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Abstract:- Let (E, A, B,C) be a quadruple of matrices with £, A € M,(C), B € M,xm(C),
C € Mpxn(C) representing a singular time-invariant linear system, Ei = Az + Bu, y = Cx.

In this paper we present a collection of invariants for singular systems in terms of ranks of
certain matrices, that permit us to reduce the system in a canonical form in such a way that the
system is decomposed in following five independent subsystems: i) controllable and observable
system, ii) controllable non observable system, iii) observable non controllable system, iv) Jordan

system v) completely singular system.
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1 Introduction

Let us consider a finite-dimensional sin-
gular linear time-invariant system Fi(t) =
Ax(t) + Bu(t), y = Cx, where (E,A,B,C) €
M = My (C) x My, (C) X My xm (C) x Mpyn(C).

Different useful and interesting equiva-
lence relations between singular systems have
been defined. We deal with the equivalence
relation (E', A', B',C") = (QEP + QBFE +
FECOP,QAP+QBF} + F{CP,QBR, SCP).
with P,@Q € Gi(n;C), R € Gl(m;C), S €
Gl(p;C), FE,FE € Myx,(C), F{,F§ €
Mp»p(C), that is to say the equivalence re-
lation accepting one or more, of the follow-
ing standard transformations: basis change in
the state space, input space, proportional and
derivative feedback, proportional and deriva-
tive output injection and premultiplication by
an invertible matrix.

It is easy to check that this relation is an

equivalence relation.

Systems (E, A, B,C) € M, for which there
exist matrices Fg and Fg such that the ma-
trix E + BFE + Fg C' is invertible are called
standardizable because of by means a propor-
tional and derivative feedback, the system is
reduced to an standard system.

Systems (E, A, B,C') € M, for which there
exist matrices Fg, Fg, Ff and Fg such that
the pencil s(E+ BFE + F{C)+ (A+ BF} +
F{C) isregular (i.e. dets(E+BFE+FSCO)+
(A+ BF} + F{C) # 0 for some s € C),
are called regularizable. Remember that reg-
ular systems are those such that there exists
a unique solution for some consistent initial
condition.

Obviously, regularizable character is in-
variant under equivalence relation considered.
The equivalence relation permit us to re-
duce regularizable systems to the following re-
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duced form.

Proposition 1  Let (EF,A,B,C) € M
be a n-dimensional m-input reqularizable sin-
gular system. Then, it can be reduced to

(E',A',B',C") with E' = <Il > A =
Ny

A B,
( Ig)’BI_ (0>,C’—(CC 0) where

(A, Be, C,) is in its Kronecker canonical form
as a triple representing a standard system (see
[3]), and Ny is a nilpotent matriz in its Jordan
reduced form.

Loiseau, Olcadiram and Malabre in [4]in
the cse of triples of matrices, consider the re-
stricted pencil stE — wA where 7 is the pro-
jection of state space over Im B, and they
prove that two triples are equivalent if and
only if the associated restricted pencils are
strictly equivalent, consequently a singular
system (E, A, B), can be reduced to

((2)-() (5 0)

where (E7, A) is the Kronecker canonical re-
duced form of the pencil smE + wA. Garcia-
Planas and Magret in [2] obtain the same re-
sult using polynomial matrices.

Remember that a standard system in its
Kronecker reduced form is partitioned in three
independent subsystems (see [1] for example):
i) &1 = Ayz1 + Biug, y1 = Ciz1 controllable
and observable,

il) 9 = Aszo + Bausg controllable,

iii) &3 = Asxs,y2 = Caxs observable,

iV) Ty = A4x4,

all of them in its corresponding canonical re-
duced form.

In this paper, we present a collection of in-
variants that permit us to obtain the canonical
form for all regularizable systems

2 Collection of invariants

First of all, we remember the equiva-
lence relation considered over the space M of
quadruples of matrices.
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Definition 1 Two quadruples
(E',A',B",C") and (E,A,B,C) in M are
called equivalent if, and only if, there exist
matrices P,Q € Gl(n;C), R € Gl(m;C),
S € Gl(p;C), FE,F§ € My,n(C), FS, F{ €
Mpxp(C), such that (E',A',B',C") =
(QEP + QBFE + FSCP,QAP + QBFY +
F{CP,QBR,SCP). with P,Q € Gi(n;C),
R € Gl(m;C), S € GlU(p;C), F},FE €
Mpsen(C), F{,FS € Myxn(C), or in a ma-

trix form
’ Bl
C/
A" BT
C/
Fg B P
S c FB R
Q FY A B P
S c FB

It is easy to check that this relation is an
equivalence relation.

