (1) and from the lemma (6)we have:

θ(x+y) = [(x+y)ε : 1 : 0] = [xε : 1 : 0]+[yε : 1 : 0] = θ(x)+θ(y),

then θ is a morphism.
•θ is injective (evidently)

Lemma 8.
Ker(π2) = θ(F2d)

Proof.. Evidently we have: θ(F2d) ⊆ Ker(π2), now let,

P = [X : Y : Z] = [x0+x1ε : y0+y1ε : z0+z1ε] ∈ Ker(π2),

implies that π2(P) = [x0 : y0 : z0] = [0 : 1 : 0], implies that
P = [x1ε : 1 : z1ε] ∈ Ea,b,c(A) and from the proposition (1)
we have:
P = [xε : 1 : 0] ∈ θ(F2d), ie: Ker(π2) ⊆ θ(F2d), hence
Ker(π2) = θ(F2d)

From lemmas (5), (7) and (8) we deduce the following
corollary:

Corollary 9. The sequence

0 −→ Ker(π2)
i−→ Ea,b,c(A)

π2−→ Ea0,b0,c0(F2d) −→ 0

is a short exact sequence which defines the group extension
Ea,b,c(A) of Ea0,b0,c0(F2d) by Ker(π2), where i is the canon-
ical injection.

V. CRYPTOGRAPHIC APPLICATION

Let Ea,b,c(A) an elliptic curve over A and P ∈ Ea,b,c(A)
of order l . We will use the subgroup < P > of Ea,b,c(A) to
encrypt messages, and we denote G =< P > .

1) Coding of elements of G
We will give a code to each element Q = mP where
m ∈ {1, 2, .., l} defined as it follows:
if Q = [x0 + x1ε : y0 + y1ε : Z] where xi, yi ∈ A for
i = 0 or 1 and Z = 0 or 1. We set:

xi = c0i + c1iα

yi = d0i + d1iα

where α is primitive root of an irreducible polynomial
of degree 2 over F2 and cij , dij ∈ F2.
Then we code Q as it follows:
If Z = 1 then: Q = c00c10c01c11d00d10d01d111
If Z = 0 then: Q = 00c01c1110000

2) Example Let a = 0, b = 1 + ε and c = 1.
So the elliptic curve Ea,b,c(A) has 32 elements: {[0 :
1 : 0], [1 : ε : 1], [1 : 1 + ε : 1], [α : (α + 1)ε : 1], [α :
α+ (α+1)ε : 1], [ε : 1 : 0], [ε : 1 : 1], [ε : 1 + ε : 1], [ε :
1 +αε : 1], [ε : 1 + (α+1)ε : 1], [αε : 1 : 0], [(α+1)ε :
1 : 0], [1+ε : 0 : 1], [1+ε : 1+ε : 1], [1+αε : (α+1)ε :
1], [1+αε : 1+ε : 1], [1+(α+1)ε : αε : 1], [1+(α+1)ε :
1+ε : 1], [α+1 : αε : 1], [α+1 : α+1+αε : 1], [α+ε :
α : 1], [α+ ε : ε : 1], [α+ αε : 0 : 1], [α+ αε : α+ αε :

1], [α + (α + 1)ε : αε : 1], [α + (α + 1)ε : α + ε :
1], [α+1+ε : ε : 1], [α+1+ε : α+1 : 1], [α+1+αε :
(α+1)ε : 1], [α+1+αε : α+1+ε : 1], [α+1+(α+1)ε :
0 : 1], [α+ 1 + (α+ 1)ε : α+ 1 + (α+ 1)ε : 1]}
Let
P = [α+1+(α+1)ε : α+1+(α+1)ε : 1] = 111111111,
we have:

2P = [1 + αε+ ε : 1 + ε : 1] = 101110101

3P = [α+ ε : ε : 1] = 011000101

4P = [ε : 1 + ε : 1] = 001010101

5P = [α+ (α+ 1)ε : α+ ε : 1] = 011101101

6P = [1 + αε : αε+ ε : 1] = 1001001111

7P = [α+ 1 : αε : 1] = 110000011

8P = [ε : 1 + αε : 0] = 010010011

9P = [α+ 1 : α+ 1 + αε : 1] = 1100110111

10P = [1 + αε : 1 + ε : 1] = 100111001

11P = [α+ (α+ 1)ε : αε : 1] = 011100011

12P = [ε : 1 : 1] = 010010001

13P = [α+ ε : α : 1] = 011001001

14P = [1 + αε+ ε : αε : 1] = 110100011

15P = [α+ 1 + αε+ ε : 0 : 1] = 111100001

and 16P = [0 : 1 : 0] = 000010000
so, G = {111111111, 101110101, 011000101, 001010101,
011101101, 1001001111, 110000011, 010010011, 1100110111,
100111001, 011100011, 010010001, 011001001, 110100011,
111100001, 000010000}.

VI. CONCLUSION

In this work we have studed the elliptic curve over the
ring A =

F
2d

[X]

(X2) , precisely we have established the short
exact sequence that defines the group extension Ea,b,c(A)
of Eπ2(a),π2(b),π2(c)(F2d) by Ker(π2), and we have gived an
example of cryptography over this ring.
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