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Growth of a Class of Plurisubharmonic Function
in a Unit Polydisc |

AMRITASU SINHA

Abstract—The Growth of a non- constant analytic function of
several complex variables is a very classical concept, but for a finite
domain it is a recent concept initiated by Juneja and Kapoor[1],and
later on substantiated by Sinha[2]. A Unit Polydisc is the most
fundamental example of a Compact Riemann Surface, there is an
upsurge in the area as being reflected in[4,5]. This is a very important
concept and its applications can also be seen in Complex Analytical
Dynamics. However in this present article we shall be concentrating
on the growth parameter “type” for such functions and also describe
its Geometrical Properties.We have investigated upon some finer
results on the growth of slowly varying functions.

The above concept of Growth can also be utilized in Computer aided
Tomography[7].
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1. INTRODUCTION
I n this section we first define a class E(f) where

[ € L. The class of such functions L° was defined by

Juneja Kapoor[1] and Sinha in [2]. Such classes of functions
were initiated by Seremeta [6] and then has been used
extensively by Sinha[3]. To study the functions having fast or
slow growths an important concept of (p,q) order and type
was studied by many authors in the past. In the present paper
we have introduced the concept of (q,1) order and type for
Functions having fast growth. The above results can also be
used in Computer Aided Tomography as, by the famous
Riemann- Mapping Theorem any simply connected domain
can be conformally mapped onto Unit- Disc,so we can project
the three dimensional Tumour in a two dim.plane and study its
growth through the above methods and then we can apply
inverse transform to study its Growth[7]. Work in this
direction is in progress.

Let D = C" be a domain.

Definition 1:

Let E(B) be a class of functions @(R) satisfying the

following
Properties,

1. @(R) is upper semi-continuous on D.

2. @(R) is monotone, nondecreasing in each of the
variablesR | R,,...R,,.
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3. @(R) is pluriconvex in the variables,

- p(log(1-R,)),—A(log(1- R,))....— B(log(1-R,)).
that is to say for every

t=(t,t,,..t,)and 5=(s,S,,...5,) in 1", and for all
A, with A+ u=1

IR {B (4B (log(1-1,)) + u(B(log(L1-5,)) }....,
1-exp {8 (48 (log(1-t,)) + u(B(log(1-s,)) }
<A@ (bt ty) + 19SS, ,08,) (L.2).

Here I" ={(R,,R,..R,) € R" :0< R, <1,i=12,..n}.
Upon substituting £(X)= X, the identity function the class
reduces to the class of functions (p(ﬁ) defined by Juneja and
Kapoor[1].

Definition 2: Let M (t, @) = rﬁrl%)ﬂ( o(R), 0 <t <1 bethe

maximum modulus of the function @(R), and D is the Unit
Polydisc.
The generalized order for @(R) is defined as,

()= limsup a(Mp, (. 9)) 12)
51— f(log(l—t))
here € A and B e L’
Example:
o(Ry,R,)=a'[ Bllog(L - R,)) ~ Alog(L~R, )] it
can be easily
seen that the above function has generalized order 2.
Definition 3: Let ¢ €A and O<p<o be the
generalized type of
f(Z) is defined as, E(£)
logM R
o= limsup 9Mo(R) 1.3)

R a ‘[~ plog(l-R)]

where M f,D(R)=§ue\ f (Z);\

ZeD
g Z, Z z
Here Z belongs to DT if the point (ﬁ,é,—”}

belongs to D.
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Definition 4: For ¢ € A and f € L° , the generalized type

with respect to one of the variables keeping the others fixed is
defined as

= limsup ogM o (R) (1.4)
rot @ [-pplog(Ll-R,) '

acAand Bel® and et
@(R) € E() be a function of finite generalized type. Let

Definition  5: Let

(a,,a,,..a,) R" suchthat
B, =B, (¢9)=

¢m<zp[ HpAlogL-R )] as|R| >1

as,
limsup (¢ (R)) (1.4).
- B(log(l-R,))

Py =

R,—1,

I .MAIN RESULTS

Theorem 2.1: The generalized order can be obtained from the
Definition of Generalized Type.
Proof: From the definition of limit superior we have for any

>0,
logM; ;(R)

a[-plog(Ll-R)]

<o for @-R)>R,(e) (2.0).