Now, we consider a list of ranks o a certain
matrices associated to the matrices F, A, B,
C' in the triple (E, A, B,C) € M.

Proposition 2 Two quadruples
(E,A,B,C), (E', A", B,C") are equivalent un-
der equivalence relation considered, if and

. . EBO AO0B
only if the pencils s (C’ 0 0> + (0 0 0) and
000 C00

E' B0 A 0B . .

s <c/ 0 o> + ( 000 ) are strictly equivalent.

000 c’0 0

So, the collection of Kronecker-invariants
classifies these kind of pencils (see [3, 5, 6], for
example). Nevertheless, we are interested in
emphasizes the structure of the system. And
as in the standard systems we are interested
in to obtain a decomposition of the system in
the following independent subsystems:

1) .’tl = A1561 + Blul, y1 = leL’l controllable
and observable,

ii) 9 = Agzo + Bausg controllable,

iii) 3 = Asxs,yo = Cax3 observable,

iv) x4 = Agxy,

v) Nids = w5,

all of them in its canonical reduced form, that
is to say matrices A., B., C. in proposition 1,

By 0
are A, = diag (A1, Ag, A3, Ay), B = < 0 BQ>’

0 0
0 0
_(Ci10 00
CC_(OOC'QO)'
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Now, we consider a list of ranks (denoted
by rk), of a certain matrices associated to
the matrices £, A, B, C in the quadruple
(E,A,B,C)e M

Definition 2 We consider the following

numbers
co __ E B
1)rge=rk(EF)
EBO O
C000
AO0EB
00CDO
rg® =rk ,Ve>1
EBO0O
C000
A0 EB
00CDO
2)r8:rkB
EBO0O0O
C0000
A0EBO
00C0O0
_,x|00a0B > 1
EBO
C00
A0 B
3)r§ =rkC
EBAO0O
C0000
00C00
=rk ,Ve>1
EB A
c00
00C
c 0 0 00
0 ME—-AB 0 00
0 E 0 0 00
o=k e s ]
0 0 0 AE—A B 0
0 0 0 . C 00
AE—A 0 E 0B

V¢ > 1 and for each A 6 'C such that
rk()\E A B) < rk(SE AB)

Notice that rk (SE A 8) is the rank of the
associate pencil considered in proposition 2.

Proposition 3  In the set M of sin-
gular systems, the r-numbers defined, as well
the A € C considered, are invariant under the
equivalence relation considered.

Proof. Let (E1, A, B1,C1) be a quadru-
ple in M equivalent to (E,A,B,C), then
there exist matrices Q,P € Gl(n;C), R €
Gl(m;C), S € Gl(p;C), FE,F§ € Mpyxn(C)
y FS FS € Myx,(C) such that

Ey =QEP+FSCP+ QBFE

Ay =QAP+ F{CP + QBF5
B, =QBR
C, =SCP.
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So,

Eq
rk <Cl

rk <O

We denote by

Q
0
0
0
Q p—
and
P
Fg
0
F7
P =
we have
E
C
A
0
rk Q-
Eq
Ch
Ay
0
rk

oo o

coc ol

0
0
0

Q Fg

)

B\
0 =

Fi

Qoo

By
O

o oo

oo o

E
C

)

o QX

P 0
FEB R}

Q

o O O

coc o

Ey
Ch
Ay

0

Fg

co o

Qoo

B

0
0
0

oo o

oo o

0
0
E;
Cq

o oo
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Analogously we can proof the invariance
of the other numbers. O

The collection of r-numbers is called the
system of discrete invariants and the collec-
tion of A € C are called the system of contin-
uous invariants or the set of eigenvalues of the
system.

The r-numbers are a com-
plete system of invariants and they permit us
to describe the canonical reduced form for reg-
ularizable singular systems.

Theorem 1

Proof. We are to show how we can de-
duce the canonical form from these collection
of invariants.

We are going to distinguish two cases,

a) If 5 > n the system is standardizable
then there are not subsystem v), and in this
case we construct the following numbers, that
they are invariant.

790 = 16 —n(f + 1), > 0

and

CO __ =CO
Po =To

CO __ ;=CO —CO
Py’ =T11" — 21

CO __ 5=CO —~CO ~CO ~CO
Py’ =15° — 7% — (r{° — 7§°)

p =T =ty — (Ml —150)

The pg°-numbers give the quantity of (¢ +
1)-blocks appearing in the controllable and ob-
servable subsystem.

b) If r5” < n the system is not standardiz-
able and there are subsystem v), in fact there
are n — r(°-blocks in Nj.