(1.5)3y the properties of & € A we can easily obtain,

Properties of B_

1.The set B, is octant- like.

2. the boundary points of the set B_(¢) form a certain
hypersurface S_ =S_(¢) which divides the hyperoctant
R} into

Two parts, one in which the inequality (1.5) is true and the
other

In which it is false.Thus we call it the hypersurface of
generalized associated typesof the plurisubharmonic function

in the class E(f), and any system of numbers

(01,0,,..0,) €S, (9)

will be called a system of generalized associated types of the
function.

Remark: Considering

a(x)=logx,and B(x)=x and ¢(R)=logM (R, f)

where
M(R, f)= max‘f(Z )‘ for every i, the above definition

coincides with that of Juneja and Kapoor[1].

Definition 6: For a function f(Z) analytic in a unit polydisc
D we define,

[a]
= Iimsup—IOg Mo (. 1)
to1 —log(L-t)
where M (t, f) = maxM(r, f), O<t<1. (1.2)
FeR"

P (Q)

Definition 7:For a function f, 0 < p, <o©;
. log“@™® M (t, )
T,(q) = limsu P~ (1.3).
D (q) o1 p (1_t)_pD(q) ( )
Definition 8: Let € A and 3 € L°, then the generalized

order of @(R) e E(f) with respect to the
variable R, (keeping the others i # ] fixed) is defined

logM; (R
limsup — gM10(R) <p (2.2)
rot a [—plog(l—R)]
On the other hand from the Definition 3, we get for
O<e<o,

logM ; ; (R)
a”[-plog(l-R,)]
sequence R, — 1, from the above we
a(logM ,(R)) _
~logl-R,)
Combining Eqns. (2.2) and (2.3) we arrive at our result.

Theorem 2.2: Let f(Z) be an analytic function having
generalized order
£ and type o then o < o, where;

I

P 1
o’ plog }

>(oc—é¢) for some

obtain, limsup
Ry, —1

(2.3)

s=linsup
I

-exp ST |oqg\OL(D)

Ic]|= (k; +k, +...+ k,) >0 and

and ~1k
d.(D)=sup|Z|
ZeD
Furthermore if,

da(x)
d log(x)
o <06 ,hence o =0, provided the growth of the function

a[plogR] s

=1 for large xthen

slower than the growth of
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a'[- plog(l-R)}
Proof: The proof follows from the definitions of limit
superior as well as careful use of Cauchy’s Inequality.

Remark: The above Theorem holds true for analytic functions
having positive order only.

Theorem 22: Let o e Aand S e L° then

Convex Function of Flog(l—-R,),...51ogl—R, ;).
Choosing,

t. =R,s, =R/ fori=12..(n-1),andt, =s, =R

and putting in Eqn.(1.1) we get,

ol - exp{B7 (A8 10g(1 - R)) + up(log(1 - R))}.... R]

< 2¢(R;, Ry, R) + up(R!, RS, R)

Proof:

Therefore,

52

7l
o, is a Zbi ki
—

oll—explB L (ABlogl-R,) + ulogl—R)))}... R]

limsup 5
R a '[-pplogl-R,)]
<APR,R,,....R)+ 1R, R;,...,R) (2.5),

Proving the assertion.
Theorem 2.3: Let @(R) € E(f) and B? be the domain
consisting of the interior points of the corresponding set
B,.Then the image of the domain B, .under the map
(@-b/)=p(logL—b,)) Vi is aconvex domain provided
b, < 1Vi.

2

Proof: Exploiting the inequality(1.1) with the following
values of t; and s; as,

Alogl-R)+

£ (ptog-t) - ogt-1) (29

(1-t) =ex ﬁl

B(log(l-R)+
(L-s)) =exp| B4 2 (BlogL—b;) - Blog(L-1y))

2.7).

But Aflog(l-t;) + uB(1l-s;) = flogl-R;)
Therefore the result is obtained upon substituting the above
values of t; and s; in (1.1).

Remark: The above Theorem is significantly different from
what has been obtained in [1].
Lemma 2.1: Let & € A. then the necessary condition for a

point (b;,b,,..h, )€ R" to lie in the interior of the set

B, (logM ( (R)) is
Iog|c|;|

_ Zn:bi ki Ioglil = exp{— L a(k )H
= Py

where ] = Zn:ki.
i=1

limsup <1

(2.9).

Proof: Since,

o(R) < Y ba |- ploga-R)]

M (R)<C, exp| Y b [p, logL- R,)]

i=1
for some C, >0.
From Cauchy’s Inequality,
M (R)

n

[TR*
i=1

And choosing R; to be the root of the equation,

we can get,
(2.9)

\CE\ <

~ Lok

<)

C.exp(b —s)k)

et

Where from the result follows upon taking limit superior.
Theorem 2.4:For the analytic function f(Z)

(@)
limsup log ‘_bk‘ - Po
K> IongH Pp +1
Proof: (if part)
We consider the function (0(Z~,W) of (n+1)
complex variables and write it as

¢(Z~, W)= Z P, (Z~) w™ where
m=0

1-R)= exp{

We get,

<11

<
i=1

vk.

(2.10),

(2.11)

P. (Z~) = Z bEZ~ ¥ Then Cauchy’s inequality
Jk[=m
along with the definition 6 results in
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pp+0e

Fol ety
o+ :

M, (L P,)< Aexp| (1+ p, +g)[
Pp té

Which upon majorising under limit superior results in
log® oy |
limsup .
[k Iog”ku pp +1
(only if part):
For this we first assume,
i log oy |
|msup—
K= log|k|
definition of lim sup we arrive at,
t"(L+m
M, (t, f) <Ct"(¢)+C, Z ( ) )
—~— e p[q_](mﬂ+5)

where C, and C, arearbitrary cons tants.

1+m
Now the function F (Z) Z( )’
Oexp[q -1] m(ﬂ+g)z m

is analytic in D. Now upon using Definition 6

(2.12)

= 1< 1.Now using the

we arrive at pp <

P <y (2.13).
1+ pp
Theorem 2.4: For a function f (Z~) , analytic in D
and satisfying 0 < pD (q) < oo and,

] [q UM (1. f
To (@) =Imt]_§lup (1—t) pDSQ) )
where g =2,3,... is such that p, (4 —1)=co and

Pp(Q) < oo, then,
pod T, ) % :Iimsupw
Po fi= K]

Proof: The proof follows the same pattern
of the proof of Theorem 2.5 and hence is omitted.

(2.14)

Theorem 2.5: Let & € A and is of the form
a(xX)=A(log(l— X)), then for any 4 >0 and

Bel’, o, <yVy>0.

53

Slogl— R))} (2.17)

fori=1,2,...(n-1).

and

t =1—exp{ﬂ‘1(ﬁﬂ log(l-R, )J} (2.18)

s, ﬂ—exp{ﬂ{# Blog(l— Rn)j} (2.19)

l,=p,—¢, 0<e <p,,m =p (2.20)
r:1——ﬂlog(1 R,)—-C(R) fori=12,..n-1;(2.21)
C(R)=-1+ Flog(l-R) (2.22)
n_ €1
C(R)
=  u=1-12 2.23
plog-R,)" .

and using the inequality (1.1) with the

above values, and upon solving the nonlinear
equation a(X)=A(log(L— X)) for X we
arrive at our result by using the definition of limit
superior.

111. CONCLUSION

(a) The Growth of a Class of plurisubharmonic functions are
extensively used in the Value Distribution Theory of
functions of Several Complex Variables.
(b) Plurisubharmonic functions are the higher dimensional
generalization of sub harmonic functions.

(c) In complex analysis, plurisubharmonic functions are used
to describe pseudo convex domains, domains of holomorphy
and Stein manifolds.
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