In this case we construct the following in-
variant numbers

7 =1 —ry’(L+1),¥0>0
and

CO __ =CO __
Po =Ty =

CO __ ;=CO ~CO
pY° =T — 2714

CO __ »=CO ~CO ~CO ~CO
ps° = 75" — 7% — (7] —To )

co __ =co _ =co —co —co
Pn =Tp —Tp1— (Tnfl - Tn72)

100

Let v be the least integer such that p; +
it poo1 < n—r5?and p1 + ...+ p, >
n —r§°, partitioning pi’ = p;? + pf2 such that
p1+ ...+ py, =n—rf, so there are p;-blocks
of size i in the subsystem v), for 1 < i < 7,
and p;-blocks of size ¢ + 1 in the controllable
and observable subsystem for r + 1 < ¢ < n.

The number of blocks in the controllable

and observable subsystem is
t=pu, + poy1+ ...+ Pn-

As a consequence we have that the p§’-
numbers give us the canonical form for sub-
systems i) and v).

We observe that the size of the subsystem
v)isng = pr+2p2+... 4+ (v —=1)p% | +v1p)]
and the size of the subsystem i) is n; = n—na.

Now we are going to analyze the rf-
numbers. They give us the canonical form for
subsystem ii)

We consider the following (invariant) num-
bers 7§ = rg, Tf =rj —{n, V£ > 1 and

C __ »=C
po =701

c _ ~c =C
Pn=Tn —Tn-1 —t,

This numbers verify

po > .. > pi>pi=...=p;=0.

The size of the blocks in the subsystem ii) are
the controllability indices of the system ii) and
they are numbers of the conjugate partition of

Rl

The r?-numbers give us the canonical form
for subsystem iii)

We consider the following (invariant) num-
bers 7§ = r§, 7y =1 —{n, V£ > 1 and

po=T5—1
p?:F?_Fg_ta

0 _ ~o —0
Ppn=Tn —Thp -1,
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This numbers verify

P> .= pe>ph=...=p5=0.

The size of the blocks in the subsystem iii) are
the observability indices of the system iii) and
they are numbers of the conjugate partition of

05, - -+ Po)-
Finally, for each eigenvalue A the r;’ -
numbers give the Segre characteristic defining
the canonical form for the subsystem iv).
We consider for each eigenvalue \; the fol-
lowing (invariant) numbers

ﬁ]()\i) :77]— (£ —1)n —ny

and

pi()‘l) = Fn—l()\i) — an\i) +t.

The Segre characyeristic corresponding to
the eigenvalue \; is the conjugate partition of

J J
O
Example 1 Let (E, A, B,C) a quadruple
10 00000 0000
01 00000 0000
2114317 —2012
00 01002 0000
. 24 -31104 0000
with E=]100 0001-10 000
00 000 1 0000
00 00000 1000
50 00003 0100
6 0 00008 0001
10 00004 0000
17100002000 0
0010004000 O
~1503-317009 —2
000010-3000 O
6 3—11 104 03-10
A= 200000-1000 O
0000001000 O
0000000310 O
5000006 30 0
6 000008001 0
1000004000 1
00
00
01
09
B=1]o0o0
00
00
00
00
59%% 0010000
C=(Y6000000000)

101

So, computing the r-numbers we deduce
the p-numbers obtaining

Pi° = 0,p2 = p2y +p2, = 1+ 1,07 =
0,V > 2

t:1,n2:2
po=1p1=1
po=1p7=1

p{(3)=1,p3(3) =1
Consequently the canonical reduced form
is (E', A", B',C") with

10000000000
01000000000
00100000000
00010000000

, 00001000000

E'=100000100000
00000010000
00000001000
00000000100
00000000001
00000000000

01000000000
00100000000
00000000000
00001000000
00000000000
A=100000010000
00000000000
00000003100
00000000300
60000000010
10000040001
00
00
10
b0
B=1]o0o0
00
00
00
00
00
10000000000
C-—(00000010000)

The subsystems :

i) & —(8(1)(1))30 +(8>u =(100)x
1= 004s 1 0 1LYl = 1

3 Conclusion

In this paper a complete system of invari-
ants for regularizable systems is presented.
This collection is easily computerizable as a
ranks of a certain matrices and permit us to
describe the independent subsytems caracter-
izing the control properties of the system.
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